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THE HISTORY OF NOTATIONS OF THE CALCULUS. 


By Frortan Casori. 


The Mathematician: 
‘The symbols he hath found shall sourd jis praise, 
And lead him on through unimagined ways. °° 
Tuo conquests new, in worlds not yet created.” , ; 
JaMES CLERK MAXwalt: 


1. Introduction. 


Without a well-developed notation the differential and integral calculus 
could not perform its great funetion in modern mathematics. The history 
of the growth of the caleulus notations is not only interesting, but it may 
serve as a guide in the invention of fresh notations in the future. The study 
of the probable causes of the suecess or failure of past notations may enable 
us to predict with greater certainty the fate of new symbols which may seem 
to be required, as the subject gains further development. 

Toward the latter part of the eighteenth century the notations of the 
differential and integral caleulus then in vogue no longer satistied all the needs 
ot this advancing science, either from the standpoint of the new fundamental 
conceptions that came to be advanced or the more involved analytic develop- 
ments that followed. Some new symbols were proposed soon after 1750, but 
the half century of great unrest and much experimentation in matters of eal- 
culus notations Was initiated by the publication of J. L. Lagrange’s Théorie 
des fonctions analytiques, in 1797. 

The fourth volume of Cantor's Vorlesungen iiber Geschichte der Mathematik, 
dealing with the period 1759-1799, pays comparatively little attention to 
these notations. Nor has any one yet published a detailed history of calculus 
notations for the nineteenth century. The present paper aims to supply a want 
in this field. Exeept for certain details, the writer will touch lightly upon the 
early history of these notations, for that is given quite fully in our histories of 
mathematies and in the biographies of Newton and Leibniz.* 


2. Symbols for Fluxions, Differentials and Derivatives. 
a. Total Differentiation during the Eighteenth Century. 
1. Newton. Newton's earliest use of dots, “pricked letters,” to indicate 
velocities or fluxions is found on a leaf, dated May 20, 1665; no faesimile 


“See also F. Cajori, “Spread of calculus notations,” in the Bulletin of the Am. Math. 
Soc., vol,  ¢ 1921, )- 453 4D&,. 
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FL. CAJORI. 


reproduction of it has evér been made.* The earliest printed account of 
Newton's fluxional novation appeared from his pen in the Latin edition of 


Wallis’ Algebra;+ where one finds not only the fluxionary symbols 2, 4, ... 
yy 

"st 

Newton explained his notation again in his Quadratura curvarum, London, 
1704, where he gave wy... 7, 7, each of these terms being the fluxion of 
the ore preeeding, and the fluent of the one that follows. The .« and .« are 
fixent notations. His notation for the fluxions of fractions and radicals did 
not meet with much favor because of the typographical difficulties. In another 


QG@-—— IT. 


but also the fluxions of a fraction and radical, thus 


z dr 
. or the 


: . . — e ° ° (fl, 
place= he writes *?:.7.° which in modern notation would be rary 
‘ ( 


derivative = 

da 
English writers of the eighteenth century used the Newtonian dots almost 
exclusively, but these symbols are found also on the European Continent. 
Thus the Frenchman, Alexis Fontaine.§ uses 2, y, s without defining the 
notation except by «— a2 = 7. y— y= y Where «, y and «, y are points 
on a curve, not far apart, and s is the are from (r, y) to Cr, y). The symbols 
are not used as velocities, but appear to be small constant or variable in- 
crements or variations, which may be used by the side of the Leibnizian 


re r i , yi = ee 
differential “d." thus ag = “°%. In deriving the curve of quickest descent, he 
4 * 7 ] ] 
ends with the statement “Flacvon + 0. dont la Fuente est Z : 
rs rs ae 


que l'on trouvera étre l’équation de la cycloide.” 

~S. P. Rigaud. Historical Essay on the first Publication of Sir Isaac Newton's Principia, 
Oxford, 1838, Appendix, p. 23. Consult the remarks on this passage made by G. Enestrom 
in Bibliotheca mathematica, 3. F., Bd. 11, Leipzig, 1910-1911, p. 276, and Bd. 12, 1911-1912, 
p. 268, and by A. Witting in Bd. 12, p. 56-60. See also A Catalogue of the Portsmouth 
Collection of Books and Papers, written by or belonging to Isaac Newton, Cambridge, 188, 
p. XVIII. 2. It is of some interest that in 1668, before Newton's notation had appeared in print, 
N. Mercator used the dot over the letter I, thus I, to signify an infinitesimal, and over 
numbers, 64 for example, to serve as a reminder that 64 was the coefficient of a power 
of an infinitesimal. See Phil. Trans., London, vol. 3, p. 759 ff. Reprinted in Maseres, 
Seriptores Logarithmici, vol. 1, p. 231. See also Nature, vol. 109, 1922, p. 477. 

7J. Wallis, De Algebra Tractatus, Oxoniae, 1693, p. 390-396. 

; Isaaci Newtoni Opera (Edition S. Horsley), London, vol. 1, 1779, p. 410. 

S$ Mémoires donnés 4 l'académie royale des sciences, non imprimés dans leur temps. Par 
M. Fontaine, de cette Académie, Paris, 1764, p. 3. Fontaine uses the dot also in articles 
in Histoire de l’académie r. des sciences, année 1734, Paris. 1736, mémoires p, 372; année 
1767, Paris, 1770, p. 588, 596. For further data, see F. Cajori, “Spread of Caleulus Nota- 
tions,” Bulletin Am. Math. Soc., vol. 27, 1921. p. 455. 
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CALCULUS. 3 

In a paper dated 1748 Fontaine* treats differential equations and uses 7, 7 
in place of dx, dy. Differentiating (1 — n)p+2nx7+(2—5n)y = 0, he 
obtains 2 na2-+(2 —5n) y= 0; eliminating », he arrives at “l'équation aux 
premiéres différences 3py?4-10.07?—l0yary— 2pry—4aryt+4yr? = 0." 
The Newtonian dot was used also by a few other Continental writers? of the 
eighteenth century and were found regularly in the republications on the 
Continent of the works of Newton and of a few other Englishmen. 

G.W. Ledbniz. The earliest use by Leibniz of a caleulus symbol was in 
a letter. dated October 26, 1675, in which he designated by the differential 


° rl . U ° ‘ 
of the variable y. Three days later$ he wrote / or / in place of w. On 
f 


° ~-- 4 e . J . + . 
November 11, 1675, he wrote in a manuscript, at first j as the differential 
( 


of «; then he introduced definitely the symbols dv and dy as the differentials of 
: —- da 
v and y, respectively. In that document he uses also the derivative form 
; dy 
The first appearance of dr in print was in an article which Leibniz con- 
tributed to the Acta Eruditorum, in 1684.47 Therein occur the expressions 
c dr 
dw ad dr, dr ad dy and also de: dy, but not the form 1" 
( Y 
Leibniz used the second derivative** written in the form dda:dy*. In his 
Historia et origo caleuli differentialis, written by Leibniz not long before his 
death, he letst? dr = 1, and writes /(7°) 3r0+34+1. In his paper, 


* Op. cit., p. S85. 

+ For further details, see F. Cajori, loc. cit. In addition, I cite the following adherents 
to the Newtonian notation: P. Steenstra in his Verhandeling over de Klootsche Driehoeks- 
Meeting, Amsterdam, 1770, p. 167; A.B. Strabbe, Erste beginselen der fluxie-rekening, 
Amsterdam, 1799. 

, C.1. Gerhardt, Briefwechsel von G. W. Leibniz mit Mathematikern, Berlin, 1899, p. 150. 

§ Loc. cit., p. 153,. 155. 

Loc. cit., p. 162-164. Also C. I. Gerhardt, Leibnizens Mathematische Schriften, Zweite 
Abth., Band I, Halle, 1858 (Werke, vol. 5), p. 217. Hereafter we quote this as “vol. 5.” 


sta : : : . Y . 
Leibniz’s representation of the differential of y successively by , 7, 1 and finally by dy 
4 ( 


gues against the conjecture that he might have received a suggestion for the notation 
dy, dv, from Antoine Arnauld who, in his Nouveaux Elémens de Géomeétrie, Paris, 1667, 
adopts d’r, d’y as the designation of a small, aliquot part of and y. “Could this French 
dr have been hovering before Leibniz when he made his choice of notation?” is the 
question which naturally arose in the mind of Karl Bopp in Abhandlungen zur Geschichte 
der mathematischen Wissenschaften, vol. 14, Leipzig, 1902, p. 252. 

{| See also Leibnizens Mathematische Schriften, vol. 5, Halle, 1858, p. 220. 

"* Acta Eruditorum of 1693, p. 179. Leibnizens Mathematische Schriften, vol. 5. 1858, 
p. 287. 


if Leibnizens Mathematische Schriften, vol. 5, Halle 1858. p. 406. 
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4 FL. CAJORI. 


printed in 1684, dv appears to be finite when he says: “We now eall any line 

selected at random dv” (lam recta aliqua pro arbitrio assumta vocetur d.r).* 

Leibniz writes (dr)? in the form drdr; J. M. Child remarks,7 “ Leibniz does 

not give us an opportunity of seeing how he would have written the equivalent 

of dx dv dx: whether as dx* or dr* or (dr)*.” In the ease of a differential of 
b b 

a radical, Leibniz uses a comma after the d, thust d, | 24, aeq. ; dxV a4-*, 


) 
In imitation of Leibniz’s d/7v for the second differential, Johann Bernoulli 
denotes the fourth differential by ddddz. Not till 1695, or twenty years after 
Leibniz’s first use of 7, did he suggest the use of numbers in the writing of the 
higher differentials: in aletter of October 20/30, 1695, addressed to Johann 
Bernoulli, he writes the equation showing the relationship between the two 


*n 
symbols, d”" = | when » = —m. 
e 


In the same year he published a reply to B. Nieuwentijt's@ attacks upon 
the caleulus, in which he writes dda seu d?-.r, ddd sive d° 7. 

De l Hospital,** who was the earliest to write a text book on the caleulus, 
followed Leibniz’s original practice and did not use numerals in the designation 
of the higher differentials; he wrote dd y, ddd y, dddd y. As late as 1764 we 
tind these very notations in the writings of Alexis Fontaine.7+ William 
Hales,zz an adherent of Newton's fluxions, in 1804, cites the symbols dr, ddr, 
ddd a, dddd « and then declares them to be “mints elegantér™” than the fluxi- 
onary symbols. 

Minute adjustments of notation arose in the 1&th century. Thus, Euler 
wrote d-rdydz tor d(edydz), The same practice is observed by S. F. Lacroix; 
but dv dy dz always meant the product of the three differentials. Bézout$s 


woes 


points out that dv? means (7)*, and /(2*) means the “différentielle de «*, 


* For the various explanations of the infinitesimal given by Leibniz at different times 
of his career, see G. Vivanti “Il Concetto d'Infinitesimo”™ in Giornale di Matematiche di 
Battaglini, vol. 38 and 39. 

+ J. M. Child, Early Mathematical Manuscripts of Leibniz, Chicago and London, 1920, p. 5d. 

f Acta Eruditorum, 1684, p. 469. Leibnizens Math. Schriften, vol. 5, Halle, 1858, p. 222. 

3 Acta Eruditorum, 1694, p. 439; Joh. Bernoulli Opera, vol. 1, p. 125 128. 

Leibnizens Math. Schriften, vol. 3, 1855, p. 221. 

q] Acta Eruditorum, 1695, p. 310; Leibnizens Math. Schriften, vol. 5, p. 321. 

** De VHospital, Analyse des infiniment petits, 2° édition, Paris, 1715, p. 55. The date 
of the first edition was 1696. 

vy A. Fontaine, Mémoires donnés & Vacadéimie r. des sciences, non imprimés dans leur 
temps. 1764, p. 73. 

it Maseres, Scriptores Logarithmici, vol. 5, London, 1804, p. 131. 

$$ Etienne Bézout. Cours de Mathématiques a Vusage du corps de lartillerie, Tome 3, 
Paris, 1797, p. 18. 
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Lacroix explains* that d°y* is the same thing as (d*y)* and in general, d” 
indicates (d“y)", that d-2* means the differential of #® and d-ur of uv; the 
point following the d signifying that the operation applies to all that imme- 
diately follows. 

No substantial changes in the notation for total differentiation were made 
until after the middle of the eighteenth century. The changes that came were 
due in most cases to new conceptions of the fundamental operations, con- 
ceptions which seemed to demand new symbols. 

J. Landen, One of the first in the field was John Landen who published at 
London in 1758 his Discourse concerning Residual Analysis and in 1764 his 
Residual Analysis. These publications mark an attempt at arithmetization of 
the caleulus, but the process was so complicated as to be prohibitive. In his 
Mathematical Lucrubations of 1755, Landen still follows Newtonian procedure 
and notation, but his Discourse of 1758 marks a departure. Still proceeding 
geometrically, he introduces (p. 12) two new symbols, “{z y] being put for 
the quotient of y—v divided by «—vr,” i.e. for 4y: 47. Then he, in fact, 
proceeds to the limit, “by taking + equal to ., and writing [Ly] for the 
value of |.r y| in the particular ease when v is so taken.” This notation [a 1 y} 
for the first derivative labors under the disadvantage of not being compact 
and requiring many distinct strokes of the pen, but typographically it enjoys 
an advantage over o in not requiring a fractional line and in calling for 
type of normal height. In considering maxima and minima, on p. 24, Landen 
invents a new designation, * writing [2 . y| for the value of the quotient of 
lv Ly|— |e Law| divided by «— vr, when r is therein taken equal to 2.” Landen 
had no followers in the use of his symbols, 

A. Fontaine. In Franee, Alexis Fontaine introduced a notation for partial 


. a4 . . . 4 du i 
differentiation which we shall notice later; he takes 7, to represent a partial 
ar 


derivative and i du a complete derivative. This form of the complete deri- 
aa 


vative is seldom found later. We have seen a trace of it in Da Cunha, who 


— : = . | 1 ; , —s 
In 1790 writes the differential d | P d oa and in A. S. de Monttferriers, who 
aT ar 


"S. FP. Lacroix, Traité du Calcul Différentiel et du Caleul Intégral, Tome I, 2d Ed., 
Paris, 1810, p. 208; also his Traité élémentaire de calcul différentiel et de calcul intégral, 
Paris, 1802, p. 9, 18. 

7 A. Fontaine, Mémoires donnés & l'académie r. des sciences, non imprimés dans leur 
temps. Paris, 1764, in “Table” of the mémoires. 

iJ. A. Da Cunha, Principios mathematicos, Lisbon, 1790, p. 244. 

§ A.S. Montferrier, Dictionnaire des sciences mathématiques, Paris, 1835, Art.“ Différence”, 
p. 460. 
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1 } [ d FF r 7 
ADs (dADe 
the » is to indieate that. after the differentiations, the w« is assigned the 


Here the point placed above 


in 1835 writes the derivative 


value which makes @.r 0, 

JL. Lagrange. A strikingly new treatment of the fundamental conceptions 
of the caleulus is exhibited in J. L. Lagrange’s Theorie des fonctions analytiques, 
1797. Not satistied with Leibniz’s infinitely small quantities, nor with Euler's 
presentation of dr as 0, nor with Newton's prime and ultimate ratios which 
are ratios of quantities at the instant when they cease to be quantities, La- 
grange proceeded to search tor a new foundation for the ealeulus in the pro- 
cesses of ordinary algebra. Before this time the derivative was seldom used 
on the European Continent; the differential held almost complete sway. It was 
Lagrange who, avoiding infinitesimals, brought the derivative into a supreme 
position. Likewise, he stressed the notion of a function. On p. 2, he writes, 
*Ainsi fir désignera une fonetion de vw.” On p. 14 he proceeds to a new 
notation for the first, second, third, ete. derivatives of fr, with respeet to vw. 
He says: “... pour plus de simplicité et d'uniformité, on dénote par fr la 
premitre fonetion dérivée de fur, par fr la premiere fonction dérivée de fr, 
par ff’ la premiére fonetion dérivée de fr, et ainsi de suite.” “*Nous 
appellerons la fonction fa. fonction primitive, par rapport aux fonetions f’x, 
fr, ete.. qui en dérivent, et nous appellerons celles-ci, fonetions dérivées, par 
rapport a celle-la. Nous nommerons de plus la premi¢re fonetion dérivée f”7, 
fonction prime: la seconde dérivée fr, fonction seconde; la troisiéme fonetion 
dérivée fr, fonction terce, et ainsi de suite. De la meme maniére, si ¥ est 
supposé une fonetion dev, nous dénoterons ses fonetions dérivées par y’, y” 
ae etc,” 

The same notation for the total derivatives of /.7 was used by Lagrange in 
his Lecons sur le caleul des fonctions whieh appeared at Paris in 1801 and 
again in 1806.* 

It should be noticed that the 1797 edition of Lagrange’s Théorie des fone- 
tions is not the first occurrence of the accent as the mark for derivatives. 


a — or ' 
In 1770  oceurs for ,, in his Nouvelle méthode pour résoudre les équations 
hd 


littérales and in 1759, the notation is found ina part of a memoir by Francois 
Daviet de Foncenex in the Miscellanea Taurinensia, believed to have been 
written for Foncenex by Lagrange himself.+ 


* Reprints are not always faithful in reproducing notations. Thus, in the 1806 edition 
of the Lecons, p. 10, 12, one finds fr, fir, fr, fr, while in the @urres, vol. 10, 
which purports to be a reprint of the 1806 edition, on p. 15, 17, one finds the corresponding 
parts given as f(r), f(r), f(r), f(r). 

7 P. E. B. Jourdain in Proceed. 5th Intern. Congress, Cambridge, 1913, vol. II, p. 540. 
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J. Pasquich. Another writer who at this time attempted a reform of the 
caleulus was Johann Pasquich of Ofen (Budapest) in Hungary, in a paper 
entitled, Exrponential Rechnung.* Postulating that every function can be 
expressed in the form y — Av4-+ Ba? + ---, he calls the function ¢y = a As4 


ose i a Lr / 
ey” is really the limit of ~ Ay . 
« A rT 


+h Bar? + -.. the erponential of y;* 


J. P.Griison. A change similar to that of Pasquich was suggested by Johann 
Philipp Griison of Berlin in his Caleu! dexposition.t He reaches the same limit 
which had been used by Pasquich. Griison indicated it by an inverted and 
rounded E; thus 3 F’ represented the limit of rae . This notation is mentioned 
by S. F. Lacroix in his Traité du Calcul différentiel et du Caleul intégral. 

The notations of Pasquich and Griison found no aeceptance among the 
mathematicians of their time and have not been drawn upon since for the 
designation originally assigned. The notation of Lagrange, on the other hand, 
was adopted by many and has been found a useful adjunct of other caleulus 
notations, 

L. FLA, Arbogast. Still another symbolism, which has been extensively 
used in recent years, was made publie by L. F. A. Arbogast in his De Caleul 
des Dérivations, Strasbourg, 1800. This new calculus was offered as com- 
prising the theory of series, and included the differential calculus as a special 
ease. An outlme of it was presented in the form of a memoir in 1789 to the 
Academy of Sciences at Paris, but was not published at the time. It was 
mentioned in the 1797 edition of Lagrange’s Théorie des fonctions analytique 
as Well as in the first volume of S. F. Lacroix’s Traité du Caleul différentiel 
et du Caleul intégral, Arbogast expresses himself in his Preface as follows: 

“To form the algorithm of derivations, it became necessary to introduce 
new signs; TI have given this subject particular attention, being persuaded 
that the secret of the power of analysis consists in the happy choice and use 
of signs, simple and characteristic of the things which they are to represent. 
In this regard T have set myself the following rules: (1) To make the notations 
as much as possible analogous to the received notations; (2) Not to introduce 
notations which are not needed and which I can replace without confusion 
by those already in use; (3) To select very simple ones, yet such that will 
exhibit all the varieties which the different operations require.“ 

His principal symbol is the D, as the sign for “derivation”. During the 
latter part of the eighteenth century the D had been used by several authors 


* J. Pasquich, “Anfangsgriinde einer neuen Exponentialrechnung™ in Archiv der reinen 
und angew. Math.. Il. 1798. p. 385-424. Our information is drawn from M. Cantor, op. cit., 
vol. IV, p. 667, 668. 

+J. P. Griison, “Le Calcul d'exposition,” Mém. académie, Berlin, 1798 (Publ. 1801), 
p. 151-216; 1799 and 1800 (publ. 1803), p. 157-188. 
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to represent a finite difference. Arbogast lets F(@ +r) be any function (une 
fonetion queleonque) of the binomial « +-.r; one knows, he says, that one can 
develop that function ina series proceeding according to the powers of 2, 
viz., a-ha + i : y+ +++, Where a Fe. He designates by J) the operation 
upon Fe that yields >, so that h— DF ae, ¢== DDFe, ete. While Arbogast’s 
symbol ) for our derivative has maintained its place in many books to the 
present time, a large variety of satellites to it, which Arbogast introduced, 
are now only of antiquarian interest. Placing a dot (p.2) after the D gives 
him D- Fe to represent DF a-D-«, for cases where )-«@ is not 1. He 
5” 


1.9.3 On p. 308 he states: “Nous 
°*o°* Deen We 


writes (p. 33) “D” au lieu de 

; —_—e ; ee i OS Oe 
désignerons meme a l'avenir les coéfticiens différentiels a eg 
dr 1-2-dar* 
étant invariable, par 6g, OF gr... ce qui est la meme chose que les dérivées 
Dex, I oz...." . 

On p. 330 Arbogast explains 71, d°°,... and D !, Do*, ... as meaning 
respectively différentielles inverses and dériveéees inverses. As an incidental 
rather than a systematic notation, the 77! and J)! have maintained them- 
selves to the present day. This notation was used, for instance, by Georg 
Tralles* in 1804, by A. R. Forsyth in 1903.7 

C. Kramp. Arbogast’s symbol for derivatives was adopted by C. Kramp, 
professor of mathematics and physics at Cologne, in his Eléments D'Arith- 
métique universelle, Cologne, 1808, p. 265, 271. He takes Auv@+ Ba? 
+ Ca? + ete. and then designates by DX “ce que devient cette fonction. 
lorsqu’on multiplie tous ses termes par leurs exposans respectifs, et qu'ensuite 
on divise par.” Similarly for D*Y, ete. With great faith in the combinatorial 
analysis then flourishing in Germany under the leadership of Hindenburg, 
Kramp says (p. X): “Arbogast is obliged to assume the theorem of Taylor, as 
well as the ordinary operations of the differential caleulus, as perfectly 
(parfaitement) known and demonstrated. My derivatives on the contrary are 
perfectly independent of all notion of the infinitely little or of the limit, of the 
differential or of differences: and is equally disinelined (et bien loin) to be 
established on the theorem of Taylor, this theorem does not appear but asa simple 
corollary of a proposition much more general.” The notation ) is used in 
connection with the coefficients arising in his general polynomial development. 

bh, Criticisms of Eighteenth Century Notations. 

R. Woodhouse. A critical comparison of the Newtonian and Leibnizian 
notations was made in 1803 by Robert Woodhouse of Cambridge in England. 

*G. Tralles, Abhandlungen Berliner Akademie, Math. Klasse, 1804-181}, p. 214 ff. 

7 A. R. Forsyth, Treatise on Differential Equations, 2d ed., 1888, p. 43; 3d ed., 1903, p.55. 
i R. Woodhouse, Principles of Analytical Galculations, Cambridge, 1803, p. XXVIL. 
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He states: “In the simplest cases, perhaps, there is not much exercise of 
5 sg <5 


choice, and 7, 4, 7, ®, 23, rc” are as neat as dr, d®r, d*r, da*, dx’, dx”. Take 
a case from Waring p. 299, Meditationes Analyticae, 


aa? V : - ; 
P| a } + Q(—-, : ) 4 etc.; this by differential 
- wey 
‘ : “VV Ly 
notation Is, P. : a ()- ; -t- ete, 
da det dy 


n 
in which it appears to me, that «is not so clearly distinguished from a as 
die” is from dr. 

“Again, zy or (ay) is not so convenient as, d3 (ay). 

“Again, suppose a, a’, 2", ete., to represent successive values of 7, then 
according to the fluxionary notation, the first, second, ete., fluxions are 


, ” 


row, ws by differentials, dr, da’, dr". Which notation has here the advan- 
tage, must be determined by inspection; and if the advantage is asserted to 
be with the fluxionary, it is impossible to state in words any irrefragable 


arguments to the contrary. 
/ —] 


“T put down a few more instances, Pi; + Hy + he, (Waring, p. 206, 
Meditat. Analyt.) Pd’y+ Hd’—y-+hd" *y; in the tluxionary notation the 
position of the symbols 7, yr —1, 7 —2, introduces ambiguity, since they may 
be mistaken for indices of P, 7/7, h: 


r\° ii 
| : ( 729 ° z rs 
j = iy dn 
‘ re ess dat dy? 


“The advantage on the side of the differential notation is not, it may be said, 
very manifest in these examples, and perhaps I had adhered to the notation 
most familiar to me, had not stronger reasons than what are contained in the 
preceding cases presented themselves, for adopting letters instead of dots as 
the significant symbols of operations. These reasons in a few words are: 
first, in the fluxionary notation, there is no simple mode of expressing the 
fluxionary or differential coefficients, that affect the terms of an expanded 
expression; thus, the form for the binomial without putting down the numeral 
coefficients, by fluxionary notation is, 


m mm 


: . J , 
(rntiye = xr™+ <i i+ 5 3 + ete., 
Z a 


> 1-20 
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anawkward mode of expression certainly; and even in the differential notation, 
the coefficients cannot be expressed, except by fractions, thus, 


a d(a™) A? (7™) 
(r+) ym pm = oe © 


i "Pe ORF il ee 


but then, by a slight alteration of this notation, a very commodious one is 
obtained; thus, using the small capital ) to denote the differential coefficient, 


ai 


. “ d (a 
that is, putting Dr” for j, 7 ete we have, 
. ar 


We have the elements of a very clear and symmetrical notation, when 
4 denotes the entire difference, 
d the differential, or part of the entire difference, 
PD the differential coefficient, 
0 the variation.” 

S. F. Lacrowr. Caleulus notations are discussed by S. F. Lacroix,” who 
says in part: “Euler? stresses ... the defects of the English notation, which 
becomes difficult to write and also to perceive when the number of points 
exceeds three, and one does not see how it is possible to indicate it in figures 
Without danger of confusion with exponents; moreover, we know that it is 
easy to omit a point in writing or that the point may fail to show in the print. 
Many of these objections apply to the notation of Lagrange, which has besides, 
the great inconvenience of depriving analysts of the right to represent by the 
same letter, differently marked with accents, such quantities as have analogous 
signification. The use of d is not subject to these difficulties; this character 
is most conspicuous, especially if, considering it as a sign of operation, we 

“S$. F. Lacroix, Traité du Calcul différentiel, et du calcul intégral, 2. édition, Tome I, 
Paris 1810, p. 246. 

+L. Euler says in his Institutiones caleuli differentialis, Petrograd, 1755, p. 100, 101: 
“This mode of symbolizing, as a matter of fact, cannot be disapproved, when the number 
of points is small, since it can be recognized instantly by counting; however, if many 
points are to be written, it carries with it the greatest confusion and very many incon- 
veniences. The tenth differential or fluxion is represented in this exceedingly inconvenient 


manner 7, while by our mode of symbolizing, d'y, it is most easily recognized. However, 
if a case arises in which much higher orders of differentials, perhaps even indefinite ones, 
are to be expressed, then the English notation is plainly unsuitable.” 
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write it in Roman type, and reserve the Italic letter for the designation of 
magnitudes, a practice which Kuler did not follow: finally the numerals applied 
to the character d, show very clearly the number of times the differentiation 
has been repeated.” Lacroix states that eight symbols have been proposed 
for the (total) first derivative, the o of Leibniz, the : of Newton, the [a 1 | 
4 yo. ; Jy 
of Landen, the f(a) and "sof Lagrange, the €y of Pasquich, the : of 
Griison, and the Dy of Arbogast. Lacroix takes the question of notations 
seriously (p. 248): “It is a principle avowed by all, that current notations 
should not be changed except when they are in manifest conflict with the 
concepts they are intended to represent, or when one can greatly shorten them, 
or finally when in modifying them, one renders them fit to develop new rela- 
tions Which cannot be exhibited without them. The signs of the differential 
ealeulus do not come under any of these cases: the enrichments which Mr. 
Lagrange has given to Analysis in his Theorie des fonctions, in his Résolution 
des équations numeriques in his Lecons sur le Caleul des fonctions may be 
represented with equal simplicity and elegance by the usual characters, as 
one can see in the first edition of this Treatise.” Lacroix adds: ‘Before 
multiplying the signs in analysis that are already so very numerous that one 
may Well stop to consider the embarrassment coming to those, who in studying 
and endeavouring to encompass the whole, must continually bring together 
formulas and operations that are analogous, yet are expressed in different 
characters.” One should strive to “defend those (symbols) in which the 
Mecanique analytique and the Mécanique céleste are written.” 

JL. Lagrange. And what was Lagrange’s attitude toward his own new 
symbolism ?* In the autumn of his busy years his openmindedness is splendidly 
displayed in his attitude taken in the pretace to the second edition of his 
Mécanique Analitique (the spelling of the title in more recent editions is 
* Meéeeanique analytique™), where he retains the Leibnizian notation. He says: 

“The ordinary notation of the differential calculus has been retained, because 
it answers to the system of the infinitely small, adopted in this treatise. When 
one has well comprehended the spirit of this system and has convineed him- 
self of the exactitude of its results by the geometrical method of prime and 
ultimate ratios, or by the analytical method of derived functions, one may 
employ the infinitely little as an instrument that is safe and convenient for 
abbreviating and simplifying demonstrations. It is in this manner that one 
shortens the demonstrations of the ancients by the method of indivisibles.” 

Nor had Lagrange any prejudice against the Newtonian dots. He used them 
in his Lecons sur le caleul des fonctions, 1806, p. 442, for indicating, “dérivées 


"J. L. Lagrange, Mécanique Analytique in (Euvres, Tome 11, Paris p. XIV. 
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par rapport a7," and in the second edition of his Mécanique Analitique to 
indicate time-derivatives. In the opinion of Thomson and Tait, “Lagrange 
has combined the two notations with admirable skill and taste.’’* 


e. Total Diftherentiation during the Nineteenth Century. 


Barlow and Mitchell. A slight advantage of Lagrange’s strokes over the 
Newtonian dots was that the former were not placed directly above the letter 
affected, but in the place where exponents are written. It is worthy of ob- 
servation that at the opening of the nineteenth century a few English writers 
attempted to improve Newton's notation, in the case of fluxions of higher 
orders, by placing only one dot above the letter and then indicating the order 
by a number placed where exponents usually stand. Thus, Peter Barlow? writes 
a” for the nth fluxion, but 2* for (7)*. James Mitehell. to denote the fluxions 
of a radieal or fraction, places it in a parenthesis and writes the dot in the 
place for exponents. Sometimes, however, Mitehell and other authors write 
the fluxions of compound expressions by placing the letter / or f before them. 
This practice is, of course, objectionable, on account of the danger of misinter- 
preting the F’ or f as meaning, not “fluxion,” but “funetion.” We must 
remark also that this use of F’ or f was not new at this time: but is found much 
earlier in the writings of George Cheynes in London (who also employed @ 
to designate “fluxion of") and of A. Fontaine in France. 

Herschel, Peacock and Babbage. The adoption of the Leibnizian notation 
in England, advocated in 1802 by Woodhouse, was finally secured through 
the efforts of J. F. W. Herschel, G. Peacock and C. Babbage at Cambridge. 
Says J. W. L. Glaisher: 

“Peacock was Moderator in 1817, and he ventured to introduce the symbol 
of differentiation into the examination, his colleague, however, retaining the 
old fluxional notation. The old system made its appearance once more in 181%, 
but in 1819 Peacock was again Moderator, and, having a colleague who shared 
his views, the change was fully accomplished. The introduction of the notation 
and language of the differential caleulus into the Senate House examination 
forms an important landmark in the history of Cambridge mathematics.” 


“Thomson and Tait, Treatise on Natural Philosophy, new Ed., Cambridge, 1879, p. 158. 
+ P. Barlow, Dictionary of Pure and Mixed Mathematics. London, 1814, Art. “Differential.” 
; James Mitchell, Dictionary of the Mathematical and Physical Sciences, London, 1823, 
Art. “ Fluxion.” , 
§ Fluentium methodus inversa a Georgio Cheynaeo, M. D., Londini, 1703, p. 1 of the 
part against A. Pitcairne. 
Fontaine in Histoire de lacadémie r. des sciences, aunte 1767, Paris, 1770, p. 589 ff. 
qi J. W. L. Glaisher’s Presidential Address, Proceedings London Mathematical Society. 
vol. 18, 1886-87, London, p. 18. 
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A. L. Crelle. Influenced by Lagrange’s Théorie des fonctions analytiques, 
Crelle bases his ealeulus* upon Taylor's Theorem. His various notations may 
be displayed by the different ways of writing that theorem, as shown in 
Art. 48, p. 144: 

“Die Anwendung der verschiedenen .... vorgeschlagenen Bezeichnungen 
auf die allgemeine Entwicklung von (CY + /) wiirde in der Zusammenstellung 
folgende sein: 


~— ‘ ¢ _— re i sry n¢yv 

Li¥4+h) X+h, = {XN +h af Xt+ ; af N weet eee d” fX 
: 7 | Fa ‘ ’ ; }e A ae, F : 
X|+hd\ X\+ SO Al +--+ + d" X ,oder wenn fX = ¥ heisst, 
2 L-2---n 
i? ke 
pa ge = ic ¢ Fk (/* . ee a i s “py ay" 
y+hdy- 9 } ae et ee Y. Ferner 
(i440 = (84+ OE OTE. + 


: 1.2-.-m 


The variables «. y. 2 are given in small capitals, which gives the page an 
odd appearanee. It will be noticed that with Crelle, @ does not signify 
“ditterential ’: it signifies “Abgeleitete Grosse,” the “derived function” of 
Lagrange, or the “derivation” of Arbogast. Crelle’s notation in partial 
differentiation and in integration will be given later. 

A. L. Cauchy. That Cauehy should be influenced greatly by Lagrange is 
to be expeeted. Ifwe examine his published lessons of 1823 on the infinitesimal 
ealeulus.’ and his lessons of 1X29 on the differential calculus, we find that 
he availed himself of the Leibnizian dr, dy, = and also of the Lagrangian 
F’ and for the first derivatives. In this respect he set a standard which has 
prevailed widely down to our own day. 

M. Ohm. Returning to Germany, we find another attempt to rebuild the 
ealeulus notations in the works of Martin Ohm.{ His symbolism of 1829 is 
made plain by his mode of writing Taylor's theorem: 
ear so ae 
tlathy Six) + 8 flr) h+e°f(a)-s +: 


»! 


“August Leopold) Crelle, Rechnung mit verinderlichen Gréssen. Erster Band, 
Gottingen, 1813. 

¥ Cauchy, Résumé des lecons données a l'école royale polytechnique sur le calcul infinitésimal, 
Paris, 1823; also his Lecons sur le caleul différenticl, Paris, 1829. Both are reprinted in 
his (Euvres, 2. série, vol. 4. 

} Martin Ohi, Versuch eines vollkommen consequenten Systems der Mathematik, vol. IIT, 
Berlin, 1829, p. 58, 67, 80, 94, 102, 103, 107. 
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One notices here the influence of Arbogast, though Ohm uses 6 in place of D. 
Ohm writes also 


0 (A mt Bw”), yy) Ba" E (a )a 1 at 1. 0 (a™), = a’. loga,. 


If y- is a funetion of w, then (67.4 is What becomes of 67, When one writes 


' ee , dy 
win place of «. He introduces also the Leibnizian 7, dy and writes , 0 Wry 
ads 


d*y e 
da* 


Ohm's notation found some following in Germany. For instance, F. Wolff* 


hd y= ¢ : Yr dr*, Yrs 


in 1845 writes 7; to designate a function of and y—y' = O fr (ra) as 
the equation of a line through the point “’, y’; Wolff uses also the differential 
da 
ds ° 

Cruhy and Moiqgno, Meanwhile some new designations introduced by 
Cauchy in France were clamoring for the right of way. Abbé Moignoy in the 
Introduction (p. NXT) to his ealeulus expresses regret that he could not al- 
together disregard custom and banish from his book “the vague and inecon- 


notation dr, dy. d* y, and the derivative 


P : dy dy dz dz dz d: diy . - ‘ 
venient notations 9°, *° dr, , ; dr, “dr, to substitute in their 
dx da da dy da dy da 
place the more compact notations ¥/- Dry, dry, 2’ Dt, f& Dat, 
d,z, dyz, ete.” On page 13 he lets d-z be a differential and 2) the deri- 
Vative, where z = F(y) and y > Sin), so that d-z = dle and therefore 
dy Z dy2 dpy es —- ° ° 
= ——. —". but “it is the custom to suppress” the indices « and y 
dy dy di ? 
‘ Z dz dy 
and to write o—, 
Cot dy da 


B. Perce. Avbogast’s D for derivative was adopted by Benjamin Peirce; 
in his Curves, Functions and Forces, the first volume of which was published 
in Massachusetts in 1841. The calculus notation used in the United States 
before 1824 was almost exclusively Newtonian, from 1824 to 1841 almost 
entirely Leibnizian. In B. Peiree’s book, ** Differential coefficients are denoted 
by D, D’, ete. thus Dfea se , DP fea D-D-f+ xr, or, since dr is 
independent of 7, D?. fsa = — a i . Again, “differentials are 

ha da* - 
denoted by the letters 0, 0’ ete, d, d', ete.”; Peiree writes 7 = De", and 

“FB. Wolff, Lehrbuch der Geometrie. Dritter Theil, Berlin, 1845, p. 178, 202, 278. 

7 L’Abbé Moigno, Lecons de calcul Différentiel et de caleul Intégral, rédigées d'aprés les 
méthodes et les ouvrages publiés ou inédits de M. A.-L. Cauchy, Tome I, Paris, 1840. 

} Benjamin Peirce in his Elementary Treatise on Curves, Functions, and Forces, new 
edition, Boston and Cambridge, vol. 1, 1852. p. 179, 182. 193, 203. (First Edition, 1841.) 
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dy 
da 
dis fsay be the first differential coefficient of /- 2 which does not vanish,” 
where f: 2 4 O or #. Here the ¢. meant “differential coefficient.” 

Since the time of B. Peirce the J has held its place in a few of America’s 
best texts, but even in those it has not been used to the complete exclusion of 
the Leibnizian symbols. Some authors introduce the Dy, in preference to the 


Dtang! lr Dy > (1+2*)-', In vol. IT, 1846, p. 15 he lets “also 


dy P , , , . 3 
Ly? to guard the student against the misconception of regarding the derivative 


(ld 

asa traction, Later in the book they begin to avail themselves of the flexibility 

di , — anit 

=, which allows an easy passage from derivative to differen- 

ar 

tial, or differential to derivative, by the application of simple algebraic rules. 
The more minute examination of the continuity of functions gave rise to 

the consideration of right-hand and of left-hand derivatives and to corre- 

sponding notations. Peano* uses ) for derivative, writing D(/, «, 7) for the 

derivative of fin the class wv, for the value x of the variable, and D(f..7 + Q..7) 

for the “dérivée a droite,” and D(C, «— Qo, 7) for the “dérivée a gauche.” 


afforded by the 


a 


: R : : a d 
G. Peacock. A eurious extension of the notion of a derivative P Y to the 
dy" 


1 
de V 
dra 
Kuler, Fourier, Cauchy and Liouville; it received the particular attention of 
George Peacock,+ for the purpose of illustrating his “principle of the perma- 
nence of equivalent forms.” Following Liouville, Peacock takes for example, 
dl" (em) 
dart 
as a definition of the operation when n is not necessarily a positive integer. 
This speculation did not lead to results commensurate with those obtained 
from the generalization of x in the exponential notation @, but it illustrates 
how a suitable notation is eapable of suggesting generalizations which a purely 
rhetorical exposition would not readily do. In England this generalized 
differentiation demanded the attention also of D. J. Gregory, P. Kelland, and 
especially of Oliver Heaviside who made important use of it in electromagnetic 
theory.¢ 


case Where x is not a positive integer, say , Was considered by Leibniz, 


me” and then considers the propriety of assuming this relation 


“G. Peano, Formulaire mathématique, Tome IV, Turin, 1903, p. 168. 

+ George Peacock, “Report on the Recent Progress and Present State of Certain Branches i 
of Analysis” in British Association Report for 1833, London, 1834, p. 211-221, 241-249. ; 
Peacock gives bibliography. 

+ Proceedings of the Royal Society of London, Part I, Febr. 2, 1893; Part II, June 15, 
1893, Part III. June 21, 1894. See also O. Heaviside, Electromagnetic Theory, vol. 2, 
London, [1899], p. 434, 435. 
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J. Fourier. Fourier, is his Traité de la chaleur, 1822, showed in connection 
with the solution of partial differential equations the advantage which may 
accrue from the separation of the symbols of operation from those of quantity. 
Thus. in Chapter IX, Section IV: “It the proposed ditferential equation is 

Gr ey dy diy 


a + ») ; . ot ) 
dt ¢ dart da* dy* dy' 


Pao OD ° 
+. so that DDg or Do ean 


we may denote by Dy the function . “ 
: , dx” dy 


- 


ane l 
be tormed by raising the binomial | 12 
a 


sa) to the second degree, and 
regarding the exponents as orders of differentiation.” 

This symbolic method was developed further in England by S. 8. Greatheed 
and D. F. Gregory,+ both of Cambridge, by George Boole? of Queen's Univer- 
sity, Ireland. R. Carmichael$ of Dublin, and by many others in Great Britain 
and the Continent. 


d. Partial Differentials and Partial Th revatives. 


L. Euler, Partial derivatives appear in the writings of Newton, Leibniz, 
and the Bernoullis, but as a rule without any special symbolism. ‘To be sure, 
in 1694, Leibniz, in a letter to De f Hospital. wrote “do” for the partial 
derivative — and 4m" for Sag and de Hospital uses di in his reply 
of March 2, 1695. In 1728 L. Euler used new letters P,Q, 2. to designate the 
partial derivatives with respect to, y, 2. respectively. Similarly G, Monge** 
used the small letters p and g as partial derivatives of 2 with respect to «and y, 
respectively, and +, x, fas partial derivatives of the second order. In more 
recent time Monge’s abbreviations have been employed by writers on differen- 
tial equations and differential geometry. Euler indicated in 1755, in_ his 
Institutiones calculi differentialis, vol. 1, p. 195, the partial derivative of P 


, 2 ire , 
with respect to y by the use of a parenthesis. Thus, | F | signifies that */ is 
( Y 


* S$. 8. Greatheed, in Philosophical Magazine, Sept., 1837. 


: 


rD. F. Gregory in Cambridge Mathematical Journal, vol. I, p. 123. 


; George Boole, Differential Equations, 4th edition, London, 1877, Chapters 16, 17. 


_— 


S$ Robert Carmichael, Calculus of Operations, London, 1855. 
Leibnizens Mathematische Schriften, vol. 2, Berlin, 1850, p. 261, 270. 
| Commentarii Academiae Scientiarum imperialis, Petropolitanae, Tome 3, (1728), 
Ed. 1732, p. 115, 116: Encyclopédie des sciences Mathématiques, Tome Il, vol. 1, Paris 
and Leipzig, 1912, p. 284, Note 168. 
"* Gaspard Monge, Application de lanalyse 4’ la géométrie, edited after the 4th Edition 
of 1809 by J. Liouville, Paris. 1450, p. 53 and 71. 
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so differentiated that y alone is treated as a variable, and that differential 
is divided by dy."* 
‘ dy\ . F iad : ; 
The notation | = for partial derivatives has been widely used, notwith- 
ar , 9 
dp 7 
dx 


lp \- lp \* d : 
+ | iy 7 | = lor a a ), the reader may be in doubt whether the 


parentheses are introduced to indicate the presence of partial derivatives or 
merely to render algebraic service in the expression of the square or the 
product. These objections to the contrary notwithstanding, this Eulerian 
notation long held its place in competition with other notations for partial 
derivatives. Some idea of its wide distribution both in time and localities will 
be conveyed by the following references: It was used by L’Abbé Sauri,? of 
Paris in 1774. by O. Gherlif in Modena in 1777. by E. Waring$ of Cambridge 
in 1785, by P.S. Laplace in Paris, in 1772-1798, by G. Monge] in 1784, by 
A.M. Legendre®* in 1784, by J. L. Lagrangety in 1759, 1792, by A. S. de Mont- 
terrier?? in Paris in 1835, by B. Priee$$ at Oxford, 1852, by Th. Strong — in 
New York in 1869, by M. H. Resal@/@ at Paris in 1884. by S. Neweomb*** 
of Washington in 1887, and by John Perryt++ of London who in’ 1902 
expressed his preference for the Eulerian notation. 


standing the objections which have been raised to it. If one writes 


*“ Brevitatis gratia autem hoc saltem capite quantitates + et q ita commode denotari 


dP 


di 
tanquam variabilis tractetur, a differentiale istud per dy dividatur.” Just above that 
passage Euler wrote ‘“posito erge «© constante erit dP rdy.... Deinde posito y con- 
stante erit dq qd.” 

7 L‘Abbé Sauri, Cours Complet de mathématiques, Tome V, Paris, 1774, p. 83. 

}O. Gherli, Gli Elementi teorico-practii delle matematiche pure, Tomo VII. Modena, 
l<i¢, p: 2: 

SE. Waring, Meditationes analyticae, Cambridge, 1785, p. 166. 

P. S. Laplace, Traité de mécanique céleste, Tome I, Paris, vol. VII (1798), p. i 

Histoire de lacadémie r. des sciences, année 1772. Paris. 1775, mémoires, p. 346. 

q] G. Monge in Histoire de lacadémie r. des sciences. année 1784. Paris, 1787, p. 11%. 


sulent, ut r indicetur per | }, quae scriptura designatur P ita differentiari, ut sola y 


* A.M. Legendre, in loc. cit., année 1784, p. 372. 

*7J. L. Lagrange in Mémoires de lacadémie r. des sciences et belles-lettres, année 1792 
et 1793, Berlin, 1798, p. 302; Miscellanea philosophico-mathematica societatis privatae 
Taurinensis, T. 1, Propagation du son, p. 18. 

'} ALS. de Montferrier, Dictionnaire des sciences mathématiques, Tome I, Paris, 1835, 
Art. “ Différence.”’ 

$$ B. Price, Treatise on Infinitesimal Calculus, vol. I, Oxford, 1852, p. 11%. 

Theodore Strong, Treatise of the Differential and Integral Caleulus, New York. 
1869, p. 44. 
4] 4] H. Resal, Traité ¢lémentaire de mécanique céleste, 2. Edition, Paris, 1884, p. 8. 

“** Simon Newcomb, Elements of the Differential and Integral Calculus, New York, 1887, p.54. 

itt John Perry in Nature, vol. 66, 1902. p. 271. 
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In 1776 Euler® uses — -V to indicate the Ath derivative, partial with respect 
I 
to the variable p; he uses a corresponding notation —— -V for partial integra- 


pe 
tion, A similar notation is adopted by F. Servois? in 1814. 

WG. Karsten. The need of some special designation must have been 
felt by many workers. Apparently unaware of Euler's notation, W. J. G, 
Karsten? in 1760, taking Vas a function of vy. 2,4, ete., denotes the partial 

I r 
increment with respect tov by 4V. the partial inerement of 4V with respect 
y wv : es : zr ; 
to y. by JAV: correspondingly, he writes the partial differentials @V and 
y 
Jd V: he designates also the partial differential with respect to y of the 


yr 
partial integral with respect tow. | Py, Similarly for partial derivatives, 


iP MQ 

dy de" 

This notation did not attract much attention. It involved, in the last 
illustration, four terraces of type, Which was objectionable. Moreover, German 


he writes 


writers in Karsten’s time were not in the lime-light, and not likely to secure 
a following outside of their own country. 

A. Fontame. Attention must be paid to the notation in partial differentiation 
used by Alexis Fontaines of Paris, who presented certain memoirs before the 
French Academy in 1739, but which were not published until 1764. The 
notation for partial differentials used by him is found in text books even ot 
our own time. 

In the “Table” of contents of the memoirs contained in the volume one 
finds w given as a function of. y. 2 7, ete. and then 


du du du du 
du . da a ca : dy , : d: - ° dit ? ete, 
da dy iE ' oadliy 
didn ddu didn Ady dda 
Le det OV ded 9"  dede  * ded 


“Euler in Nova acta academiae scientiarum i. Petropolitanae, T. IV, ad annum 1786, 
Petrograd, 1789, p. 18. 

7 Servois in Gergonnés Annales de mathématiques, T. V, Nismes, 1814, 1815, p. 94, 95. 

; W. J. G. Karsten, Mathesis Theoretica Elementaris atque sublimior, Rostochii, 1760, 
p. 775, 781, 782, 807, 808. 

S$ Mémoires donnés & Vacadémie royale des sciences, non imprimés dans leur temps. 
Par M. Fontaine, de cette académie, Paris, 1764. The part in the book containing defini- 
tions, notations and fundamental theorems of the “caleul intégral” on page 24, is dated 
Nov. 19, 1738. 


a eater! 
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dda ddu ddu 


and similarly expressions for , ‘ , 
. dy dz du 


Evidently, the du in the left 


, — om i a , ld 
member of the first equation is the total differential of the first order, the —“ 
aL 


in the left member of the second equation is the total differential of the partial 
. ln ; = ; ; P , 
derivative = . The partial differential with # as the sole yariable is here 
ar 


di ° . di ie 
indicated by dx; with y as the sole variable, by dy, and similarly 
Wj 


‘ 
dr ™ di 
for 2z.u, ete. This notation laeks compactness. but has the great merit of being 
easily understood and remembered. 
Fontaine's equations in the “Table” are tollowed by the following 
explanation: 
P é . 3 , ies du 
“Cette expression-¢l / -duw est done bien différente de celle-eu Le La 
du as 
premié¢re signifie la différence dey divisée par dr: la seconde signifie le 
coeéfticient de da dans la différence de 4." 
du. om . : 
In other words, here the ,, is our modern —. As the only derivatives 
dar oF 
occurring in Fontaine's equations are partial derivatives, no confusion could 
didu 


ee ee ee 


arise in the interpretation of derivatives ; 
; F ' a OM . 
(with respect to y as the only variable) of the partial derivative . while 
Cl 
didlu P ‘ a* l ore. ° < ° ° . 
indicated e This interpretation is confirmed by statements on 
daidy Od Oy 
page 2d, 

The wide spread of Fontaine’s notation for partial differentials may be 
displayed as follows: It was used by D’Alembert® in 1763, J. L. Lagrange 
in 1788, S.D. Poisson? in 1818, K. F. Gauss$ in 1829, F. Moigno in 1840, 
A, M.C. Duhamel in 1874, Ch. Hermite** in 1873, Ch. Davies and W.G. Peekt+ 


in IX76. 


‘Ty Alembert in Mémoires de lacadémie, Tome XIX, année 1763, Berlin, 1763, p. 264. 
7 J. L. Lagrange, Méchanique analitique, 1788, p. 157. 
; 5. DD. Poisson in Mémoires de Vacadémie r. des sciences de I'Institut de France, 
année 1816, Tome T, Paris, 1818, p. 21. 
$ Gauss, Werke, vol. V, Gottingen, 1867, p. 57. Gauss says: “Spectari itaque potererit z 
tanquam functio indeterminatarum .r, y, cuius differentialia partialia seeundum morem 
ae ? dz lz ‘ 5 
suetum, sed omissis vineulis. per I ear, - dy denotabimus. 
ar ay ‘ P . > 
L’Abbé Moigno, Lecons de calcul différentiel et de caleul intégral, Paris, 1840, 


Tome I, p. 20. 


q J. M. C. Duhamel, Eléments de caleul intinitésimal, 3. ed., Paris, 1874, p. 273. 

** Ch. Hermite, Cours d’'analyse. 1. Partie, Paris, 1873, p. 80. 

77 Charles Davies and William G. Peck, Mathematical Dictionary, New York and Chicago, 
1876, Art. “Partial Differential.” 
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A notation more along the line of Karsten’s is found in Abbé Girault’ 
de Koudou’s ealeulus whieh is a curious mixture of English phraseology and 


i 


German symbols. We quote: “Cette expression ¢(X) signifie Fluxion de 


dans la supposition de x seule variable.” where X eTs+ tere, 
aa OV 
Mong : Condor et and Es (ft nde a About ] ‘ iO G. Mongey wrote / and 
. . ads 
dV . . ° ae i m — "OC st? ° 
to represent the partial derivatives with respect to. and y, respectively, 
‘ Y 


In an article of the year 1770 Marquis de Condoreet; indicated a_ partial 
ditterential of 2 with respeet to.” by dz, and a partial differential of z with 
respect to y by 7, or else he indicated by /z a total differential and by ? 
a partial. “Jusqwiei lune ou autre hypothése donne le méme résultat, mais 
lorsqu’ il en sera autrement, j'aurai soin davertir de celle dont il sera question.” 
In an artiele$ of 1772 he alters the meaning of 7 and © so as to signity 
ditterentiation, with respect to y and, respectively. 

The use of the rounded Jetter © in the notation tor partial differentiation 
oceurs again in 1786 in an article by A. M. Legendre. He introduces the 


. rv . . . . , . 
modern notation for the partial derivative and says: “Pour éviter toute 
/ 


. . . . . . e ope . . , 
ambiguité, je représenteral par le coefticient de dr dans la différence de : 


rou 


dr ia aS - 
j la différence complette de + divisée par dr. 
ar 


How did it happen that Legendre’s happy suggestion remained unheeded? 
There were perhaps two reasons. One was that he himself failed to use his 
notation in later articles. The vear following he not only abandoned his own 
notation, but also that of Euler which he had used in 1784. and employed no 
symbolism whatever to distinguish between total and partial differentiation. 


et par 


Perhaps a second reason lies in the faet that at that time there was a great 
scramble for the use of the letters 1) and / in ditferent fields of mathematics. 
The straight 7 had been used by Leibniz and his followers, but writers on 
finite differences Jaid claim to it, as well as to the capital D. 


“ Lecgons analytiques du Calcul des Fluxions et des Fluentes, ou Calcul Differentiel et 
Intégrale. Par M. L’Abbé Girault de Koudou, Paris, MDCCLXXII. 

* Monge in Miscellanea Taurinensia, T. V, Part I, 1770-1773, p. 94. 

t Condorcet in Histoire de l'académie r. des sciences, année 1770. Paris. 1773. p. 152. 

S$ Condorcet in loc. cit., année 1772. Part I, Paris. 1773. méinoires. p. 14. 

Legendre in loc. cit., année 1786, Paris, 178%. p.%. The article is translated by Stickel 
in Ostwald’s Klassiker der exakten Wissenschaften, No. 78, Leipzig, 1896, p. 64.65, See 
also Encyclopédie des sciences mathématiques, Tome II, vol. 1, p. 284, Note 168. 

q] Among the writers who used the J) in finite differences were L'Abbé Sauri. Cours 
complet de mathématiques, Tome IIT. Paris, 1774, p. 504; Georg Vega, Vorlesungen iiber 
die Mathematik, vol. TI, Wien, 1784. p. 395; J. A. Da Cunha Principios mathematicos, 1790, 
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Thereupon Arbogast gave D the new meaning of “derivation.” It looked 
indeed as if the different mathematical architects engaged in erecting a proud 
mathematical structure found themselves confronted with the curse of having 
their sign language confounded so that they could the less readily understand 
each other’s speech. At this juncture certain writers on the calculus con- 
cluded that the interests of their science could be best promoted by discarding 
the straight-letter d and introducing the rounded @. Accordingly they wrote 4 y 

ro c- we = oy\., ; 
for the total differential, — J for the total derivative, and | - "| for the partial 
On OF) 

derivative. G.S. Kliigel refers to this movement when he says in 1803:* “It 
is necessary to distinguish between the symbol for differential and that for 


a (finite) quantity by a special form of the letter. In France? and in the more 
recent memoirs of the Petersburg Academy, writers= have begun to designate 
the differential by the curved 6.” So Kliigel himself adopts this symbolism 
from now on for his dietionary. Euler's Institutiones caleuli integralis 
which in its first edition of 1768 70 used the straight 7, appeared in the 
third edition of 1824 with the round 4, both for the total differential and 
the total derivative. This same notation is found in J. A. Grunert’s caleuluss 
of 1837. However, the movement failed of general adoption; for some years 
both 7 and 6 were used by different writers for total differentiation. 

In view of these counter currents it is not surprising that Legendre’s genial 
notation for partial differentiation failed of adoption. 

J. L. Lagrange. Lagrange, in his Méchanique analitique of 1788, used no 
special signs for partial differentiation; he even discarded Euler's parentheses. 
The reader was expected to tell from the context whether a derivative was 
total or partial. We have seen that this attitude was taken also by Legendre 
in 1787. 

S.F. Lacroir. Lagrange’s procedure of 1788 was adopted by 8. F. Lacroix 
Whose three-volume treatise on the caleulus was a standard work of reference 
in the early part of the 19th century. Lacroix says: ‘First, let me observe 


p. 269. The small letter d was used less frequently in finite differences; we cite Charles 
Hutton who in his Mathematical and Philosophical Dictionary, London, 1895, Art. “ Differen- 
tial Method,” employs the d. 

*G.S. Kliigel, Mathematisches Worterbuch, 1. Abth., 1. Theil, Leipzig, 1803, Art.“ Diffe- 
rentiale.” 

+ In France Le Marquis de Condorcet had used the 6 in writing total derivatives in his 
Probabilité des décisions, in 1785. 

{ The Nova Acta Petropolitana, the first volume of which is for the year 1785, contain 
the rounded @. 

$ Johann August Grunert, Elemente der Differential und Integralrechnung, Leipzig, 1837. 

S. F. Lacroix, Traité du Calcul Différentiel et du Calcul Intégral, Tome I, 2. Ed., Paris, 

1810, p. 243. 
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that it (the partial derivative) should be disencumbered of the parentheses 
dz db? dz dz 

-~. are as clear as : when one 
da dy | da | | dy | 
knows beforehand that 2 is a function of two independent variables a and y, 


which Euler employed. Really, 


which the statement of the question, or the meaning of which it is susceptible, 
alwavs indieates. ... Messrs. Lagrange and Legendre have long ago suppressed 
the parentheses in their ealeulations and | have felt that, without ineon- 
venience, I may follow the example which they have set. Fontaine who was 
the first to apply the notation of Leibniz to partial ditferentials, proposed to 
designate by du the vatio of de to the total differential of dy.” In a more 


di 
complicated function of several variables, of say «7, y.2. Where perhaps z is 
a function of «and y. Lacroix admits that some speeial notations should be 
used such as had been proposed by Lagrange Gin 179@ and L801). 

Lacroix’s attitude toward partial derivatives has had a very large following 
everywhere, almost down to the present; no speelal notation was employed 
for the ordinary partial derivative. This was the attitude of Poisson,* of 
Cauchy+ (in 1821 and 1s22), of J. A. Serret.é of J.M.C. Duhamel,§ of Ch. 
Hermite and others in France. This was the practice of George Boole.@ 
Isaac Todhunter,** Lord Ravleighv Thomson and Tait.g¢ in Great Britain, 
it being remarked by W. H. Young.$$ as late as 1910, that in English writings 
Hh 
a 
Sweden a similar course was followed, as is exemplified in papers of A.V. 
sacklund. 

This failure to observe a notational distinction between partial and total 
derivatives caused the less confusion, because the derivatives were usually 


the ordinary Was sometimes used to represent the partial derivative. In 


obtained from expressions involving differentials, and in the ease of differ- 


*S. P. Poisson. Traité de mécanique, 2. édition, Tome T, Paris, 1833, p. 36. 

7A. Cauchy, Mémoires de Vacadémie r. des sciences, Tome V, années 1821 et 1822 
Paris, 1826, p. 47. 

i Notes de M. J. A. Serret sur le caleul différentiel et le ealeul intégral par Lacroix 
(no date, but after 1861). But in J. A. Serret’s Cours de caleul différentiel et intégral 
2. Ed., Paris. 1879, p. 29, ete., the Legendre-Jacobi notation is used. 

$J.M.C. Duhamel, Eléments de calcul Intinitésimal, 3. Ed.. Paris. 1874. p. 252. 

Ch. Hermite, Cours d’Analyse, 1. Partie, Paris, 1873, p. 7§, 79. 


@ George Boole, Differential Equations. 
"*T. Todhunter, Treatise on the Differential Calenlus, 7th Ed., London, 1875. 
+7 Baron Rayleigh, The Theory of Sound, London, 1877. 
‘t Thomson and Tait, Treatise on Natural Philosophy, 1879, p. 160. 
$3. W. H. Young, Fundamental Theorems of the Differential Caleulus. Cambridge Univer- 
sity Press, 1910, p. 20. 
A.V. Backlund in Lunds Univ. Arsskrift, Tom. IX, Lund. 1872. p. 4. 
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entials some distinctive symbolism was employed—it being either Fontaine’s 
designation or some later notation. 

JA. Da Cunha. Portugal possessed an active mathematician, J. A. Da 
Cunha,* who in 1790, in a wonderfully compact, one-volume treatise of 
mathematies used symbolism freely, With him, “/” denotes the fluxion taken 


or ' i: ae WO 
with respect tov, | the fluent taken relative to «.” When W——., then 


dy 
dv M “PO 
da dy das 
used as a reminder that each of the two differentiations is partial. 
S. Lhuillier. A notation for partial differentials different from Fontaine's 
and resembling Karsten’s is given in Simone Lhuilier’s book on the exposition 
of the principles of the calculus,r in 1795.) When P is a function of « and y, 
he writes the first three partial differentials with respect to « thus: 7d’ P, 
a" Potd” P; in general, he indicates NV partial differentiations with respect 
tor. followed by VW partial differentiations with respect to y. by the differential 
symbol “d¥ 7”d* P. We shall see that Cauchy's notation of 1823 differs from 
Lhuilier’s simply in the positions of the y and « and in the use of small letters 
in the place of Mand NV, 
J. iL. Lagrange. We return to the great central figure in the field of pure 
3 mathematics at the close of the eighteenth century—Lagrange. The new 
. foundations which he endeavoured to establish for the calculus in his Théorie 
des fonctions analytiques, 1797, carried with it also new notations, for partial 
4 differentiation, He writes (p. 92). (7. 1°. /"”, .. to designate the first. second, 
: third, ete.. funetions (derivatives) of f(r. y), relative to .c alone; and the 
{ svmbols f,. fia. Ain. .. to designate the first, second, third. ... derivatives, 
relative to y alone. Accordingly, he writes (p. 93) also fi(ay), An), 
ne a° f anf a4 t 
yoda’ Byba*” BYP du’ Bx OY 
In the case of a function Fur, y. 2) of three variables he represents (Qurres, 
vol... p. 158) by Fr), F’ ty). FP’ (2) the “primes fonctions” of F(x, y, 2) taken 
With respect tov, y, 2, respectively, as independent variables. The danger of 
q this notation is that F’ Gr) might be taken to be the primitive /” function of 
| the single variable «. Lagrange also (urres, vol. 9, p. 177) denotes by w’. 


. the single, inverted commas in the second derivative being 


Any) Ailey), ete., for our modern ete. 


eo 


m, and ,w the prime functions (first derivatives) of « with respeet to xr, ¥, 2, 
a= u 


respectively. Furthermore (/oc. e/f. p. 273), 0%, tay. 4 stand for our ay? 


arn azn . j 
y2? a nays respectively, In 1841 C.G..J. Jacobi declared that “the notation 
oy*” bx By 


‘J. A. Da Cunha, Principios mathematicos, Lisboa, 1790, p. 263. 
+S. Lhuilier, Principiorum calculi differentialis et integralis expositio elementaris, 
Tubingen, 1795, p. 238. 
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of Lagrange fails, if in a tunetion of three or more variables one attempts to 

write down differentials of higher than the first order.”* But P. Staekeli 

remarked in 1806 that the Lagrangian defects can be readily removed by the 
selling pibted 3 

use of several indices, as for example, by writing /Z3, tor our oz” oy? a 

The historical data whieh we have gathered show that as early as 1760, 
W. J. G. Karsten had evolved a precise notation even for higher partial 
derivatives. It was capable of improvement by a more compact placing of the 
symbols. But this notation remained unnoticed. 

That Lagrange was not altogether satistied with his notation of 1797 appears 
from his Résolution des equations numeriques, 1708, p. 210, where he intro- 
: I, (“, }, [4S ac) to designate the partial derivatives = 
2 ee 82 


an’ Aye “i ) 


duces (= sf 


, and then says: “Cette notation est plus nette et plus ex- 


pressive que celle que j'ai employee dans la Théorie des fonetions, en plagant 
les accents différement, suivant les différentes variables auxquelles ils se 
rapportent.” Lagrange adds the further comment: “In substituting the former 
in place of this, the algorithm of derived functions conserved all the advantages 
of the differential caleulus, and will have this additional one of disencumbering 
the formulas of that multitude of 7's which lengthen and distigure them to 
a considerable extent, and which continually reeall to mind the false notion 
of the infinitely little.” 

It will be noticed that Lagrange’s notation for partial derivatives, as given 
in 1798 in his Résolution des Equations numerique, and again in his Lecons 
sur le ecaleul des fonetions.? Paris, 1806, p. 347, closely resembles the notation 
previously used by Edward Waring at Cambridge. The only difference is that 
&3} 


a 


Waring employs the fluxional dot. placed above the letter, as in while 


a 


Lagrange uses a stroke in the position assigned to an exponent, as in (~, ). 
a 


It will not escape the reader that in ordinary derivatives as well, the 


Lagrangian f’. f. f°". bears close resemblance to the Newtonian 7. 7, 7, the 
stroke again replacing the dot. We have previously pointed out that certain 
English and American writers shifted the Newtonian dots to the position where 
exponents are placed. By so doing the notations of Newton and Lagrange 


were brought still closer together, 


*C.G.J. Jacobi, * De detenninantibus functionalibus’, in Journal fur d. r. & a. Mathematik, 
vol. 22, p. 321: Jacobi, Ges. Werke, vol. 3. p. 397. 

7 P. Stackel in Ostwald’s Klassiker der exakten Wiss.. Ny. 78, p. 65. 
{ Lagrange, (Euvres, vol. 10. 
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L. FA. Arbogast. In his Caleul des Deérivations, 1800, (p. 89) Arbogast 
designates by D”-q (a, @) m total derivations, while D”:”". g(a, @) designates 
partial derivations, viz., m derivations with respect to @ only, followed by x 
derivations with respect to «@ only. Accordingly, D%”"-g(a, @) or simply 


Dg (a, @) indicates n partial derivations with respect to@. Also D"”.@ (a, @) 


means that D””"-@(a,@) is to be divided by Ga! n!), He uses the 
Leibnizian d@ as the sign for the ordinary differential. The symbols d%, d’ 
are partial differentials (p. 319). He writes d’+d", d@ = (d’+d%)", 
Mr, Ys. 2) (de'-- di +d)" rye. 
J. iL. Lagrange. \n elose alignment with the Arbogast svmbols is the new 
notation for partial derivatives which Lagrange gave in his Lecons sur le 
ealeul des fonetions, Paris, 1801 (second edition 1806), p. 329, 330, 331. 
Let fir, y) be a function of « and y, then f(r, y) means the partial derivative 
with respect to f(r, y) the partial derivative with respect to yf’ (a, y) 
the partial derivative with respect to «, followed by the partial derivative 
with respeet to y. Higher partial derivatives are designated by f”""(7, y). 
Robert Woodhouse referred to these signs in his Principles of Analytical 
Calculations (Cambridge, 1803), p. NNN, where he compares the English and 
(Continental notations and gives his reasons for adopting the Continental. He 
says: Many theorems are conveniently demonstrated by separating the scale 
of operation, thus, when applied to a rectangle vy, 4. D, d, may be separated 
into parts, as 4°, 4’. Do. Dd. di’. where 4. d, ete. mean respectively 
the entire difference and differential of .ry, relatively to a only: 4’. a. 
relatively to y only; for instance d(ry) — vdytyda = dry) +d ory) 
(d+ ds) ry: The advantage resulting from this change of notation, cannot 
be here distinetly pointed out, but it would be difficult, I apprehend. to intro- 
duce a similar and corresponding change in the fluxionary notation: and this 
is an additional reason, why I made a deviation, for which the English reader 
may feel a propensity to blame me.” 
A. L. Crelle, In this restless period in the development of the calculus, there 
were many minds, and divided councils. We have seen that new notations 
were suggested by A. L. Crelle.* In partial derivatives, he has a notation 


resembling Euler's of 1776; Crelle states (p. 72): “When z ry, then we 
d dl d. . : nae —_ 
let — zor ry. or —fary stand for the first partial derivation according 
rr > Y a 
: , : d d @ . , 
to .r of the magnitude ay, while z or ry ov — fay stands for the if 
‘ Y y y Py ke if 
partial derivation according to y, of the magnitude ay.” Similarly, 2 or 
-P /? 


2 fry or —, ry indicates the second partial derivative with respect to, 
ae ES od s 





*A.L. Crelle, Rechnung mit veranderlichen GroBen, vol. 1, Gottingen, 1813. 
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while —— =z represents the partial derivative with respeet tow, followed by 
ry 


that with respect toy. [tis to be noted that with Crelle, d does not. signify 
differential.” but “abgeleitete Grobe.” which Lagrange called the “derived 
function” and Arbogast the “derivation.” The partial is distinguished from 
the total derivative. by having the independent variable with respeet to which 
the differentiation takes place, written below the 7. Thus ¢z means the total 


: (ld : : ; 
derivative, > means the partial. On page 82 he introduces also the J for 


the total derivative. 

P. Barlow, A quaint notation was given in England in 1814 by Peter 
Barlow.” [If is any funetion of vw. yz. ete. let 0, 4. 2), ete., be the charae- 
teristics of their differentiation relatively to each of the variables, then the 
partial differences are shown here in the second and third lines, 


, 4. z. CEC, 
on di Du 
: . 2 ete 
di ly id: 
don dow Dou 
. . . it 
da de dy hed: 


The association of wy, 2. ete. with 6, 7. 2, ete. respectively, makes un- 
necessarily heavy demands upon the memory of the reader, 

ALL. Cauchy. Cauchy used a variety of different notations for partial dif- 
ferentiation at different times of his long eareer. In 1823, in his lessons on 
the infinitesimal ealeulus,y he represents partial differentials by d,a. dy. 
deu tun det 
dr dy’ di 

di di du 

da’ dy? dz” 

the more general partial derivative de dy dz ++ 
dr! dy” dz".. 


vr, Y. 2 at the base of the ds are ordinarily omitted. and the notation 
dimmer ae ; 


dy? dy” dz”. 


dou, and the partial derivatives by but remarks that 


the latter are usually written, for brevity, He writes also 


but adds that the letters 


is used, The same notation, and similar remarks on partial 


derivatives and partial differentials, are found in his lessons on the differential 
ealeulus? of 1829, 


* ar _ +4 H . s . ° on - 
P. Barlow, Dictionary of Mathematics, 1814, Art. “Partial Differences. 
7+ Cauchy, Résuiné des lecons données a lécole royale polytechnique sur le calcul infinitési- 
mal, Paris, 1823; (Euvres, IL. série, vol. 4, p. 50, 79. 


; Cauchy, Lecons sur le calcul différentiel, Paris, 1829; (Euvres, IL, série. vol. 4, p. 513, 527. 
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In England John Hind* gives the general form of partial derivatives which 
we last quoted for Cauchy, and then remarks: “Another kind of notation 
attended with some conveniences has of late been partially adopted. In this, 
the differential coefficients are no longer expressed in a fractional form, but 

; oat ‘ si du 
are denoted by the letter d with the principal variables suffixed: thus, j and 
ar 
di ° ee ° ° ° 
ry are equivalent to d-u and du," and so that the above partial derivative 
dy 
7 


of the order 7+ m+ n-+ ete. is written dd)’ d! ete. wu. This notation which 
Hind describes is that of Cauchy for partial d/fferentials. 

M. Ohm. The much praised and much criticized Martin Ohm,7 in Germany, 
advanced notations as follows: 

If fis a funetion of wy. 2, ..., then the partial derivatives with respect to 
rare indieated by 2f,, 0°. f2, 0" fi. ... 64 f. Similarly for partial derivatives 
with respect to y or 2, ete. More generally, 6% ° 7; y,2 means the ath partial 
derivative with respect to, followed by the /th partial derivative with respect 
to y, and then by the cth partial derivative with respect to z. Ohm writes the 
form 6°" fy, and also 6%? f,.-; the latter notation is shorter but does not 
display to the eve which of the variables is constant. Ohm/s is perhaps the 
fullest notation for partial differentiation developed up to that time. But Ohm 
Was not content to consider simply functions which are expressed directly and 
explicitly in terms of their variables; he studied also functions /;,, 2, «+ 1 
Which some of the variables x, ¥, 2... appear implicitly, as well as explicitly. 
lor instance, p. 129, let / Bart 4ary— dy? 2?4+ 4ayz, where y = a+ hr 
and 2 po’. He introduces the notation /> Bart dary — 5 yf? 2? + Aaryz. 
where f; is considered as the explicit function of ., and y and z are to be 
taken constant or independent of «: he represents by / the above expression 
When account is taken of y a--hr and z po’. Hence @f, = 62+4y 

42, while 0 fix 4a = (Shb+ 6H) a— 30a pr 70 abp* wv 40 7/7 p ae 

Ihape’--20br. The two partial derivatives are wholly different; the 
former is an incomplete partial derivative, the latter is a complete partial 
derivative. He states (p. 276) that in 1825 he brought out in Berlin his 
“Lehre vom Gréssten und Kleinsten”, and introduced there a special notation 
for the complete and incomplete partial differentials which correspond to the 
complete and incomplete partial derivatives, fi. and f>. In 1825 he marked 
the incomplete partial differentials - dv; the complete partial differentials 

i 
of -dv, Similarly for higher orders, Ohm states in 1829 (p. 276) that he 
ra 


a ; 

has found his notation 7 adopted by other writers, 
ar 

* John Hind, Principles of the Differential Calculus, 2d Ed., Cambridge, 1831, p. 372. 

+ Martin Ohm, System der Mathematik, vol. III, 1829, p. 118, 119. 
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In the 1829 publication Ohm considers a great many eases of this type and 
ives a diffuse presentation of partial differentiation covering over 160 pages, 
| df 
dr 
with Euler a complete derivative, with Fontaine a partial derivative, As 


He compares his notations with those of L. Euler and A. Fontaine. meant 


a l 
previously seen, Fontaine once marked a complete derivative 1 UM, but 


hd 
cenerally he dealt with complete d/fivenutia/s rather than complete derivatives. 
If fis a function of and y, then the three notations are exhibited by Ohm 


as tollows (]). 183): 


lf If, df, according to M. Ohm, 
df Af : . 

df ye dr te (ot |e dy aeeording to L. Euler, 

. dr Ay : 
df df ' = 

Jf = tls ~ily according to A, Fontaine, 
dy ly : 


where /f means the eomplete differential. Ohm warns the reader (p. 1s2 
that in Fontaine’s notation for differentials the dv’s and dy’s cannot be ean- 
celled. We see in Ohm's intellectual ménage a large progeny of symbols, but 
it Was a group with no one to bid them welcome. 

W.R. Hamiton, About the same time that M. Ohm was devising suitable 
symbols in Germany, William Rowan Hamilton in Great Britain felt the need 
of a suitable symbolism, At first he used parentheses* as Euler had done: 
they are found in an artiele Which was written in 1824 and printed in 182%. 
In the table of contents of this artiele, probably prepared when it was printed, 
the partial derivatives appear in the garb 3 : . This delta notation is used 
by Hamilton? in an article printed in 1830, and another printed in 1834.7 
where the expressions are called “partial differential eoefticients.” On account 
of the close resemblance between 6 and 4, this notation is almost identical 
with that proposed by Legendre forty vears earlier. 

W. Bolyar. Quaint notations are found in Wolfgang Bolyai's$ Tentamen 
1832, He designates by Tv a function of , by “oO the nth differential, 
by “oDay y or oOo. y the nth partial differential with respect tow. 


* W.R. Hamilton in Transactions of the Royal Irish Academy, vol. XV, Dublin, 1828, p. 152. 
T Loc. cit., vol. XVI, 1830, p. 2. 

t Philosophical Transactions of Royal Society, London, 1834, p. 249. 

§ Wolfgangi Bolyai de Bolya, Tentamen, 2. Ed., 1897, p. 207, 640. 


a ARDY ASL TRAE i Re Ss RMS ON alc, la 








THE HISTORY OF NOTATIONS OF THE CALCULUS. 29g 


Cauhy and Moigno, Soon after this time, A. Cauchy in Paris slightly 
modified his former symbols. In 1840 L’Abbé Moigno* published a book on 
the caleulus “daprés les méthodes et les ouvrages publiés ou inédits de 
M. A.-L. Cauchy.” For higher partial differentials and derivatives he gives 
9 ‘ du 
the notations dj dy, dz u, dry, da dy de’ 
distinguish the partial derivative from the total is evident from what is given 
dz dz d* 
da’ dy’ da 
satisfied with his notations is evident from our previous quotations from his 


That these notations do not always 


4 
2 


on p. 444 as partial derivatives: . etc. That Moigno was not 


Introduetion. 

In the same year (1840) Cauchy himself brought out in Paris his Exercices 
analyse et de physique mathématique, where (p.5) he lets D,, Dy. D:, Dt 
stand for the partial derivatives of a function of the independent variables 
ry. 2. ¢; De stands for the second partial derivative. 

More fully developed is his notation’ of 1844. Taking s as a function of 
many variables, 1, yz, ... a. 7.u,. Cauchy designates 
partial increments by . . . . + « « «© «© + e AS Ad Ane »- 


and “différentielles partielles” by 2... 0. 0... sy dys, dis... 
or, if of the second order, by. 2... wwe ee ds. dhdias, .. 
When the variables are specified, by 2. 0. 6 6.) dos, dys Aye 
*Ditférentielles partielles’” by . . . . . . . « des, dys, des, ... 
When of the second order, a se se we ee se 6 ae 2 


“Deérivées partielles” by De Dys, DeDee, ..- 
and so on, 

The Ds as a partial derivative is distinguished from a total derivative by 
the «, provided that s is a function of more than one variable; otherwise the 
sand Ds mean the same. One objection to this symbolism is that the 
variables considered as constant during the differentiation are not exhibited 
to the eve. 

C.G.I. Jacobi. We come now to the researches of C. G. J. Jacobi who is 
usually credited with the invention of the notation of partial derivatives which 
has become popular in recent years. Had he instituted a careful historical 
survey of the notations which had been proposed by mathematicians betore 
him, he would have found much of value — notations of Euler, Fontaine, 
Karsten, Legendre, Lagrange of 1797 and of 1801, Da Cunha, Arbogast, Crelle, 
sarlow, Ohm, Hamilton and Cauchy. But Jacobi made no such survey. He 
happened to know the notations of Euler and of Lagrange of 1797. Not 


‘ L'Abbé Moigno, Lecons de Calcul différentiel et de caleul intégral, Tome I, Paris. 
IN40, p. 118-121, 
+ A. Cauchy, Exercices d’analyse et de physique mathématique, Paris, 1844, p. 12-17. 
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satistied with these he devised one of his own. As is so common in the history 
of science, his invention happened to have been made by others before him. 
Nevertheless, the mathematical public, uncritical on matters of priority, is 
crediting Jacobi with devices first proposed by Legendre and Hamilton, 

It was in 1841 that Jacobi published his paper® De determinantibus fune- 
tionalibus, in Whieh he introduces ¢ and © for total and partial derivatives 
(differentialia partialia), respectively. He says: “To distinguish the partial 
derivatives from the ordinary. Where all variable quantities are regarded as 
functions of a single one, it has been the custom of Euler and others to enclose 
the partial derivatives within parentheses, As an accumulation of parentheses 
for reading and writing is rather onerous, [ have preferred to designate 
ordinary differentials by the character / and the partial differential by 
Adopting this convention. error is excluded. It we have a function / of « and y, 
| shall write accordingly. 

f f 


Af ‘ da . diy, 
s ’ y Py 


... This distinetion may be used also in the designation of Integrations, so 


J sir yi. rine, 


have different meaning: in the former y and therefore also f(r, y) are con- 
sidered functions of. in the latter one carries out the integration according 


that the expressions 


to © only and one regards y during the integration as a constant.” 

Jacobi proceeds to the consideration of a function of many variables. 
“Let f be a function of vo... ... ene Assume any nv fumetions iy. ts... 
of these variables and think of f as a funetion of the variables v7). wy). is. 

wy. Then. if y.ay. .... , remain constant. the wy. we... 2. wy, are 
no Jonger constants when « varies, and also. when ay. as. .... we, remain 


Constant, 7.7, 6... %_, do not remain constant. The expression —° will 


Ou 
designate entirely different values according as these or other magnitudes are 
constant during the differentiation.” To simplify matters, Jacobi stipulates: 
“It Tsay that fis a function of the variables v,. 0s. 2... ay. 1 wish it to be 
understood that, if this function is differentiated partially, the differentiation 
shall be so carried out that always only one of these varies, while all the others 
remain constant.” 


"Journal fir die reine und angewandte Mathematik, vol. 22. p. 319: also vol. 23, p. 4. 
see Ostirald’s Nlassiker No. 78 
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Jacobi proceeds: “Tf the formulas are to be free from every ambiguity, then 
also there should be indicated by the notation, not only according to which 
variable the differentiation takes place, but also the entire system of inde- 
pendent variables whose function is to be differentiated partially, in order 
that by the notation itself one may recognize also the magnitudes which 
remain constant during the differentiation. This is all the more necessary, as 
it is not possible to avoid the occurrence in the same computation and even 
in one and the same formula, of partial differentials which relate to different 
systems of independent variables, as for example. in the expression given 

A af ou 


above, - * +) In Which fis taken as a function of « and w, «on the 
/ cu oe 9 


. . . . mm 0 i . . ‘ 
other hand is a funetion of « and y The ~~ (derived from /(r, y)) changed 


Od 
into this expression When # Was introduced in the place of y as an independent 
variable. If however we write down, besides the dependent variable, also the 
independent variables occurring in the partial differentiations, then the above 
expression can be represented by the following formula which is free of every 
wnbiguity : 
oftr. y) tir, Ofte, Bulan y) , 


Ow Ou ou Ol 


By way of criticism of this notation, P. Staekel* adds in his notes on Jaeobi's 
paper: “This notation is ambiguous too, for the symbol is used in two different 
meanings, In as much as f(r, y) is another function of « and y than is f(a, w) 
of and.” Jacobi proceeds to remark that one can conceive of complicated 
relations in which it would be exceedingly onerous to completely define partial 
derivatives by the notation alone; a formula written in only one line might 
have to be expanded so as to fill a page. To avoid such differences it is best 
in complicated cases to dispense with the designation in the formula of all 
the independent variables. To distinguish two systems of partial derivatives 
Which belong to different systems of variables, one system of derivatives may 
be enclosed in parenthesis, as was the practice with Euler. 

The notation ~“ advocated by Jacobi did not meet with immediate adoption. 


9 Be 
It took half a century for it to seeure a generally recognized place in mathe- 
iatieal writing. In 1844 Jacobi used it in vol. 29 of Crelle’s Journal. When 
in PRD7 Arthur Cayley? abstracted Jacobi's paper. Cayley paid no heed to the 
‘ . , P , di 
hew notation and wrote all derivatives in the form i 
ad 


* Ostwald’s Klassiker, No. 78, p. 65. 
r A, Cayley, “Report on recent Progress in Theoretical Dynamics 
Report, 1857. 


“in British Association 
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G. A. Osborne refers in the pretace of his Differential and Integral Caleulus, 
Boston, 1895, to this notation as having “recently come into such general use.” 
O. Hesse. A tew vears after Jacobi had published the article containing 
the —~ notation. Otto Hesse adyaneed another notation which has been found 
- 
useful in analytical geometry. In his paper on points of inflexion of cubic 


uf : 
curves* he designates of the function « for brevity by w#, 3. In 


Wy ONG 
accordanee with this plan G. Salmon? writes the first partial derivatives of U 
with respect to 7. y. and 2. respectively, by U,, Us. Uy and the seeond partial 
derivatives by U),. Uns. Us. Veg. Uy. Oye: or as it is expressed in Fiedler’s 
edition. U, is the first partial derivative of U With respect to vy. 

B. Peirce. Arbogast’s and Cauchy's symbolism was in part adopted in the 
United States by Benjamin Peireet of Harvard, who introduced it thus: 
“Denoting by D-p-. De +. the differential coetticients taken on the sup- 
position that a. ware respectively the independent variables, we have, at 
dy Dy 
dy Rox 
vative. Jy the partial derivative with respeet to a, 


onee, Dep Accordingly, D> signities the total deri- 


From an anonymous article in the Mathematieal Monthlys (probably from 
the pen of its editor, J.D. Runkle) we eull the following comments: 
j dis 2 7 7 2 
“The student will observe, that ; denotes the derivative of the quantity /; 
Lt i 
but the symbol, as separated from the quantity, and simply denoting the 


; — ae d ore 
operation, is) rhus, Ar) tells us to tind the derivative of f(r). The 


dy di 
° . J 

Inconvenience of the use of the symbol 2 in this and like cases has led to 
the adoption of Y in its place. If we wish to indieate at the same time the 
particular variable. as v. in reference to which the derivative is to be taken, 
then the symbol J, is used. ... In the ease of the general function, as flr). 
the notation f(r). A Cn, fp" 


r), ete, to denote the successive derivatives. 
Was used by Lagrange, and is most convenient. So far as we know, Prot. 
Peirce is the only author in this country who has used ): and we have made 
these remarks for the benetit of those students who meet with this notation 
d 


only in the Monthly. ... Do” is better than 7, 


“Otto Hesse in Crelle’s Journal, 1843, vol. 28. p. 99; Gesammelte Werke, Miinchen. 
1897, p. 124. 

7 George Salmon, Higher Plane Curves, 3d Ed., Dublin, 1879. p. 49, 50. 
iB. Peirce, Curves, Functions and Forces, vol. I. 2. Edition, Boston, 185°. p. 22%. 
S Mathematical Monthly. Edited by J.D. Runkle. vol. I, Cambridge. 1859. p. 52x. 
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e 


GW. Strauch. A special symbolism to distinguish between two partial 
derivatives with respect to wv, one recognizing only explicit forms of «, the 
other observing also the implicit forms, was given by the Swiss, G.W.Strauch.* 
He assumes U gy (re y.z) and 2 y (r, y). Following in part Cauchy's 


. 


d,U ; " 
notation, Strauch uses the symbol F to represent the “incomplete” partial 


ada 
differential coefficient with respect to 2 which is obtained by differentiating 
7 : reel d2U 
U only with respect to the explicit 2; he uses the symbol - , to represent 
Cr 


the “complete” partial differential coefficient with respect to « which is 
obtained by differentiating U with respect to the implicit as well as the 
explicit vw. He has the following relation between the partial derivatives, 


i. U d,. U d. U d, g 


dr da + dz da 


It will be remembered that the double horizontal line used here had been 
employed for the same purpose in 1825 by Martin Ohm. 

JMC. Dihomel, The D,, Dy, ete. suggested by Cauchy for partial dif- 
feventiation Was used in many quarters. For example, Ernest Pfannenstiel,7 
in IXX2, wrote D2, Dp y2. ete., to represent partial derivatives in a paper 
on partial differential equations, 

Duhamel’ in ordinary eases used no distinctive device for partial dif- 
lerentiation, but when many variables and derivatives of any orders were 
involved, he designated “par Fe? (avy) ou par Dr ye" aw Te résultat 
de ow derivations partielles effectuées par rapport a 2 sur la fonetion 
u Fir, y), suivies de n dérivations partielles du résultat par rapport ay, 
lesquelles seront clles-mémes suivies de y dérivations par rapport a .; et 
ainsi de suite.” For partial differentials he wrote similarly, @" j2000 uw. It 
Will be observed that, strietly speaking, there is nothing in this notation to 
distinguish sharply between partial und total operations; cases are conceivable 
iN Which each of the m-—+- a+ p--- differentiations might be total. 

Ch. Méray. An obvious extension of the notation used by Duhamel was 
employed by Ch. Méray.§ Representing by p, q.... the orders of the partial 
derivatives with respect to the independent variables wy... ., respectively, 


G. Wo Strauch, Praktische Anwendungen fiir die Integration der totalen und partialen 
Differentialgleichungen, Braunschweig. 1865, p. 7—J3. 
r Societat der Wissenschaften zu Upsala, Sept. 2, 1882. 
{J.M.C. Duhamel, Eléments de caleul Infinitésimal, Tome I, 3. Edition, Paris, 1874, 
p. 267. 


$ Ch. Méray, Lecons nouvelles sur l'analyse infinitésimale, vol. I, Paris, 1894, p. 123. 


3 
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and by the sum p+q-+... the total order of the derivatives, he suggests two 
forms, either 

a 


. 


Kit? eed BSE: Fe 
Applying this notation to partial differentials, Méray writes, 


ay pi ¥ i. RD Wy dv od dy? dy! et 


Y,. 


Méray’s notation is neither elegant, nor typographically desirable. It has 
failed of cveneral adoption. In the Brey lopedur des sciences mathematiques 


ak Mu 


J.Molk prefers an extension of the Legendre-Jacobi notation: thus _ . 
Ou ee 


where k = p+q-::. 

T. Muir. Thomas Muir stated? in 1901 that he found it very useful in 
lectures given in 1869 to write @v, y, 2. in place of Mr, y, 2) and to indicate 
the number of times the function had to be differentiated with respect to any 


”. 


r.y,2 
meant the result of differentiating once with respect to“, thrice with respect 
to y, and twice with respect to 2. Applying this to Jacobi’s example, in which 


one of the variables by writing that number above the vinculum; thus, @ 


— ‘ C2 l ; 
Ms, uy We should have satisfactorily (Dp - but when there is 
/ ry 


civen Z M+. uw and “ Dry, then arises the Serious situation that We 


, : . : | 
are not certain of the meaning of . as it would stand for @ or for 
. Tr, tt 
} we . 
” 7? “7 . according as vor y Was to be considered constant, 
we, t a. a a. y q 


In such cases he declares the notation | ~~ inadequate. 
O” 


Thomas Muir explained his notation also in Nature, vol. 66, 1902, p. 271. 
but was criticized by John Perry who. taking a unit quantity of mere fluid. 
points out that rp. f, 2, ® are all known if any two (except in certain cases) 
are known. SO that any one may be expressed as a tunetion of any other two. 

dh as 
Perry prefers the notation | ] | . Which is the Eulerian svmbol to which yl 
di Dp . 
Is affixed; according to Muir's suggestion, Perry says, one must let 2 fr, p 
and write ff --, To this remark, Muir replies (p. 520) that he would write 
sp 


“Tome II, vol. I, p. 296. 
7 Thomas Muir in Proceedings of the Royal Society of Edinburgh, vol. 24, 1901-1903, 
p- 162 
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_ id _ ‘ ‘ . 9 : - ae 
I or, if a vineulum seems “curious,” he would write (rv, p). To these 


v.p 
suai A. B. Basset remarks (p. 577): “Dr. Muir’s symbols may be very 
stitable for manuseripts or the blackboard, but the expense of printing them 
would be prohibitive. No book in which such symbols were used to any extent 
could possibly pay. On the other hand, the symbol (d#dv), can always be 
introduced into a paragraph of letter-press without using a justification or 
a Vinetdum; and this very much lessens the expense of printing.” 

P. Mansion. Muir and Perry were not alone in their rejection of the nota- 
tion used by Jacobi in 1841, Paul Mansion,* for instance, in 1873 prefers to 
dz dz ; 
a? Sa where z is an 


explicit or implicit function of the independent variables «7, 7,..... He uses 


use the straight letter ¢ for partial derivatives; thus, 


Oy Oy ae ' Oe ; 

also a. © designate “the derivatives of anecplecet function g¢ (71,72, «+ +) 
( ny ( a) 

ot ry.vs.... With respect to the letter Y,. to the letter Y,. ete., without con- 


sidering whether «,,.7y,... are independent of each other or not.” 


3. Symbols for Fluents and Integrals. 
GOW. Ledure. In a manuseript? dated October 29, 1675, Leibniz intro- 


duces the symbol li for omn. 7, that is, for the sum of the 7s. As a 
facsimile reproduction was published by C. I. Gerhardt in 1899, we have 
definite information as to the exaet form of the |. Not until eleven vears 
later, did Leibniz use the symbol in print. In 1686 Leibniz used it eight 
times in an article in the Acta eruditorum, p. 297, 299, but in that paper 
it did not quite take its modern form; the lower part was amputated and the 
sign appeared thus, {. It was simply the small letter “*s”, as printed at that 
time. It resembled the modern type form for “tf. He writes the cycloidal 
formula thus: y V Qr—a7r+ {a - | 2» —.axr. This form of the svym- 
bol appears in the Aeta eruditorum for 1701, p. 280, where Louis Carré of 
Paris writes a fd ax, and again in 1704, p.313, in a reprint of John 
Craig’s article from the Philosophical Transactions of London, No. 284, viz. 
f:z dy. We have notieed this form also in works of G. Manfrediz at Bologna 
in 1707 and of Chr. Wolf$ at Halle in 1713, 


* Theorie des équations aux dérivées partielles du premier ordre par M. Paul Mansion, 
professeur a Vuniversité de Gand, 1873, Tome XXV. 

7 CL. Gerhardt, Entdeckung der héheren Analysis, Halle, 1855, p. 125. 

; De Constructione aequationum differentialium primi gradus. Authore Gabriele Man- 


fredio, Bononiae, 1707. p. 127. 


Autore Christiano Wolfo. Halae, 1713, p.474. 


S$ Elementa matheseos universae, tomusI... 
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In Leibnizens Mathematiseche Sehriften, edited by C. 1. Gerhardt, vol. 5, 
1858, p. 231, the notation of the article of 1686 is not reproduced with 


precision; the sign of integration assumes in the reprint the regular form . 
namely a slender, elongated form of the letter. John Bernoulli,* who was the 
first to use the term “integral,” proposed in his correspondence with Leibniz 


the letter J as the symbol of integration, but finally adopted fin deference to 
e 


Leibniz. We cannot agree with Kliigel.+ that J would have been more appro- 
priate (schicklicher); this shorter symbol possessed less adaptability to the 
nineteenth century need of indicating symbolically the limits of integration. 
In articles published in the Aeta Eruditorum of 1694 and 1695, Leibniz places 


a comma after the | thus . rode, but Johann Bernoulli omits the comma in 
e e 
the volume for 1698, p. 53.) Some eighteenth and early nineteenth century 


writers placed a dot after the sign, thus /. . or the colon, as in | >; E. Waring? 

wrote | .~ (log. 7. In 1755 Euler$ wrote [pa fyae |. G2 i205 Weicn 
e i 9 ° ° e 

did not indicate a product like [ira fae. | tidr.... but was to be inter- 


* 


preted so that applies to all that follows — a relation which some authors 


(sherli for instance, as We shall see) carefully indicate by the use of vineulums. 
As regards the differential in the expression to be integrated, the usual 


practice has been to write it down, thus f yay, but this practice has not been 


universal. Leibniz’s conception of an integral as a summation would seem to 
require the use of the differential. In his printed paper of 1686 he adopts 


the form f> dy, although in his manuscript of October 29, 1675 he had written 


: 3 
9 J _ ° P ° . . er 
f 3° If integration is conceived as the converse of differentiation, 
then no serious objection can be raised to the omission of the differential. 
And so we find a few authors who prefer to omit the dr, as for instance, 
senjamin Peirce, who writes (a+ if. aa! az"), On Oct. 11-16, 18d%, 
e 

*Johann Bernoulli to Leibniz. April 7, 1696, Leibnizens Mathematisehe Schriften, 
Ed. C. I. Gerhardt, vol. 3, Halle, 1855, p. 262, 273. 

*G.S8. Kliigel, Mathematisches Worterbuch, 1. Abth.. 2. Th: il, Leipzig, 1805, Art. “Inte 
gral,” p. 746. 

+ Edward Waring, Meditationes analyticae, 1746, p. 23. 

§ L. Euler, Institutiones Calculi Integralis, IV, Suppl. IX, Art. 37. 

B. Peirce, Curves, Functions, and Forces, vol. II, Boston, 1846, p. 6%. 


THE HISTORY OF NOTATIONS OF THE CALCULUS. 37 


William R. Hamilton wrote to P. G. Tait,* “And perhaps you may have 
adopted, even publicly — as Airy has done, using the (to me) uncouth 


notation [i ) for fi )d@ — the system which rejects differentials.” 
Jt e 


I, Newton. In his Quadratura eurvarum,t of 1704, Newton gave the 
syinbol .. as the integral of a, « as the integral of «. In faet, in the suc- 
cession. a's a. er, each term was the fluxion (fluent) of the preceding 
(succeeding) term. Another notation for integral was the enclosure of the 
term in a rectangle?, as is explained in Newton’s De Analyse per numero 
"aa-dr 

647 

That Newton's notation for integration was defective, is readily seen. 
The was in danger of being mistaken for an abscissa in a series of abscissas 7, 
er": the rectangle was inconvenient in preparing a manuscript and well-nigh 
impossible for printing, when of frequent occurrence. As a consequence, 
Newton's signs of integration were never popular, not even in England. 
They were used by Brook Taylor, in his Methodus Incrementorum, London, 


oc 


1715; he writes (p. 2) “.r designat fluentem secondam ipsuis 2,” and (p. 38), 


‘ a aa , 
terminorum infinitas, where G4 stands for 
Le oe 
e 


“Dp —rs, adeoque p — irs. 

In Newton’s Principia, 1687 (Book II, Lemma IJ) fluents are represented 
simply by capital letters and their fluxions by the corresponding small letters. 
Newton says: “If the moments of any quantities A, B, C, ete. increasing or 
decreasing, by a perpetual flux, or the velocities of the mutations which are 
proportional to them, be called a, b,c, ete. the moment or mutation of the 
generated rectangle AB will be aB+b)A” Here a velocity or fluxion is 
indicated by the same symbol as a moment. With Newton a “fluxion” was 
always a velocity, not an infinitely small quantity, a “moment” was usually, 
if not always, an infinitely small quantity. Evidently, this notation was intended 
only as provisional. Maelaurin does not use any regular sign of integration. 
He says$ simply: “2+ 2y, the fluent of which is yz.” Nor have we been able 
to find any symbol of integration in Thomas Simpson's Treatise of Fluxions, 
London, 1737, 1750, in Edmund Stone's Integral Caleulus, in William Hale's 
Analysis Fluxionum, 1804, in John Rowe's Doctrine of Fluxions, 4th Ed., 
London, 1809, 8S. Vince's Principles of Fluxions, Philad., 1812. 


('.G. Knott's Life and Scientific Work of Peter Guthrie Tait, Cambridge, 1911, p. 121. 
For this reference and also some other data in this article I am indebted to Professor 
J. H. M. Wedderburn. 

TI. Newton, Quadratura curvarum, London, 1704. Opera, vol. 1, p. 338. 
! I. Newton, Opera, Horsley’s Ed., vol. I, 1779, p. 272. 
S$ ©. Maclaurin, Treatise of Fluxions, Bk. II, 1742, p. 600. 

We have examined the French translation by Rondet, under the title Analyse des 

infiniment petits comprenant le Calcul Intégral, par M. Stone, Paris, 1735. 
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Other English authors employed the Continental symbol [. Even such a bitter 


e 
opponent of Leibniz as John Weill® used the |. While for differentiation he 


adhered to the Newtonian... 7. ete. This mixture of British and Continental 
symbolism is found regularly in the writings of Edward Waring.+ and much 


later in those of Olinthus Gregory.. who wrote l. yr, and those of John 


Brinkley. astronomer in Dublin.s Brinkley uses the | with a horizontal bar 


added. as in fo ®. 
Ch. Reynean and others, Perhaps no mathematieal svinbol has encountered 
so little competition with other symbols, as has > the sign S ean hardly 
’ ( 
be called a competitor, it being simply another form of the same letter, Thi 
. 
Was used in Franee by Charles Revneau in 1708 and by Lo Abbe Sanur 


in 1774: in Italy by Paolo Frisi.€ by Odoardo Gherli Who. in the case ot 
multiple integrals, takes pains to indicate by vineulums the scope of each 


integration, thus S hs J. dy J -yde, In RL G. Boseovieh’sy? treatise of 


_ . . . * ad } 
1796, there is used part the time a smalls, as in saa" dy ps Sore 
fit 
‘ : is cy? dy . 
yd, and finally ‘y+ this large letter being used, apparently, because 
. oF 


there was plenty of space in front of the fraetion, In the books which we 


have quoted the use of S rather than | Was probably due to the greatet 


plenty of the former type in the respective printing offices. 
Not infrequently the two symbols were used in the same publication, the 


to indicate some specialized integral. Thus, Joseph Fourier said in an 


J. Keill in Philosophical Transactions for 1714 16. paper dated Nov. 24, 1713. 
+ E. Waring, Meditationes analyticae, 1785, p. 22 


+ 


; Olinthus Gregory, Treatise on Mechanics, vol. 1. 3. Ed., London, 1X15. p. 62. 


W- 


Transactions of Royal Irish Academy, vol. 12, 1815, p. 8h. See also vol. 13, STR, p. SI. 
Ch. Reyneau, Usage de L’Analyse, Tome If, Paris, 1708. p. OO4. 

q] Paulli Frisii Operum Tomus primus, Milan. 1782, p. 503. 

** (), Gherli, Gli elementi teorico-pratici delle matematiche pure, Tomo VI, Modena, 177t., 
p. 1, 334. 

TT Ruggero Guiseppe Boscovich, Elementi delle matematiche pure Edizione terza Italiana, 
Venezia, 1796, p. 477, 479, 44. 
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article of 1811, first published in 1824:* “and taking the integral from 


vr 010 = a4, one has, on representing these integrations by the sign \, 


aos a . .. 
ysine carder -++. Further on he writes “a, = 3 rdr, ou as 
Q 2 


It will be seen that later Fourier suggested the notation for definite integrals 
now in general use. LL.M. H. Navier? in an article on fluid motion remarks: 


“Le signe désigne une intégration effectuée, dans toute lentendu de la 


surface dufluide ....° Inthe third edition of Lagrange’s Mécanique Analytiquet 
we read: “ Nous dénoterons ces intégrales totales, ¢’est-a-dire relatives a l’éten- 


due de toute la masse, par la charactéristique majuscule \, en conservant la 


charaectéristique ordinaire pour désigner les intégrales partielles ou in- 
definies.” Finally, we refer to C, Jordan, who, in his Cours d’Analyse, I. 


Paris, 1803, p. 37 uses § to mark “Vintegrale de la fonetion f dans le 
. 


domaine #° and says that it is generally designated thus, 
ALL. Crelle. We have encountered only one writer on the European con- 


tinent who deliberately rejected Leibniz’s sign for . namely A. L. Crelle§ 


of Cassel, the founder of “Crelle’s Journal.” In 1813 he rejected the symbol 
as foreign to the nature of the subject. He argued that since in differentiation 
(or the finding of dy. /?y) d appears in the position of a multiplier, the symbol 
tor the inverse operation, namely, integration, should be a d placed in the 
aig _ 1 1 . — , , 
position of a divisor, thus ., yore Like Leibniz, Crelle was influenced 
( ad” 
inhis selection by his conception of the operation called integration. He looked 
pon it as the /nrerse of differentiation, and chose his symbol accordingly ; 
Leibniz saw this inverse relation; nevertheless he looked upon integration 
primarily as a summation and accordingly chose the fas the first letter in 


e 
summa. Crelle found no following whatever in his use of ; 
f 
L. Ruler. Limits of integration were at first indicated only in words. Euler 


* Mémoires de Vacadémie r. des sciences de L'Institut de France, Tome 1V, années 1819 
et T820, Paris 1824, p. 303, 309. 

+ Mémoires de lacadémie r. des sciences de L’'Institut de France, année 1823, Tome VI, 
Paris 1827, p. 412. 

J. L. Lagrange, (Euvres, vol. 11, p. 85. 

SA. L. Crelle, Darstellung der Rechnung mit veriinderlichen Gréssen, Erster Band, 
Gottingen, 1813, p. 8&8, &9. 
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Was the first to use a symbol in his integral caleulus,* of which the following 
is an illustration: 


vt / ah a" 4 


" cad J l 


This notation. with the omission of the “ah” and “ad.” was used in 1819 
or 1820 by J. Sarrus? of Strasbourg and H. G. Sehmidten.! 

J. Fourier. Our modern notation for detinite integrals constituted an im- 
portant enrichment of the notation for integration. It was introduced b) 
Joseph Fourier who was an early representative of that galaxy of French 
mathematical physicists of the early part of the 19th century. In Pourier’s 
epochmaking work of 1822 on La Theorie analytique de la chaleurs he savs 


“Nous désignons en général par le signe | intégrale qui commence lorsque 
ea 

la variable equivalent a a. et qui est complete lorsque la variable équivant 

dh: et nous éerivons Péquation (2) sous la forme suivante 


c ] * 
PAT): 5 a og dis ete, 


But Fourier had used this netation somewhat earlier in the Wémorsres of the 

French Academy for 1319—1820, in an article of which the early part. ot 

his book Ot 182? is a reprint. The notation Wis adopted immediately hy 
ial ] 


Gi. A.A. Plana oof Turin. who writes adi / . by A. Fresnel@ in 
Jo Oded 


oneofhis memorable papers on the undulatory theory of light, and by Canchy.* 
This instantaneous display to the Ah I aot the limits at Integration Wis declared 
by =F 1). Poissonvy to be a “notation tres-commode,”’ 
° . °*s 
Ohm (op. cit., vol. 4, 1830, p. 137) prefers — g.deto Fourier’s |g. . 
ef? oft 


It was F.Sarrusi? who first used the signs Fr). or 2 Cr) to indicate the 


“L. Euler, Institutiones caleuli integralis, $rd. Edition, vol. IV, 1845, Supplementum V 
p. 824. [First edition, 1768-1770), 

+ Gergonne’s Annales de mathématique, vol. lv, 1819 and 1820, p. 36. 

Loc. cit.. p. 211. 

§ (Euvres de Fourier (Edited by G. Darboux), Tome 1. Paris, 188%. p. 251. See also p. 216 

J. D. Gergonne, Annales de mathématiques, vol. 12, Nismes, 1819 and 1S8ZO, p. 148 

q] Mémoires de lAcadémie r. des sciences de Institut de France, Tome V, années 1821 
et 1822, Paris, 1426. p. 434. 

** Cauchy, Résumé des lecons données a Vécole royale polytechnique sur la calcul 
infinitésimal, Paris, 1823, or (Euvres, 2. Série, vol. 4, p. 188. 

+? Mémoires de Vacadémie des sciences de L'Institut de France, Tome VI. année 1823. 
Paris, 1827, p. 574. 


+; FP. Sarrus in Gergonne’s Annales, vol. 14, 1823, p. 197. 
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process of substituting the limits a and w in the general integral F(x). This 
designation was used later by Moigno and Cauchy. 

In Germany Martin Ohm advanced another notation for definite integrals, 
Viz. | gq. dr or (8-44 ,)r+a, Where . is the upper limit and a the lower. 
He adhered to this notation in 1830 and 1846, claiming for it greater con- 
venience over that of Fourier in complicated expressions. * 

Slight modification of the notation for definite integration was found 
desirable by workers in the theory of functions of a complex variable. For 


example, A. R. Forsyth’ writes J where the integration is taken round the 


whole boundary B. 
V. Volterra and G, Peano. What C. Jordan? calls “Vintégrale par exces } 


“ry *r; 

et par défaut” is represented by Vito Volterra§ thus ( and [ . G, Peano, 
e To Te 

Who uses S as the symbol for integration, designates by Sur a—h) the 


1 
integral of f. extended over the interval from ato }, and ww S (f, ah) the 


“intégrale par exeés,” and by S (f. ah) the “intégrale par défaut.” 


4. Symbols for Passing to the Limit. 


S. Lialier. The abbreviation “lim.” for limit does not seem to have been used 
. * “ye . . - . 4 * 
before Simone Lhuilier(] who writes “lim.g:Q” and “Lim. av. It was 
Af 
used by Garcad Stockler of Lisbon in 1794, by L.N. M. Carnot** in 1797 (who 
used also LL), by John Brinkley++ of Dublin in 1817, and by A. L. Cauchy3t 
in I821. Cauchy points out that “lim. (sin.a)" has a unique value 0, while 


lim. ((}) admits of two values, and lim. ((sin. —}) of an infinity of 
a : 


values, the double parentheses being used to designate all the values that the 
enclosed function may take, as 2 approaches zero. 


* Martin Ohm, Lehre vom Grissten und Kleinsten, Berlin, 1825; Versuch eines vollkommen 
consequenten Systems der Mathematik, vol. 4, Berlin, 1830, p. 136-137: Geist der Differential- 
und Integral-Rechnung, Erlangen, 1846, p. 51 ff. 

7 A. R. Forsyth, Theory of Functions of a Complex Variable, Cambridge, 1893, p. 27. 

; ©. Jordan, Cours d’Analyse, 3. Edition, vol. I, 1909, p. 34, 35. 

SV. Volterra, Giornale di matematiche (Battaglini), vol. 19, 1881, p. 340. 

(. Peano, Formulaire mathématique, vol. IV, Turin, 1908, p. 178. 
4] Lhuilier, Exposition élémentaire des principes des calculs supérieurs, Berlin, 1786, p.24, 31. 

*(Euvres mathématique du Citoyen Carnot, & Basle, 1797, p. 191-198, 168. 4 

+7 John Brinkley in Trans. Royal Irish Academy, vol. XIII, Dublin, 1818, p. 30. . : 

i; A. L. Cauchy, Cours d’analyse, Paris, 1821, p. 13, 14. ¥ 
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The period in “lim.” was gradually dropped and “lim” came to be the 



























recognized form. 

K. Weierstrass. In the nineteenth century many writers felt: the need of 
asymbolism indicating also the limit which the independent variable approaches, 
The notation which has been used widely in Europe is “Lim .° to express 


' a 
“the limit as 1 approaches «.” It is found in the papers of Karl Weierstrass, 
who in 1841* wrote “lim” and in 18d47 wrote“ Lim. p, x.” WLR. Hamilton 


‘=i ae 
in 1Rd3E used “lim {je 
* n x ’ 
JE Oliver, In the United States the symbol” has been used extensively. | 


It is due to James E. Oliver of Cornell University.S and appeared in print : 
in 1880 in W. EB. Byerly’s caleulus. This svmbol was used when it became 
desirable to indicate that the variable was not allowed to reach its limit, 
though in recent vears it has been used, also when no such restriction seemed 
intended, Oliver® himself used it in print in PS88. He says: “Using * in the 
sense ‘Approaches in value to, as a limit’, O° 4,@ would naturally mean 
‘U approaches C as a limit. when Jr approaches its limit (viz. 0.0" Again he 
says: “Between its meaning as first used by me, ‘Is nearly equal te. and 
Byerly’s modification, “Approaches as a limit’, and perhaps vet other usetul 
shades of interpretation, the context will sufficiently determine.” To mark 
the degree of approximation, Oliver writes '. °..... ". so that “U7 » Ay“ 
would mean that U—Vo or (U— Vib UV is of at least the ath order of small- 
ness or negligeability, 4 being of the first order. James Pierpont’* writes 
a, —- 1 for lima, = /. 

W.H. Echolsvv of the University of Virginia advocated the use of the 
symbol £ for the term “limit” and the symbol ( ) in preference to * 
KE. W. Hobsoni= uses the sign ~ to indieate approach to a limit. 


“kK. Weierstrass. Mathematische Werke, 1. Band, Berlin. 1894, p. 60. 
¥£ 7 Crelle’s Journal, vol. 51, 1856. p. 27: Mathematische Werke, 1. Band, p. 155. 
; W. R. Hamilton, Lectures on Quaternions, Dublin, 1853, p. 569. 
S See D.A. Murray, An Elementary Course in the Integral Calculus, New York, DSO, p. 4, Note. 
W. E. Byerly, Elements of the Differential Caleulus, Boston, 1SS80, “See 
q Annals of Mathematics, Charlottesville. Va.. vol. 4. 188s. p. 187, 188. The symbol is 
used also in Oliver, Wait and Jones’ Algebra. Ithaca. 1887. p. 129, 161. 
** James Pierpont. Theory of Functions of Real Variables. New York. vol. I. 1905, p. 25. 
+7 W.H. Echols, Elementary Text-book on the Differential and Integral Caleulus, New York. 
1902, Preface, also p- %, We quote from the Preface: ‘“‘... the use of the ‘English pound 
mark for the symbol of ‘passing to the limit’ is so suggestive and characteristic that its 
convenience has induced me to employ it in the text, particularly as it has been frequently 
used for this purpose here and there in the mathematical journals. The use of the * paren- 
thetical equality’ sign (—) to mean “converging to’ has appeared more convenient .... 
than the dotted equality *, which has sometimes been used in American texts.” 
+? E. W. Hobson, Theory of Functions of a Real Variable, 2d Ed., Cambridge, 1921. 
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J.G. Leathem. In England an arrow has been used in recent years in place 
of -=. In 1905 J. G. Leathem* of St. John’s College, Cambridge, intro- 


duced - to indicate continuous passage to a limit and he suggested later 


(1912) that a dotted arrow might appropriately represent a saltatory approach 
to a limit. The full arrow is meeting with general adoption nearly every 
where. G. H. Hardy+ writes lim(1/n) = 0 and introduces the ~~ with the 


u-—->D 
remark, “TI have followed Mr. .J.G. Leathem and Mr. T..J. UA. Bromwich in 
always writing lim, lim lim = ,andnotlim = , lim lim. This 
>~y r—> & r—@ n= Fo nD r a 


change seems to me one of considerable importance, especially when *’ is 
the ‘limiting value.” I believe that to write n= %, 2 == @ (as if anything 
eyer were ‘equal to infinity’), however convenient it may be at a later stage, 
ix in the early stages of mathematical training to go out of one’s way to 
eneourage incoherence and contusion of thought concerning the fundamen- 


' ss sie) | ? ttt sa ; , . An 
tal ideas of analysis.” Sometimes the “lim” is omitted.= as in 1 ou’, 
M ys 


hs. Carey.§ following a suggestion made by James Mercer, uses for mono- 
fone sequences an arrow with a single barb. either upper or lower: thus —— 
“tonds up to” the limit, ~— “tends down to” the limit. 

GL. Dirichlet. G. Lejeune Dirichlet) in 1837 introduced a symbolism 
which we give in his own words: “Es wird im Folgenden néthig sein, diese 
beiden Werthe von ¢ (8) zu unterscheiden, und wir werden sie durch g(g—0) 
und g (8-- 0) bezeichnen.” We have here the first suggestion of our present 


notation, “limw = a4-0," when « converges to a by taking only values 
vreater than a, and “lim. a—QO.” when « converges to a by taking 


values all less than a. 
A. Pringsheim. The wpper and the lower limit of y as a function of «7 was 
designated by M. Paseh@ of Giessen as “lim sup y” and “lim inf y.” For the 
. - v 9 


’ x x 
same purpose A. Pringsheim of Munich introduced the notations lim a, = .4 
v zx 
and lim a, = « to denote, respectively, the upper and lower limits of the 


’ ee) 
variable ,,** and lim a, to indicate that one may take at pleasure, either the 
nr 
upper or the lower limit. 
*J.G. Leathem, Surface Integrals used in Physics. 2. Ed.. Cambridge, 1913. Preface. 
i. H. Hardy, Course of Pure Mathematies. 1908, p. 116. See also the Preface. 
See for example, Maurice Laboureur, Cours de calcul algébrique Différentiel et intégral, 
aris et Liege, 1913, p. 102. 
SF. S. Carey, Infinitesimal Caleulus, London, 1919. Preface. 
Repertorium der Physik, vol. I, Berlin, 1837, p. 170. 
§] M. Pasch, Mathematische Annalen, vol. 30, 1887, p. 134. 
* Sitzungsberichte Akad. Miinchen, Math.-phys. Classe, vol. 28, 1898, p. 62. See also 
Eneyelopédie des scienc. math... Tome I, vol. I, p. 189, note 224; p. 232, note 45. 








‘ 
. 
y 
wy 
"7 








































44 FL. CAJORI. 

Paul du Bois-Reymond® of the University of Freiburg in Baden introduced 

the notations tla yy (ir), Fi rhewy (a), flrs q (ar), as equivalents to the 

ror as ; . . 
formulas .., fist... oe 

lim ° x. lim’ is finite, lim = (Q), 
qg iar) gq lv) y (a) 


These symbols were used by A. Pringsheimy who in 1890 added f, Ga) af. (nu) 
’ hy (7) 
for lim * =. 

fa (ni) 


L. Scheffer. The four values (viz. Du Bois-Reymond’s Unbestimmtheits- 
ies Ay 

erenzen) Which the difference-quotient 4 approaches, as ju approaches 
a 


zero (y being a single-valued function of «) were designated by Dinif by the 
symbols 4,4. 0,4: the first two being the right-hand upper and lower limits, 
the last two the left-hand upper and lower limits. Ludwig Scheffer$ used in 
1884 for these four limits, respectively, the svmbols 2°, D2, D7~, DD. which 
were moditied by M. Pasch in 1887 to 2... 2D, DD. 

G. Peano. The infinite values, when « approaches zero, of lim {{sin )}. 


cited by Canehy in 1821, constitute a class, for the designation of which 
G. Peano® introduced the sign Lm, in place of the ordinary lim. By Lm. 
Peano means “les valeurs limites de 2” or “la elasse limite de 2.” The need 
of this new abbreviation is an indication that. sinee the time when Cauchy 
began to publish. a new coneept, the idea of classes, has beeome prominent 
in mathematics. By Lm (/...7) Peano*” designates” les valeurs limites de 
Ja fonetion f. lorsque la variable, en variant dans la classe «, tend vers a 

W. HH. Young. The consideration of the plurality of limits has brought 
forth other special notations. Thus W.H. Young?y states in 1910: °° We use 
the notation Lit f(7) to denote the set of all the limits of f(r) at a point ¢, 

r—a 

while, if it is known that there is an unique limit, we write Lt f(r) for that 


; a 
limit.... If there are two independent variables » and y, the limits at (a)... 


are ealled douhl limats.” He considers pepeat df limits of tla, y) first with 
respect to 7 and then with respeet toy and written Lit Lt f(x,y). Similarls 


oh 2 a 


he considers repeated limits, first with respeet to y and then with respect tor. 


*Paul du Bois-Reymond in Annali di mathematica pura ed applicata. Diretti da 
F. Brioschi e L. Cremona, Milano, Serie If, Tomo IV. 1870-71. p. 339, 

7 A. Pringsheim in Mathematische Annalen, vol. 35. 1890, p. 302. 

: Dini, Fondamenti per la teoriea delle funzioni di variabili reali, 187%, Art. 145, p. 190. 

SL. Scheffer, Acta Mathematica. vol. 5, Stockholm. IXS4. p. 52, 53. 

M. Pasch, Mathematische Annalen, vol. 30, 1887, p. 135. 

{J (. Peano, Formulaire mathématique, Tome IV, Turin, 1903, p. 148. 

** Loc. cit.. p. 164. 

tT? W.H. Young, The Fundamental Theorems of the Differential Caleulus, Cambridge Uni- 
versity Press, 1910, p. 3, 4. 
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5. Concluding Observations. 


In considering the history of the calculus, the view advanced by Moritz 
Cantor presses upon the mind of the reader with compelling force. Cantor 
says:* “We have felt that we must place the main emphasis upon the notation. 
This is in aecordance with the opinion which we have expressed repeatedly 
that. even before Newton and Leibniz, the consideration of infinitesimals had 
proceeded so far that a suitable notation was essential before any marked 
progress could be made.” 

Our survey of calculus notations indicates that this need was met, but met 
conservatively. There was no attempt to represent all reasoning in the cal- 
culus by specialized short-hand signs so as to introduce a distinct sign-language 
which would exclude those of ordinary written or printed words. There was 
no attempt to restrict the exposition of theory and application of the calculus 
ty ideographs. Quite the contrary. Symbols were not generally introduced, 
until their need had become imperative. Witness, for instance, the great 
hesitaney in the general acceptance of a special notation for the partial 
derivative. 

It is evident that a sign, to be suecessful, must possess several qualifications: 
It must suggest clearly and definitely the concept and operation which it is 
intended to represent; it must possess adaptability to new developments in the 
science: it must be brief, easy to write and easy to print. The number ot 
desirable mathematical symbols that are available is small. The letters of the 
alphabet, the dot, the comma, the stroke, the bar, constitute the main source 
of supply. In the survey made in this paper, it was noticed that the forms of 
the fourth letter of the alphabet, ¢d, 2 and 4 were in heavy demand. This 
arose from the fact that the words “difference,” “differential,” “derivative,” 
“derivation” all began with that letter. A whole century passed before any 
general agreement was reached among mathematicians of ditferent countries, 
on the specific use which should be assigned to each form. 

The query naturally arises, could international committees have expedited 
the agreement? Perhaps the international association for the promotion of 
vector analysis will afford an indication of what may be expected from such 
agencies, 

An interesting feature in our survey is the vitality exhibited by the 
notation = for derivatives. Typographically not specially desirable, the 
svinbol nevertheless commands at the present time a wider adoption than any 
of its many rivals. Foremost among the reasons for this is the flexibility of 


*M. Cantor, Vorlesungen iiber Geschichte der Mathematik, vol. IIT, 2. Edition, Leipzig, 
1901, p. 167. 
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the svmbol, the ease with which one passes from the derivative to the 
ditterential by the application of simple algebraic processes, the intuitional 
suggestion to the mind of the reader of the characteristic right triangle whieh 
has dy and dv as the two perpendicular sides, These symbols readily eall to 
mind ideas which reach to the very heart of geometric and mechanical appli- 
eations of the ealeulus. 


For integration the symbol | has had practically no rival. It easily adapted 
itself to the need of marking the limits of integration in definite integrals. 
When one considers the contributions that Leibniz has made to the notation 
of the caleulus, and of mathematics in general, one beholds in him the most 
successful and influential builder of svmbolie notation that the science ever 


has had. 
‘March on, syinbolic host: with step sul 
to the flaming bounds of Space and Tin 
JavMks Crhenk My 
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5. Concluding Observations, 1%). 


NEW APPLICATIONS OF A FUNDAMENTAL THEOREM 
OF SUBSTITUTION GROUPS. 


sy G. A. MILLER. 


|. Introduction. The fundamental theorem in question may be stated as 
follows. If the evele a, +++ a, appears in at least one substitution of the 
eroup G, and if we count this eycle and its conjugates under @ as many times 
as each of them appears in different substitutions of G, then the total number 
of letters in these eyeles is equal to the order of G.~ For instance, the group 
of the square is composed of the following substitutions: 


i. (te Aad, aC. hal, ah-eecd, ad-he, ahed, adeh, 


The two eveles ac, bd constitute a complete set of conjugates under this 
vroup, and each of them appears in two substitutions. The total number of 
letters involved in these cycles when each of them is counted twice is &, 
Which is also the order of the group under consideration. The eyeles ab, ad, 
he cd also constitute a complete set of conjugates and each of them appears 
only once. The total number of letters involved is again & Similarly, the 
eyeles abed and adch are conjugate and involve & letters. 

It G@ contains an invariant subgroup AZ, then all the conjugates under @ of 
an arbitrary evele of 7 appear in H. If all of these eyeles are also conjugate 
under 77, then they must appear also in substitutions of G@ which are not 
found in #7, In general these cyeles will appear in / sets of conjugates 
under //, If the index of H under G exceeds /:, then these eveles must appear 
also in substitutions of G whieh are not found in #Z, The number of sets of 
conjugate substitutions contained ina group may be greater than, equal to, or 
less than the number of the sets of the conjugate cyeles. The latter number 
may be determined from the following theorem: Zn every substitution group 
of deqres n the number of sets of conjugate cycles is n—T/, where] represents 
the number of systems of intransitivity of the group. 

This theorem results directly from the fundamental theorem noted above 
and the theorem that the average number of letters in all the substitutions of 
a group of degree n is n—/. 7 being the number of its systems of intran- 


“Cf. G. A. Miller, Amer. Journ. Math., vol. 44 (1922), p. 122. 
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sitivity. A complete set of conjugate eveles of a transitive group of degree » 
involves each letter of this group at least onee, Tf it invelves it only onee, 
the number of times each of these eyeles appears in substitutions of this group 
is equal to the order of one of its subgroups composed of all its: substitutions 
which omit a given letter, This is evidently the largest number of times the 
same cyele can appear in the substitutions of a transitive group. In general, 
the number of times the same cycle of a transitive group appears in the substi- 
tutions of this qroup ist divisor of thy qiotint obtained hy dividing its orde 
by its degree, A Necessary and sufficient condition that this number is equal 
to this quotient is that the conjugates of the evele form a substitution which 
is commutative with every substitution of the transitive group. 

It a group of order pip 1). p being a prime number, contains p+ 1 sub- 
groups of order p, it can be represented as a transitive group of degree p-= 1 
and each of its subgroups of order p is transformed into itself by only p sub- 
stitutions. Henee such a group contains »—1 sets of conjugate eyeles of 
order p, and it can therefore contain only one other set of conjugate cycles. 
These cyeles must therefore be of order 2 and henee p-- 1 must be of the 
form 2%.) Moreover, the subgroup of order p-+ 1 must be abelian and ot 
tvpe(l.1.1..... In particular, there is no group of order 30 and degree 6, 
The degree of every substitution group is at least equal to the number ot 
the different orders of its eveles increased by the number of its systems of 
intransitivity. 

As a very elementary illustration of the usefulness of the theorem noted in 
the opening sentence, we shall employ it to prove that the alternating group 
of degree 4, or the tetrahedral group, contains no subgroup of order 6. [tis 
obvious that this alternating group contains 3 substitutions of the form al -c/ 
and & of the form ae, besides the identity. If a subgroup of order 6 existed. 
it could not contain only one substitution of the form ah. ed sinee the number 
of letters in its eyeles is not a multiple of 6. Tf it contained two sueh sub- 
stitutions, it would also contain their produet, whieh is the third. This is 
impossible because the order of every subgroup divides the order of the group. 
Hence a subgroup of order 6 would have to contain five substitutions of the 
form abe, besides the identity. This is again impossible since the number 1 
letters in these five eyeles would not be a multiple of 6. Hence this alternating 
group does not involve any subgroup of order 6. 

In this proof little use was made of other well known theorems relating 
thereto in order to exhibit more clearly the power of the particular theorem 
under consideration, In what follows we shall, however. make use also ot 
a few other well known theorems — such as Sylow’s theorem and the theorem 
that the average number of letters in all the substitutions of a group ot 
degree n is n—/, / being the number of its systems of intransitivity. The still 
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more fundamental theorem that the order of a group is divisible by the order 
of each of its subgroups was used above. The fact that the order of every 
transitive group of degree n is a multiple of x will also be frequently assumed, 
The usefulness of the theorem under consideration can perhaps be most easily 
seen in the determination of the possible substitution groups of low degrees 
and hence we begin with this subject. 

». Groups of degree four. Every intransitive group of degree 4 may 
be supposed to involve as constituents the following two groups of degree 2: 


1. al :. ed, 


Since the cyele ab is invariant under such a group, the total number of letters 
in this cyele, counted as many times as it appears, must equal the order of 
the group. As it contains only two letters, the number of substitutions which 
involve this eyele must equal the number which do not involve it. As the 
latter number cannot exceed 2, the order of the group cannot exceed 4. If this 
order is 4. the group is composed of the following substitutions: 


a ed, ah, aheed, 
When this order is 2, the group is obviously 
1. ad }, . ed, 


Hence there are two and only two intransitive groups of degree 4. 

It was proved in the introduction that the alternating group of degree 4 
does not contain any subgroup of order 6, and from this it follows directly 
that the symmetric group of degree 4 contains only one subgroup of order 12. 
Hence there is one and only one group of each of the orders 12 and 24 on 
four letters. There is also only one such group of order 8 according to 
Sylow’s theorem. 

To illustrate the usefulness of the theorem noted at the close of the second 
paragraph of the introduction we shall employ it to prove directly that all 
the subgroups of order 8 contained in the symmetric group of degree 4 are 
conjugate. All these groups must have in common the subgroup of order 4 
contained in the alternating group. Since they are transitive, they must in- 
volve three sets of conjugate cycles. Hence two cycles of order 2 must appear 
twice therein; and there are three subgroups of order 8 in the symmetric group 


i 
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of degree 4. As these cycles of order 2 are conjugate under this symmetric 
eroup, the three subgroups of order 8 must also be conjugate. 

It remains only to consider the possible transitive groups of order 4 on four 
letters. These groups must be regular. If such a group involves negative 
substitutions, it must be eyclic, and there is only one such group since the 
eyeles of order + are conjugate under the symmetric group of degree 4. There 
is also only one group composed of positive substitutions since the alternating 
group of degree 4 contains only one subgroup of order 4. This therefore 
completes the determination of the seven possible substitution groups of 
degree 4 by means of the theorem under consideration. 

3. Groups of degree five. Every intransitive group of degree 5 may be 
supposed to involve 1, a@/ as one transitive constituent group while the other 
constituent group is the symmetric or the alternating group on three letters. 
Halt of the substitutions of such a group must involve ab since the eyele a/ 
is invariant and the number of letters contained in it when counted for all 
the substitutions in which it appears is equal to the order of the group. The 
substitutions whieh do not contain it must constitute the alternating or the 
symmetric group of degree 3. Hence the order of such an intransitive group) 
is either 6 or 12, When it is 6, there are two possible groups since the second 
coustituent group may be either the alternating or the symmetric group on 
three letters. Hence there are three and only three intransitive groups 01 
degree 5. Two of them are of order 6 and the third is of order 12. 

Since the order of a transitive group of degree 5 is a multiple of 5 and 
a divisor of 120, the only numbers which need to be considered as possible 
orders are 5, 10, 15, 20, 30, 40, 60, 120.) There can be no group of order 15 
since the number ot letters in the cyeles of a subgroup of order 5 is 20 and 
hence there would have to be more than one such subgroup. If a group 
contains more than one Sylow subgroup of order 5, it must contain at least 6 
such subgroups and henee at least 25 substitutions ineluding the identity. 
If there were a group of order 30 or 40 on five letters, the number of letters 
on its eyeles of order 5 would again have to exceed 20 and hence such a group 
would have 6 subgroups of order 5. As these would be conjugate, the order 
could not be 40. If the order were 30, there would have to be at least 10 
cycles ot the form abe since the number of letters in such cycles would be 
a multiple of 30. This is impossible since there would be at least 24 eyeles 
of order 5. 

It has now been proved that there is no group on 5 letters whose order 
is 15, 30 or 40, It remains therefore only to consider the possible groups of 
orders 5, 10, 20, 60, and 120, As there is no group of order 30, there ean be 
only one group of order 60 and there is evidently only one group of order 120. 

There is only one group of order 5 by Sylow’s theorem. In a group of order 20 
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the 4 eyeles of order 5 would have to be conjugate since the number of letters 
found therein would be 20, As there are only 5 substitutions on these letters 
which transform such a cycle into itself, the group is completely determined 
by its subgroup of order 5 and hence there is only one such group. As this 
vroup contains only one subgroup of order 10, there is also only one group of 
the latter order on 5 letters. The transpositions in this group involve 20 letters 
and hence half of them are conjugate, A similar remark applies to the cyeles 
of order 5. Hence there are five transitive and three intransitive groups of 
degree 5. 

4, Exponents modulo a power of a prime number. Although the 
theorem under consideration is expressed in the language of substitution 
eroups. it may be employed to furnish an easy proof of several theorems 
relating to the exponents to which various numbers belong with respect to 
4 modulus which is a power of a prime number. In particular, it can be used 
ty advantage in the study of the primitive roots of numbers which have such 
roots. In this work it is convenient to make use of the following elementary 
theorem: Ifa reqular abelian group H is extended hy meds ofa substitution 
of prime order pathich transforms H into itself and is commutative with each 
of the substitutions ina subgroup of H, then the extended group contams each 
cycle of this subgroup just p times. This theorem follows directly trom the fact 
that all the eyeles contained in a substitution of a regular abelian group are 
conjugate under this group. 

From the theorem noted in the preceding paragraph it follows direetly 
that. if a regular evelie group H of order p’” is extended by a substitution of 
order pon the letters of H which is commutative with the substitutions of 
order p”— and transforms H into itself, then the extended group of order p”™~! 
involves a subgroup of order p” obtained by establishing an isomorphism 
between the p subgroups of order p”~! contained in H. With the exception of 
the special ease when p 2 and m = 2. this extended group contains p—1 
evelie groups of order p”™ which are not found in H/ and their generators in- 
volye all its cyeles which do not also appear in H. In particular, it may be 
assumed that the extending substitution of order p is of degree p”—p"~ 
and that the p—1 products obtained by multiplying it into the substitutions 
of order p contained in H are of the same degree. The group generated by 
these substitutions is of order p® and involves p”~! systems of intransitivity. 

rom the preceding paragraph it results that the numbers which are of the 
form 1—+-/p"~!, i being prime to p, belong to exponent » modulo p”. It is 
easy to prove now that all the numbers of the form 1+ /p*, « > 1, belong to 
exponent p”~*, When p is odd, this is also true when « = 1. To prove this 
theorem by means of the subgroup H it is only necessary to note that, when 
«= m—2 and m > 3. then a substitution s which omits some of the letters 
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of degree 4. As these cycles of order 2 are conjugate under this symmetric 
eroup, the three subgroups of order & must also be conjugate. 

It remains only to consider the possible transitive groups of order 4 on four 
letters. These groups must be regular. If such a group involves negative 
substitutions, it must be eyclic, and there is only one such group since the 
eveles of order 4 are conjugate under the symmetric group of degree 4. There 
is also only one group composed of positive substitutions since the alternating 


group of degree 4 contains only one subgroup of order 4. This therefore 


completes the determination of the seven possible substitution groups of 
degree 4 by means of the theorem under consideration. 

3. Groups of degree five. Every intransitive group of degree 5 may be 
supposed to involve 1, a) as one transitive constituent group while the other 
constituent group is the svmmetric or the alternating group on three letters. 
Half of the substitutions of sucha group must involve ab since the eyele a/, 
is invariant and the number of letters contained in it when counted for all 
the substitutions in which it appears is equal to the order of the group. The 
substitutions which do not contain it must constitute the alternating or the 
symmetric group of degree 3.) Hence the order of such an intransitive group 
is either 6 or 12, When it is 6, there are two possible groups since the second 
constituent group may be either the alternating or the symmetrie group on 
three letters. Hence there are three and only three intransitive groups ot 
degree 5. Two of them are of order 6 and the third is of order 12. 

Since the order of a transitive group ot degree 5 is a multiple of 5 and 
a divisor of 120, the only numbers which need to be considered as possible 
orders are 5, 10, 15, 20, 30, 40, 60, 120, There can be no group of order 15 
since the number of letters in the eveles of a subgroup of order 5 is 20: and 
hence there would have to be more than one such subgroup. If a group 
contains more than one Sylow subgroup of order 5, it must contain at least 6 
such subgroups and henee at least 25 substitutions ineluding the identity. 
lf there were a group of order 30 or 40 on five letters, the number of letters 
on its cyeles of order 5 would again have to exceed 20 and hence such a group 
would have 6 subgroups of order 5. As these would be conjugate, the order 
could not be 40. If the order were 30, there would have to be at least 10 
cycles of the form abe since the number of letters in such eyeles would be 
a multiple of 30, This is impossible since there would be at least 24 eyeles 
of order 5, 

It has now been proved that there is no group on 5 letters whose orde 
is 15, 30 or 40, It remains therefore only to consider the possible groups ot 
orders 5, 10, 20, 60, and 120, As there is no group of order 30, there can be 
only one group of order 60 and there is evidently only one group of order 120. 
There is only one group of order 5 by Svlow’'s theorem. Ina group of order 20 
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the deyeles of order 5 would have to be conjugate since the number of letters 
found therein would be 20, As there are only 5 substitutions on these letters 
which transform such a cycle into itself, the group is completely determined 
hy its subgroup of order 5 and hence there is only one such group. As this 
eroup contains only one subgroup of order 10, there is also only one group of 
the latter order on 5 letters. The transpositions in this group involve 20 letters 
and hence half of them are conjugate. A similar remark applies to the cyeles 
of order 5. Hence there are five transitive and three intransitive groups of 
degree 5. 

4. Exponents modulo a power of a prime number. Although the 
theorem under consideration is expressed in the language of substitution 
croups. it may be employed to furnish an easy proof of several theorems 
relating to the exponents to whieh various numbers belong with respect to 
a modulus which is a power of a prime number. In particular, it can be used 
ty advantage in the study of the primitive roots of numbers which have such 
roots. In this work it is convenient to make use of the following elementary 
theorem: Lfia reqular abelian group H is eartended by means of a substitution 
uf prime order pathich transforms H into itself and is commutative with each 
of the substitutions inca subgroup of H, then the extended group contains each 
cycle of this subgroup just p times. This theorem follows directly from the fact 
that all the cveles contained in a substitution of a regular abelian group are 
conjugate under this group. 

From the theorem noted in the preceding paragraph it follows directly 
that. if a regular evelic group H of order p” is extended by a substitution of 
order p on the letters of H which is commutative with the substitutions of 
order p”-! and transforms H into itself, then the extended group of order p™~' 
involves a subgroup of order p™ obtained by establishing an isomorphism 
between the p subgroups of order p”—! contained in H. With the exception of 
the special ease when p 2 and m = 2. this extended group contains p—1 
evelie groups of order p”™ which are not found in H and their generators in- 
volve all its eyeles which do not also appear in H. In particular, it may be 
assumed that the extending substitution of order p is of degree p”"— p"~' 
and that the p—1 products obtained by multiplying it into the substitutions 
of order p contained in H are of the same degree. The group generated by 
these substitutions is of order p® and involves p”—! systems of intransitivity. 

rom the preceding paragraph it results that the numbers which are of the 
form 1—+-/-p”-', & being prime to p, belong to exponent p modulo p”. It is 
easy to prove now that all the numbers of the form 1 + /kp*, « > 1, belong to 
exponent p”~*, When p is odd, this is also true when « = 1. To prove this 
theorem by means of the subgroup H it is only necessary to note that, when 
¢ = m—2 and m> 3. then a substitution s which omits some of the letters 
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of H and transforms a generator of H into its 1+-Ap”~* power must be of 
order p*. In fact, s gives rise to commutators of order p® but of no higher 
order. When » is odd, s is obviously also of order p® when m 3 but this is 
not the case when p= 2. The theorem in question results now directly from 
the properties of the quotient group with respect to subgroups of HZ, 

The theorem noted in the first paragraph of this section can evidently be 
extended so as to apply to all of the co-sets with respect to H of a Sylow 
subgroup of the holomorph of #7 when this holomorph is represented as 
a substitution group on the letters of #7. In particular, each of these co-sets 
involves cycles of order p contained in #7, and all these eyeles appear in the 
substitutions which omit at least one letter. Moreover, those which appear 
in one co-set are equally distributed among such substitutions appearing in 
the same co-set. If s transforms a generator of H into a power whose index 
is of the form 1 + /p*%, it must therefore involve p?— p* * such eyeles. 
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GEODESIC REPRESENTATION BETWEEN 
RIEMANN SPACES. 


By H. Levy anp A. BrRaMLey. 


The problem of representing one Riemann space upon another so that the 
eeodesies correspond was solved by Levi-Civita.* Consider two Riemann 
spaces Whose linear elements are 


{~) dt® is dar’ dar: 


then the relation between the ares s and ¢ of corresponding curves must be 


df | j da” das 
ds ve ds ds ° 


Levi-Civita, however, considered this problem from the dynamical point of 
view asking under what conditions two dynamical systems with no forces 
Will have the same trajectories. If 


x f'th, a y's) (¢ = 1,.2,... 27) 


are the respective equations of a pair of trajectories of the two equivalent 
systems, there must be a relation between the parameters f and s under which 


fh g'(s) (¢ == 1, Z, «<M 
Levi-Civita assumed that the relation between /and s is of such a nature that 


dt I 
ds f 


Annali di Mat., vol. 24 (1896), p. 256. 
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where f can be expressed as a power series ine dads with coefficients 
funetions of . alone, and that the value of f for « 0 is not identically zero 
in the v's: f may then be written 


a(ite a 4 


The function f= ds /f, in the case of geodesic correspondence between 
Riemann spaces, must become 


Since this function cannot be expanded in the above manner, the proof cannot 
be justified although the results obtained are correct. 
The geodesics of the Riemann space whose linear element is given by (2) are 


d* 4 
df 


has | 


and }” is the cofactor of /,; in the determinant / h,, divided by }. Since 
we must have 


ds 


the system of differentia] equations (3) referred to s, the are of the Riemann 
space (1), as parameter becomes 


dad da* (Pat dat da 


(4) hy — 
is de de® vik ds ds 


] Ohi da! da dr 
? Os) ds ds ds 
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If the Riemann spaces (1) and (2) are in geodesic correspondence, the 
system of equations (4) must be equivalent to the system 


RR ana oes! 's 


(A? yt dat dat 
(4) Ad; = @, 
; ds* q . ds ds 


the equations of the geodesics of the first space. The functions 7), are the 
Christoffel symbols of the second kind in the first space. 
Comparing (4) and (5) we obtain 


dat dak dit dy? . 4s dat dak dia! diay 


) /, j , fas 
( \ Fin Ai ) ds ds ds ds 


where 


a) ah 
Dy diy. — Vig Iy,;. 


Since every geodesic of the one space corresponds to a geodesic in the other, 
equations (6) must hold identieally in the derivatives. Equating coefficients 
we obtain the following equations: 

; 1 Iya, 1 


4 (9; hy, + 0, h; . 


i 


4 I vi Aii) ~ f My, { Fs Ai;) + 4 hi; ( TV, Nu) + hin a hx, 1 bye 0. 


Where 7.7.4 1.2... . uv. not summed, and therefore 
i, h Vyas 
hn. + § h by thy 4h. 
ayh jh ‘ kij jh hy, i he / My) 
Where 
; { 0. / + / 
0; 
; i; 2 / 


lt ix well known* that 


0 bij D h 
a Oni Aj — Inj Size = 9. 


Cul 


“CL Bianehi, Lezioni di Geom. Diff. vel. 1. p. 65. 
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P h ° . . - P . 
Replacing Ai by its value as given by equations (7), we obtain without 
difficulty 


($9) bin — es Nik j = ay,k Sy e 
where ¢././ 1,2....0. not summed. Permuting ¢,/, 4 in (9) and adding we 
find that equations (S) are satisfied. 

Eisenhart* has shown that. when the functions 7, and Jj, of the two Rie- 
mann spaces satisfy equations of the kind 


(10) I, Ai 0 St -T Oj}, Yj. 


y; is a gradient so that 


Hence from (7) we may write 


: o 
2—— , loge. 


Because of (9), equations (7) and (8) may be replaced by 


] 
(11) Ml heey — h Mk + : (hy, > hy, fy) 


where 


Equations (11) are identical with those obtained by Levi-CivitaT as necessary 
conditions that two Riemann spaces be in geodesic correspondence. From 
them he obtains explicit forms for the linear elements of the two spaces. 
Equations (10) are necessary and sufficient conditions that, in the geometry 
of paths, two spaces have the same paths.t If the spaces are Riemannian. 
we have the explicit form for the vector q; 


" Proc. Nat. Acad. Sci., vol. %. p. 2! 
f Loc. cit., p. 275. 
t Kisenhart. loc. cit., p. 234. 
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ON THE RESIDUES OF FIGURATE NUMBERS.* 


3y Oniver E. GLenn. 


1. The elementary notion of figurate numbers as integers of a sequence 
whose wth term is the sum of x terms of another sequence, all of the numbers 
oi the first series employed being unity, is extended in this paper according 
to the following definition. Let S be any series of integers which proceeds 
according to any fixed law 


F 
be 


uid Jet these integers be considered as the initial numbers, respectively. 
appropriate orders of differences in a table of differences. This table will 
triangular in form and infinite in extent, viz., 


(C, (ly +- «, « 2 «, (6; +e « (, 
r, “ (ty + ty «, -- Yast « 

( Te « 

(, 
The general element. the one in the wth column and the rth row, is 

" 

; " | ul | “ 1) 
{ ) 5 a. < H coe G,-. 
| | | () | ee, wel | 1 I « u Eso dl 


* Presented to the American Mathematical Society, April, 1922; December, 1922. Ct. Dickson, 
History of the theory of numbers, vol. 1, chap. 9. vol. 2, chap. 1: also papers listed in 
index of vol. 1 under “Differences.” The relation between these and the present paper is 
remote except, in connection with § 6, ef. Dickson, Annals of Math. (1), vol. 2 (1896), 
). 7, and Quart. Journ, Math., vol. 33 (1902), p. 381, Glaisher, Quart. Journ. Math.., vol. 30 
1899), p. 361, Carmichael, On sequences of integers defined by recurrence relations, Quart. 
Journ. Math. vol. 48 (1920), p. 343. 
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which will sometimes be abbreviated 


i ase ee ee 
I = 7 ). 


We are to study the properties of the figurate numbers 7; by means of the 
plexus P of residues of the numbers in 7, with regard to the modulus », 
a prime. Reference is continually made to interesting particular cases of 2 
and to geometric aids in the study of the numbers of the plexus. 

When the initial series S(@) is 


(1) S: da, +4. Sane +3. Ong t2. duny~ +1. Dns, Sng +4, 524+ 3,.... 
Where 2). %. ... are arbitrary positive integers and 5b, P takes the 
following form: 

rZzteiiggtp.s 22 2 3 

#404141 83380603 2 1 

1 422623 44 

isSstes2?1 1 8 

2023440 4 


O14 22 
1 3 3 0 
2 0 2 
3 2 

4 


Fig. 1. 


The zero elements form the vertices of a quadrangular net. There is a general 
theorem of which this is an example. Consider also another example noting 
especially the configurations of the elements of the plexus which are congruent 
to zero modulo p! 3): 





~- 


DY 


ON THE RESIDUES OF FIGURATE NUMBERS. 


S: Bn. Bae $1, Bug +2, Bg +1, 3Bng+ 2, 3ng, 37+ 2, 


Dis, 3 Ny = 1, Dy. 31; +1, Bn. + 2, bon 


Oor12722120001211210002122120 
»»?»10211001120122002210211 
or2r220201011110102022220 
»000121121000212212000 
1}001120122002210211001 
»01011110102022220201 
11210002122120001211 
0122002210211001120 
11010202222020101 
02122120001211210 
22710211001120122 
0Or2220201011110 
»0001211210002 
1001120122002 
201011110102 
112100021 22 
0122002210 
11010202»? 
e211 is 
22310621 1 
022220 
2?0001 
i001 
2 01 
1 | 
0 . 

Fig. 2. 


2. Equivalences. If we delete from P the series Sie) and the first row 
it residues parallel to the hypotenuse. what is left is a plexus of figurate 
wunbers which proceeds by the evident additive process from the second 
column of P as an initial series Se’). Similarly by deleting the first + additive 
series Sta, Ste)... Ste”) and the first ¢ rows parallel to the hypotenuse 





: . ‘ : 
a ee ae ed 
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we obtain a plexus P’ which can be regarded as having originated from Ste"), 
We say that P’ is additively equivalent to P. 

The plexus P? derived from the sequence S(z@), z being a fixed integer, is 
detined to be in multiplicative equivalence with P. The null elements (mod, ») 
of P and P* are in identical positions. 

3. The sieve of Eratosthenes.* The method in the theory of numbers 
known by the name erébeon Eratosthenis, tundamental in researches on the 
distribution of primes in the linear sequence of positive integers, can be 
extended to two dimensions in connection with the problem of the distribution 
of primes in a table P, of tigurate numbers. 

Form the plexus ? for each prime 2. 3,5. .... superimposing these residue 
tables upon each other in such a way that all residues modulis 2, 3, 5, . 
of any element + of P, are written within one square or mesh of P. To tind 
all prime elements « of P, less than a number /, proceed up the series 01 
primes 2. 3, 5, ... until the first remaining number directly following the 
prime Whose plexus was last formed has its square >/7. Then every number 
of P, less than / whose mesh contains no zero is a prime. Every numbet 
Whose mesh contains no zero is at least relatively prime to all prime numbers 
used in the formation of the sieve. 

Consider the series formed by assigning to each number », in (1) the value 
of its subseript: 


Stn: 3. 7, 11, 13, 17, 18, 23, 24, 28, 30, 34, 38, 40, 44, 45, 50,.... 


The complete list of primes which oceur among the 136 numbers whieh make up 
the first 16 rows of the plexus 2, whose initial series is SGu) is the following: 


(/,) 23 + (1) 24 
7) 40 (") 44 (5) 49 


4), oss. 4 i. . 
is) = No) 34+ (4) 88 + (5) 40+ (3) 44+ (q)45 — 647, 


ne ee : ~ ie =. . ; 
Eratosthenes, Third century B.C. Ts: hebyscheff (Theorie der Congruenzen. in Russian 
1849. in German 1489, p. 4) gives the dates 276 (or 275) to 194 BL ©. 
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PS) (axe Gens (Bans (Bos 
. +-({) 30 + (5) 344 (G)3x+-(2)40 = 3733, 
_ Si... a. en oe Bi cus 
| ()3+ (p)T+ (gpa + (a) 13 +g) 
(s)in + (j)23-+(2)24-+ (Blas — 4157. 


The numbers along the diagonal of such a table increase in magnitude 
14 " ; 
rapidly; for example, | ; 191 S81 (= 97-1973). In the formation of the 


sieve, however, only residues are written. 

}. Drift lines. Suppose a@; to be the element of general position of the 
series Sic) and draw a straight line through «,; and the element number /— 1 
of the third column. The elements which this line intersects when it is pro- 
duced to the opposite bound of the plexus are the following: 


i 2a Ze 24 


(7 O. 2605 OTK 


It these numbers are all congruent to zero modulo p, the line is said to be 
a drift line. 

Assume that the series S(@), reduced modulo p, is periodic, a complete 
period extending from «@; to @;.., inelusive. Assign to the series, moreover, 
the property 


(3) 54.29 -1)r4-j 1 i+ (28+)r—j O(mod. p), 


Bing eS O, ..., @. Then @;.(25+-1r O(mod. p), (jy, > 2), and 


I, is detined to be skew-symmetrical modulo p. 

THEOREM. If the plerus P, corresponding to a chosen series S(@) is: shew- 
symmetrical modulo p, it is divided into strips of finite length and equal width 
hy parallel oblique drift lines. 


5) 
-t ) (¢ = 0, ..., 21), we have 


. ‘ ») 
or, sinee gs 4 | 
C 21 —oa 


21+1 ; 
| : O(mod. p), (ic = @, ..., +027 Dr 1). 


i+ 7 


on the line determined by each number @;. es +1) 
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THEOREM. Midway hetiveen tira consecutire drift lines of r. (modulo p), 
intersecting zero elements of Sta), there lies a drift line (secondary) which 


passes hetiveen tivo elements of Ste) hut drtersects a zero clement of thi first 


additive se ieee Na’ ). 
The elements of S(@) ineluded between drift lines number + +-1 and + 2 are 


whereas the elements of St@) lving between the same pair of drift lines are 
represented by the following table: 


Otmod, pr 


The latter congruence is an immediate consequence of (3). Thus the se- 
quence S(@) possesses the property of skew symmetry, the zero elements 
(analogous to @.-y,) being @) es ay.  Olmod.p). The plexus P”, con- 
structed from the first additive sequence Ste) and additively equivalent to 2 
has dritt lines which intersect the null elements @ ....;,+.. Moreover, 
since the arithmetic mean of ¢--(2<--1ir and ¢-+ (28+ Ibtr-+ 1) 1 is 
i—(2s+1)r+, the drift lines of P” bisect the intervals between those 
of P. This is what we were to prove. 

5, Special sequences. [.et ¢ be any least residue modulo p and conside 
the following series S, (@) 


IG) pry +O, prt, + 20. prs + SO, .... parte, ... F, 


Where n,m. ... are arbitrarily selected positive integers. The plexus /'. 
corresponding, is the most general] multiplicative equivalent modulo p of the 


plexus derived from the sequence of positive integers, i. e. 


mee: 4.2 ...<: p72, & iL 
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Hence Ris skew symmetric. We have for additive Sequences 
ef 
Stee’): B, Be ee) Py oevy Zp—l, Zp, 3, 5, 
ap. ... 4p—I, 4yp+1, 3, ... &, 


Ste"): 4.2, 4.35. ..., 4(4p— D, 0, 4(p +1). ... 402 p— 1), 6, 4(2p+1).... x. 


THEOREM. The null elements (mod. p) of the plerus R are the vertices of 


i quadrangular net each mesh beng a parallelogram. 

This theorem follows from the fact that the only zeros (mod. p) are those 
pon drift lines and these are at the vertices of a quadrangular net, two 
columns in width and $ (p+ 1) rows in length. whose sides are drift lines and 
hlique transversals; facts which are evident trom the sequences S(@’), S(e@”), 

i, Factors of combinatory numbers. Not only is the divisibility of 
figurate numbers by a prime p conditioned by that of the combinatory ,C,. 


; 21 
but the numbers : J QO. ....¢—1). themselves, are found as elements 


upon the line of skew symmetry in P in the case where @, 1 (mod. ») and 
all other numbers of S(@) are congruent to zero (ef. (2)). Most of the essential 
theory of the present paragraph is contained in the following two theorems. 
ash : 
THEOREM. Lfany number of the set (> B| (f= 0, ...p—1; 7 = 46, 1,..., 
J 
pt B). iS LOO modulo ie being divisible hy pe and not hy pr 1 then the element 
a 7} ‘ - — 
{/’ By is divisthle hy py ss and not hy pres, Moreorer, (' 2’ +B) 


/ J 


leo... pI) ds divisible by p® and not by p>". 


gil ake A 
rhe number V = (7 /’ +8) may be written 
P 


rp? > BVrpt+B-1 rp? + Drptrp?— 1). pt phe yp Dp pr np hee x A 
12. p— Dp pt 1)...(2p—12p(2p+1)...Gap— Dapiipt+)..ipt B+)... B 


\ 
.) 


In B the multiples of p oceur in periods of p. The first 8+ 1 faetors in A 
contain the factor p*. Let the rest be regarded as forming eveles of period p 
and make the ‘th eyele in the numerator correspond to the /th in B. Then 
the highest power of p in the factor kp in B is eaneeled by that in rp* — kp 
in the corresponding eyele in A and y = «. Any one of a number of excep- 
tions can oecur if the last eyele in B is incomplete with respect to the above 
correspondence so that some factors p must be canceled by factors of p% 
irom the first 8-+-1 factors in A. Then y = « —s—< ae, It is not necessary 
'0 trace these exceptions in greater detail for, whatever exceptional case 
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presents itself, it is certain that it will be repeated, and result in the same 
value of x in the last cycle of the denominator ot 


\" (rp? Burp? 0 B Ly" 0 Lyrp? 8 Arpt d prelrp? . 2p )drper? Np he. 
: 1-2...0p— Dipl pe d)..(2p— 12 pl2ps 1)... Lynplnpt+ 1)...Gapte+ dl... 


. 
0 


Thus, in all cases. NV’ is divisible by pre? (y ce —s) and not by pv 
THEOREM. If the highest power of p which divides N is py, then the high of 


- p 
poe r of p which divides Mea l . . Se 1 


We have V jp R. 


\ rpie Bay By Vp? apirp™ ap 1)... p? a Ipdtrp* By pd 
iva-J “CPE 2.4 jtap+2+2 piprHap+ 3p tap+s..(j4 pry 
Inasmuch as the number of factors in the numerator and denominator of thi 
multiplier of p? Rin WN, is sp*, the first factor in this numerator which is 
divisible by p. viz. rp? ap. is of such a form that j++ (f—B) = ap =a, p’. 
Where @, is prime to p. and, since f<— p, we have ¢—-- 8 < p. Hence the power 
p” in the denominator factor /-- (f— 8) cancels the highest power of /, 
viz. p”, in the corresponding factor rp*— ap in the numerator, and the 
same comment applies in the case of the other faetors rp* — (ae -+- 1) >). 
rp? —(a-+ 2) p Which are divisible by a power of p. Thus the multiplier 
of p? Rin N, is incongruent to zero modulo p, which proves the theorem. 

The plexus @ of positive integers, each less than the prime p, obtained }) 
reducing the numbers of Pascal's triangle according to the modulus p possesses 
properties of symmetry that are partly exhibited by the arrangement of the 
numbers of ( in geometric forms. Supposing Q to be written as an equilateral 
triangle of indefinite length with 1.1 as the first row, 1,2. 1 as the second 
row and so on, there is lateral symmetry with reference to the median and 
various periodic recurrences, vertieal as well as lateral. 

In row number » the end elements are 1 and the other p—1 are zeros 
forming the base of an inverted equilateral triangle of zeros with vertex ou 
the median. These triangles recur in horizontal rows, two in the second row 
With bases in row number 2p, three in the third row with bases in row 
number 3 y, and so on to infinity. In general, row number p’ is a row 0! 
p’—1 zeros (end elements 1) the base of an inverted equilateral triangle of 
p’(p’ —1) 2 zero elements forming the first of a series of rows of triangles 
of these dimensions, two triangles in the seeond row with bases in row 
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wiuuber 2p! ot the plexus, three in the third row with bases in row number 3 p’, 
and so on to infinity. 

It follows from the two theorems of the present paragraph that, within an 
arbitrarily chosen triangle of zeros in the cvele of rows from row number p 
i). to row number p’ ', there are triangles of dimensions »—1 that are 
submerged to the depth r, that is, their elements are also elements of zero 
triangles brought forward from all previous eyeles. We shall say that the 
depth of submergence i of a chosen zero element of Q is the order of that 
vero (0%), There results the following: 

THEOREM. [far is the order of a chosen zero clement in the plerus of residues 
H Pascal's triangle reduced modido p, a prime, then the corresponding com- 
hiwatory number is divisthle hy yp and not hy pe 1. 

by means of formulas involving parameters of restricted numerical variation* 
ve-can delimit the triangle of general dimensions and general position whose 
elements are all zeros of order +e and thus obtain a determination of all eom- 
hinatory numbers which are divisible by p” and not by p” 1. For this purpose 
ve write the following formulas each one of which represents a set of com- 
binatory numbers belonging to the totality found in the binomial expansions 


tram (a+ by to (a+ bye, or, as we shall say. belonging to the eyele (p’. 
/ 


( pr" +- t,)p -) 
(tt Met), 


| yp iis ty ers) 


i+) 
II 
() | , es G 0 ss. 9 *(po—1)—-1; 2 = 0, ..., 9°35 
/ (s— 1)p* +1,... ep"—I-—,; « «eset ee 
(v" bic ts) p° + J) 
ij 
HT) 
() 3 ©: 4 = ¢ pr (p—1) 1: = 9, pes 
/ (s- 1) p*+- 1 eee 8 p?- 1 =e. 3 1 ee |i + ty) 


Trans. Amer. Math. Soc., vol. 20 (1919), p. 155. 
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The formula (1) represents numbers which are in triangles brought forward 
from the first evele. formula (11) numbers in triangles from the second eyele, 
and so on. The previous results establish the following theorem. 

THEOREM. Combinatory nombers of the rv-th cy I (Cp. p Y) which av 
divisible hy p and not hy yp “logy precesely and only those which are fowl 
mmoawand only iniw of the sets Vi. Re. 

Thus the desired numbers are obtained by torming the greatest: common 
subset of each group of 7 sets seleeted from (1). ID. 2... CA). and combining 
these subsets. For example. we find as the complete set of numbers of the 
second evele (S3°.5°) whieh are divisible by 3° and not by 3%. the following: 


(10 : : ( ; (19) 


~» 


24) (24 25 24 25 24 
\~") ) Va) Viel Naat Va) 


(> 
a 16 


«. The period parallelogram. The additive sequence number 2. of thi 
plexus F of paragraph 5 is congruent modulo p to oS(2x) where 


S(2xr): 4° (e+ 1), 47% (e+ 2), 2... 4° p 1), O, 47°C p- 1). 


Hence, with p> 2, since by Fermat's theorem 2”-? ] (mod. »), the (p 1)-th 
additive sequence is congruent to the initial series S, (@), SO spaced that it 
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hevins with the term which is congruent to [$(y--1)+1]e and has its first 
vero on the first drift line. Therefore, with reference to the modulus p, not 
only the original sequence S,(@) but also all additive sequences in their turn 
repeat throughout the plexus /? in cyeles of p. It is also evident that the 
eontiguration of residues contained between any two consecutive drift lines is 
identical with that between any other consecutive pair. Hence the entire 
plexus is a net formed by parallelograms of identical content the bounds of 
cach being a pair of consecutive drift lines and two consecutive recurrences 
of the initial series S,(@). This parallelogram, here and in the general theory 
ty follow. is designated as the period parallelogram of the plexus of figurate 
yiunbers. If we delimit by formulas the period parallelogram of general 
position within the plexus, we have a complete analytical description, or, as 
we may say, a definitive residual evaluation of all numbers of the infinite 
plexus, 

The initial number «, on the ath drift line is «,,,-—- gnp — O(mod, p), and 
that of the Gv-+- 1)-th drift line is @, 4, > (e+ ep Otnod. p). The 
initial series S;(@) repeats as column number 1 +- (j— 1) and next again 
as column number 1-+-(Gm+-1)(p—1). Henee the four corner elements ot 
the period parallelogram of general position in #? are the following: 


mip—l)+l (m-- 1) (p—1)-- 1 
D: | = as | at ), 
» m(p— 1) (n+ Dp S(m +1) (p—1)+ (n+ lp 
wily 1)+ 1 (m-- 1) (p I)+ 1 
t: (= n=}, B: | : . 
smi p— + map R(m-+ 1) (pp—1) + np 


These formulas may be written explicitly be means of (1,). Thus 


nil p—-1)+ 1 Sel pax 9) 
ir peeng } (n »—4m(p—1))e 
»m(p—1)s np \ () / > / 


4-(4"@—D) (np —dtm(p—1)- l)e- 


| 
4 gm(p—I1)) (np t+ hm(p—1))e (mod. p). 
,m(p—1) fs 


A particular ease is added showing the entire period parallelogram for p = 2. 
v 4 (ef. fig. 1). 
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The definitive residual evaluation of this case of the plexus & is given, there- 
fore, by the following 22 formulas: 


n-- | 4+ 1 4 - | . 
: 4 4, | rh } — Bamod.d) 


Im dn Imthn- 2m+5n+2 


4 i a l 4 die ? 4 +- l 
} 2 | oy a 


: : (mod... 
2m 4-3an+3 2m; : Pm+don-+d 


| 


tj z +m-—-? | 4tm-+ 2 7 
bscsartecen a = O(mod. 5) 
2m+odn- 2m+-dn+? 2m+5n+3 


+i —2 +m—--: 4m-> 3 ; 
| = 3, 4 = 5 | ‘ | O(mod.: 
2m—-dn--4 2m--i t é 2m+5n--1 


4 = 5 4 os : 4 | 3 - 
| 4 2. 4 - : 3 (mod. : 


2m—-dn-+-2 2m—+dnu--: 2m+5dn+4 


| tm—-3 | 4m —3 | 4im-+4 
2m+dn-—-! Pm+-Ddn-+6 2m+-Hn+ 2 


1 (mod. 


4 mn 4 ‘ 4 -- 4 4 mn 4 4 
| = - 3. | : . | = -} 2 (mod. : 
2m --dn 3 2m-dn-4 2m-+dn-+-5D 


4(mod.d), 


where m = 0,1,.... %: ,2,... %: and «; = /e(mod.p) as in 4, (@), 
paragraph 5. 

8. General theory. The elements of S(a@) which are ineluded between 
two consecutive drift lines of a skew-symmetrical plexus P form a permutation. 
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involving repetitions, of the p least residues modulo p, and the same is true 
a Ste). S(@”),... Moreover, each element is a polynomial in the quan- 
tities @,, @y.... Of the type 


(4) (t (1, pbs pia ft oes Hy Ay: 5, (7 a fixed integer), 


where the coefficients ¢ are residues of p. Since the number of different sets 
foes ses Cy) is finite, we have the following theorem. 

THEOREM. Every skew-symmetrical plerus P, is congruent modulo p. @ preme, 
to a net of period parallelograms of finite dimensions and identical content. 

‘yo make a more explicit determination of the width of this parallelogram 
it ix necessary to deal with particular series S(@), as was done above in the 
case of S, (a). If we assume, for S(@), any sequence whose residues are the 
eyelic permutations of the p residues repeated in the order 


| Ps Sere p—O), (8, 2,....p-- 8, OG @S...p— 1G Ih. s:5 


‘lien the width of the period parallelogram is p(p—1). 

The null elements upon drift lines do not constitute the totality of zeros 
in 2’. The rest are arranged, in general, in polygons forming a set of geometric 
livures Which recur with the recurrence of the period parallelogram. The 
reason tor this symmetry is involved with the combination of the symmetry 
iulierent in the drift line theory with that of the null element configurations 
i Pascal's triangle reduced modulo p (ef. $6). It is difficult to obtain a general 
analytical deseription of these null element polygons but in a particular case 
i. fig. 2) they present a beautifully variegated symmetry. 

The period parallelogram of the plexus of figure 2. which is an example of 
tle general ease (4), is subjoined, 


0” 
00» 
dD 010 2 0 
0212212 
» 210211 
0» r»r»20? 
» 000121 
10014120 
> 01011 1 
1 1 2 100 0, 
e:es8s 
1 1 0O 
0; 
‘ Fig. 4. 
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The six null elements, (mod. 3), forming the enclosed triangle of zeros are 


bn —4 bu—4 


| 


‘Ym +3n : Ym +3n — 


On 4 bu—3 


” . ‘ > 
Yn. Vay + 3H = 


On- 


Yn 
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ON SYMMETRIC FORMS IN N VARIABLES. II. 


By AkNOLD DRESDEN. 


|. Iu a previous paper with the same title, published in these Annals, it 
was shown that a svmmetrie form of given weight S. given number of parts 7 


aud given distribution of weight over the parts, ([ Ir ca where 
14 / 


a“ 


v : 
: Sno Sn 41 O and 2s, S. can be expressed in the 

n font 
2 is 60 Nak Mewes Fn? (1°9. In this formula, the sum is to be 

{=1 

extended over all the non-decreasing partitions 7,..... r, Of S, such that 
\' NV { - . This rel; . be a = . are a eale : ‘ 
ome" fe Sp TOP 7 <1, us relation between two equipartite partitions (7) 
aud ts) is ealled the dominance relation, and is’ represented by the 
tormula (ey) ts). A particular multiplier 40). .... Ket Gaseas <,) is deter- 


wined by means of the formulae 


In this formula the outer sum is to be extended over all the partitions (/) 
1 oS. such that G7) Dif) Dis): the inner sum is extended over all possible 
solutions in non-negative integers /;; of the system of linear equations 


i n 
(2 > N’ >. ' 
= kj: f;. “a, Kis ij 
/ 1 / 


\s observed in the paper referred to above, the direct determination of 
the multipliers 4 becomes quite laborious when the number of parts of the 
loi inereases. It is the objeet of the present paper to develop some general 
theorems which will facilitate their caleulation. Doubtless still further 
‘iuplitieations ean be made, at least theoretically. It appears however 
that further simplifications in the methods of calculation are accompanied by 
i inerease in the labor involved in applying them to conerete cases. 

1 
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2, We begin by effecting an arrangement of the partitions (7) which satisty 
the condition (7) Dis), of such a charaeter that none of them is dominated 
by one which precedes it. For this purpose. we designate by V) the sub- 


stitution whieh replaces the elements 7; and 7; 1 of any partition (7) by» ~] 
and ¢; ;—-1 respectively. It is then evident that we may write Vj [(s)] D(s, 
The arrangement referred to is now obtained in the following manner: 
Write (s). Vea flop. Vi-afQd]. 2... Viti [G}, where ey = sa-2—sy—1: next 
we write Vi, 2[{69] and apply to it the substitution V, as often as will still 


vield a non-increasing partition, repeat the same process with Vj ‘ 
where «: Sy) 8, et We now write V,-3[6)] and apply to it the sub- 
stitutions V,-; and Vy, . as often as is possible and in the order in which 
they were applied to (x), then proceeding with iterations of V2. In this 
manner we proceed, applying to any partition V,—; [69] all the possible eom- 
binations of the substitutions V3. Vy» V,-, 1 and their iterations in the 
order in Which they were applied to (x), until we reach the partition S, 0 
Which dominates all the others, While itis not so that in this arrangement 
of the partitions which dominate (s), any one will dominate all those which 
precede it. we can affirm that none is dominated by any partition which 
precedes it. A sequence of partitions arranged in accordance with the 
above plan will be called a normally ordered sequence of partitions. 

It, tor example, (s) be the four-partite partition of 9 given by 4221. the 
normally ordered sequence of partitions (7) for whieh (r) Dts) will be as 
follows: 


4221; ¥;,5.¥; -5220: Vy VE Vy [69]: 6300: 
:4311: ViVi, SABO: VY VE Vy [69]: 7110; 
$320: VV [6)) 25400: VP VE Vs [(s)] : 7200: 
SAO: TTT [bop 6rd VE VEY, [ig]: 8100: 
1, [Gs]: 5211: MVS Vy [6]. 6210, V7) 1 Vy [69] : 9000, 


In accordance with the theorem proved in the earlier paper the symmetric 
D« .  &£ 2 . : . ' 
form (1734). i.e. > My t20304, Is expressible in terms ef products 0! 


oe 
elementary svmmetrie functions Bi, bi, Bi, Bi, im whieh a, ./2 ¢g 4 represents 
any one of the partitions of 9 listed above. To determine the multipliers 


AA; fy ty ¢y2 4321) with which these products 1, Aj, bi, Bi, appear in the 


This statement will not seem strange when we realize that the relation Dis net 
connected in the field of partitions of S, i.e. that if Gr) and (r) are two partitions «! 
then it may happen that neither Ge) G9. nor Go Dae. 
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final formula, we use formula (1), taking for f,---¢, all those partitions 
in the above list which precede 7, @ 7; 74 and which it dominates. Since 
we know that 4 (4221; 4221) 1, we have thus obtained a systematic 
method for caleulating all the multipliers, 

3. Hf equation (1) is to be used for determining a particular multiplier 
hiv ees Vat Ste eees Sn) this one will appear in the equation with the 
eoetticient 1; we will say that it is the “leading term” in the equation. The 
eoetticiont Of A(t, 2.0. tat Sty ees Sn) In the equation in which 4(7,..., 7n; 
s,) is leading term will be denoted by C[(); (]. We know then 

ni 


that CG); Oo] 1 and that C[0); (0) = 2 I I ‘a 
.j=2 


sy ® 


memes © 
ki 


being extended over all non-negative integral solutions /j of the 


1 
), the sum 


a“ i 
- ’ ’ ” ’ 
eqiuitions ‘ ke = tj, s kg = 1, while ty » Ky. 
1 — I=y 


\Ve establish now the following theorems: 

TitoneM 1. Equations 1) written successively for the partitions of a normally 

vred sequence of partitions uniquely determine the multipliers 4((r); (s)) 

all those partitions (4) for which (rv) D(s). 

ln order to determine A£((7); (s)), we write the equation (1) in which 
A(y): (s)) is the leading term. This equation will then involve terms in 
A(t): (s)) tor partitions (4) for whieh (7) D(t) D(s), i. e.. for partitions (4) 
Which precede (ry) in the normally ordered sequence, Since we know more- 


over that 4((s): (s)) 1, the truth of the theorem is apparent. 
Tit OhEM Il. If Vy l di notes the substitution nee ist to lV, and if — iis 
Clon: Vy] ep and 4((r); VLG) )) = — ee. 
In equations (2) we have for this case f; = 7;, except for , = 7 and /+ 1, 
While # re— 1 and thoy = ryi4+ 1. It follows that tu eee se 
ri-1. hy = ry —1, eas 04 SS P41, 0 oy Knew = a3 ht = 1, while every 
other di; = 0, constitutes the only admissible solution of equations (2). Con- 
ey , T441,0— 10-1} , 
wf quently Cvery factor in ¢ [(): J . '(r)]] reduces to :. except | I : 
0/-+-1, 1 
moreover troy == hut hia = re and tet. ry7-1. Hence 


Cli: V1 [Go]] =e. To prove the second part of the theorem, we observe 
that the only partitions (¢) for whieh (7) D(f) DV," [Q)] are (7) and [0] 
themselves, Therefore equation (1) reduces in this case to the simple form 


Cos VY MOW AW HAULOE VOD + ELM; OL 24; VO) = 0- 


In view of the preceding result, we may therefore conclude that 


A((r): - '(r)]) = — /}. 





aN, 


— 
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Coro.tuary. 4(Vi[()]; G)) = — (a+ 2). 
This theorem is a special case of 


CI: Trl] = (") and A((r); Ve“ {O)) = ; ee 

Equations (2) again have a unique solution in this case, viz, 
Jey == Thy.0 645 has, f= Ti ky = vi J Mey 184-0 A Poly e106 8%5 Inn = In; 
ky... =/ and every other kj; = 0. As in Theorem II this solution reduces 
tn" S11, 141 


‘ a ; . tl. 1, l 
every factor of the coefficient C to unity, except the factor | j |, 
: Lal 


so that we find C[(r); VY [O)|] = ("" }. In order to prove the second part 
/ 


of the theorem, we establish the following 
‘a 2p f (—1)! a-+Il—1) jat+e2 
la Ee 8 (a-+ 21) | ) | ) = 0. 
DP {=1 / l—1 p—l 
Denoting the sum of the first m terms on the left by s,, we verity 
readily that 


LEMMA: | 


a—-2p ( 1D), — | 
aid ce ed a 


“= 


a+2p (a+2 


(—1)" (a -—- ? ») ip oh 
mm deme ce Se OS | -| | 
i iil = "— 

for m = 1, 2. it follows that 


a= 2p — ] ° . 
and that sy = }. Assuming now that for m <p, 


»p—3 


a+2p—l1 ° ° 
‘ }, which is true 


(— 1)” 1 a-- a-Z’n 
ae P |) (a+2m+2) 


) | 


2 ] yw oo i aa ] 


(—1)™"' (a 2p) a--m-- 1 pore) 


) | 


p 7 p—m—?2 


The formula assumed for s,, is therefore true for m — ], For the 


(—1)- es p — | 
a 


latter value of m, it yields the result, thats, 


from which it follows that s, 0. 


oe 2p _-?T 


4 | 


*This formula is a special case of the following more general one: (“ 


S (—1)'" a+l (“ +l—r—] a+s 
= he | 


+ 5 1 =F mee ee 

Paar i l a =f 0, which may 
proved by induction starting form the formula in the lemma, to which this one reduces 
for r= 0. 


-(a+2l—r) | 
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The partitions (¢) for which (r) D(t) DV ((r)I, are clearly (7), V>?[(r)], ... 
.... 1) / [0]; hence equation (1) now takes the following form: 


DY elH: VA ACTHMOL;: VIO) = 0. 


é 


This equation, in virtue of Theorem], determines 4((7); V/“[(7)]) uniquely. And 
ow it is seen that this equation is satisfied by the formula for 4 ((7); Vy“ [(r)]) 
stated in the theorem. For, if we write (7) = V>‘[(r)], then we would have 


eer ; ee naif ‘ (—1)/"' 7, /@—j+i-—1 
LV Velo) = 24r); Veo (G)) = ser ee ci ( J ; }; 
' jut j—i—l 
moreover (1 = r] ae r} ‘i m—ti— (1 i+ ‘() = m»—2¢. Hence, if we 
make use of the formula proved in the first part of this theorem, it remains 
i— 7 siete p 3 
Was = (<i on fm ists). 
ty show, that ——— (qa— Ze) 1. ae } + .} = 0. But 
mm jot , (;] | jmi—! (") 


this is What the formula of our lemma reduces to when we replace a, 


Jand p by e7-—2), 7 —¢ and 7 respectively. 


err 1 en Mere 
COROLLARY, ACKZ[G9]; ()) = ~(—1) (a4 2,) ae ). 
J J 
THtorneEM IV, Jf@y,...., a, 1 be an arlitrary set of non-negative integers and 
rl 


« Ol(m<n— ] ), then vi | cee Sear [()]; (r)] — Cty," se Y wae [Or]; 
GP CLV 2. Po (r)}; (Y)]. 


==J 


{ ; 1g] ‘ ay ry aytiti jms re, , "pf 7ryea 
It () designate the partition Vy‘... Vir5' [Oo]. we have 


' : ’ ' 
} > “i Be bo o> Oy 1 Zo, Va Vg Ba- Og, weeny 


, ' ar oe. 
Mn-1 Vn~1— Oy-2 T Cais Ta = Tn Oni 


Hence, since @,, — 0, the partition (r’) may be split into two parts, 71... +. 7m 


m m n n 
’ v 5 a of 7 
ANd rsteeeee rhe Such that >'r} — yr; and consequently 2 ri = 2 1% 
¢—1 i=1 i=m-+1 i=m--1 


The equations upon the solution of which the determination of Cl); ®] 
depends are those of the system 


, | td] 
7 a 
a) v ‘ a7 “eee » 4 
7) ake = 17 hii vi (i = 1,2,.... 0). 
j=i j=t 
6* 





aaa 
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We consider now also the systems of equations 


vy 


,=3 


which determine the coefficients C[V{'--- Ve" (G9); ()] and CLV) 

tee poe [((7)]; OD] respectively. Using now the same procedure for thie 
solution of these equations as was used in the proofs of Theorems IT and III, 
we find that. if the set /,; constitute a solution of equations (3), and i! 
we put 


hi — hi, for i < ‘ | ; . : (). for ;> -m. j | i: }, Vj. for ; >) 


ti 


then the set Aj; furnishes a solution for the system (4); and if we put 
ki = hij, for y>m, 6 = J > hij — 0, fory — im, 04 ys Wij = vj, for) 


the set k% gives a solution of equations (5). On the other hand, if the 
sets /j; and ij! are solutions of equations (4) and (5) respectively and if we 
put ky = hy for 7 < m, ky — kj for i> m, then the set hy is a solution 
of the system (3). We conclude from this that any term in C[(7’); (r)] is the 
product of a term in civ... ym + I(r); @)] by a term in C[Vins me 


rt ; 
“Ves l@); @)] and that, conversely, any such product is a term ol 
C[(r’); (*)]. Our theorem is therefore proved. 
THEOREM V. The coefficient C[(r); Vp". 


k-+1 

’ 7 : - 
2 z I] (Jm— Jn) @j, Cjye + CG 
i 


In this formula, the inner sum is to be extended over all dnereasing sets 
of indices, 7 at a time, selected from /,/7-- 1... 


WV) i [()]] is equal to 


.,/-+k; the product is to be 
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taken over all the positive differences of adjacent indices, and the coefficient 
of terms consisting of a single factor e; is to be taken equal to 1. 

For h 0, the theorem asserts that C[(r); Vr [(r)]] == e, Which was 
proved to be the case in Theorem II]. It remains to show that the formula 
holds for k-+- 1 provided it does for /, and we find it convenient to introduce 
for this purpose the abbreviation Cy for C[(r); Vi Pune Vek lI). 

The determination of Cy, depends upon the solution of equations (2), in 
which ¢, rj. except for 7 / or 1+hk-+1, while ¢; = r,—1 and ty. x1 

1. It follows then that we must have kj — 0 for j)<1,i 47 
and also for ¢>7+k4-+1,7 4 @ and ky = 7; for i<1 and fori >7+k+1. 
Consequently the solution of equations (2) reduces in this case to the solution 
of the reduced system 


l-k-1 
DM hg = ti, > ki = ri t< i <I4+k+41, 
/ j=t 


aud the eoetticient Cy, depends on the reduced system alone, because the further 
equations of system (2) yield only unit factors for the coefficient. If we make 


use how of the special values of f,.... t2.%.1 Which were specified above, 
it follows that Jy ry—1 and that, since 2 hz = 1. one and only one 
i i 


of the indices yoy... e-xs1,.2 must be equal to 1, all the others being 
equal toO. If we take dy: y.7 1, then there remains to be solved the system 


7 l.k+1 
bo hj; i, Za hii Vj. ] + l < i = } +- hk + ] ; 
1-4 jt 


Which is exactly the system (6), after 7 and k have been replaced by /+1 
aud /°—1 respeetively and which therefore determines Cr. 1,4-1- Moreover, 
since dy ri—1, hess. 1 and consequently /y.1,..1 = 77.11, we obtain 
lor (>, the factor @-+ 1. We find therefore for (,;, the term (ey 1) Cre 1,K—1 

Ii we take hy 1,1 hers 2,0 i Itt hi¢e+2,t = ++ = kin,t = 90, 
Meat 1, (0<a@<k), then we must have fj = 0 for 7 = 7+1.... 

yl+ae, it j, and ku ry; for « = (--1,..., 7+ «, There remains 


' 
then to be solved the system 


i lik-+l 
’ . ee ee ” 
> hy f;, po oF Fi; }-- he 1 a oo 7+ k + 1 ’ 
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which is obtainable from the system of equations (6) by replacing / and |; 
by 7+@+1 and k—e«—1 respectively and which therefore gives rise to 
Ci-e-1.k-c-1 ©But, since hye -1,1 1 we obtain the further factor ¢;, so 
that we have found for Cy, the term ¢ Cre -1,K—-e-1- 
It remains to consider the solution of (6) in which we have /y.,,; 
Ries O. kyen-1.2 = 1. This solution gives for Cy, the single factor /, 
We conclude therefore that 


k-1 


' 5 ) 
Ce = late lCesk-1 + et Cle-1k—-e-1it li. 
‘ 1 


For i --1, this beeomes: 


Assuming now the truth of the formula, asserted in the theorem, for 
1,.2,.... A, it follows that ©). 1,, will contain all the products of 1, 2,..../'--1 
factors which can be formed from ¢; , rekery that Cy. 24-1 will contain 
all the products of 1,2,....4 factors which ean be formed from ¢, 

» Ol-k43 ; that ©) ¢.4.4¢—-¢ Will contain all the products of 1, 2. ... 
«+, k—a@-+1 factors which can be formed from e.@.1, 0.6. Clik ieee © 
Consequently, on the right hand side of (7) will oceur every product of 
1,2,....4-+2 factors that ean be formed from 1 pee For, the 
products that do not contain ¢; as a factor will appear in the term ().;,«: 
and the products which do contain « as a factor will consist of ¢ multiplied 
by a product of factors selected from em... .... 7-4 1 Or from ¢7.2, 

AKA, or from epee koa. ++. and will therefore oceur in 
i OF Me C2 55, 30 OF Wm Chet bow ass respectively; and thie 
single factor ¢ also oceurs on the right of (7). 

Moreover, those terms which do not contain the factor e, will appear in 
(1-1 With the same coefficient that they had in ().1.,, i.¢., with the coetti- 
cient demanded by the theorem. Consider now a term in Cy... Which does 
have the factor @ Let its factor with next lowest index be j; then it 
will occur in each of the products eC tky C2Ctio k—ty oe +5 CLs jK-j—1 and 
in each of these products with the same coefficient, viz., the product of all 
positive differences of adjacent indices from /+-7; on, oceurring in it. Con- 
sequently its coefficient in C),.1 will have the additional factor j, which 
is indeed the one new positive difference between adjacent indices which 
appears in the term. Our theorem has therefore been proved, 
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n 
Tuzorem VI If R - > ri and if (R) designates the partition of R 
i=1 


Lich consists of the = R, 0, .... 0, then we have the formula 


[uti i] = WT" *  f 


For this case, equations (2) reduce to the following form: 


ne a” 
’ ‘ ’ > . 

> he ri: > ki h, >, ki = 0 for 2 = 2,..., m. 

1 j=% ji 
The last »—1 of these equi itions give hij = © fort = %,....,%, 9 OD, cccg 
Substituting these values in the first 2 equations, we obtain ky = 7; This 

\ ee 
leads further to 7 = 2 rj). 1 = O for ;>1 and hence to the formula 
1 


J 
stated in the theorem. 
THeorem VOT. If the set hij he any solution of equations (2) and ifa system 


y eq thians (?") hy set up an whic h f; = t and " = Vj, ¢ wcept that wh = r+ 
nid vp4 rey—l. then all: the solutions of (2') may be obtained from 
those of (2) by applying to each of the latter cach of the following substitutions: 


(s) replace hen and kia 1 hy hy 1] and heya C= ] respective ly, for ‘<< r, 
(9) 7 epla ( hen, hy3. kes and Kee 1 hy hen -t 1 ° hy3— i, Kegtl and Keee.t il 
rely, for l<a~ v, i: B< j. 


Gere ‘ 
lt is apparent that any set //;, obtained by use of any of the substitutions 
mentioned in the theorem will satisfy equations (2), provided the set J; 


sutisty equations (2) Conversely, if Aj; be a set which satisfies (2’), then 


either (a) ky<rp-+1 and at least one of the ky>OU</ S nd; or 
i hy = ry +1 and kp = 0 <i < nx) In ease (a), suppose that ky > 0; 
ten we define a set Aj by putting J; ky—1 and Ayia = Mal 


and every other kj; equal to the corresponding hij. This set yj is then 
evidently a solution of the system (2), from which the given solution of (2’) 
is obtained by means of one of the substitutions (8) mentioned in the theorem. 


1 
In case (i), we observe that, sinee t; > hij, we must have f;>7. On 
i] 7 — t—1 
the other hand. Ds t; > ri beeause (7) Dif); therefore 2 bot _s ,4>0, 


i am! es 


¢=1 ¢=1 

so that not all the 44; for which ¢</ and j > 7 can be equal to zero. But, 

turther than this, not all the Aj; for whieh 7 </ and ¢>/ can vanish; for, if 
l-1 /—-1 

they did, we would have > 7;— >> ti = hte +h ahha = tk — 1, 
‘=1 [= 





mm eee 
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’ ’ 
and hence = i ba t l, 


i=] 1 
We can therefore tind at least one /.3, which is positive, and such that 


) 


J=<c@ and />~,. Now we detine a set kj; by putting ku = kiu—!1 


Which contradicts the fact that G-) Jf), 


ee Ke t-1 bl, Keg het 3 -—- 1, Ity3 = Ajg + 1 and every other i; equal 


to the corresponding Kt. This set i; is then manifestly a solution ot 
equations (2). trom which the given solution of (2°) is obtained by means of 
one of the substitutions (4). This proves the theorem. " 

COROLLARY 1.. All the sets I which determine ('[in; Walta)) can be obtijned 
from the sets kj. ahich determine (fir; (t)] hy applying to each of th hath, 
cach of the follaving substitutions: 


y 


replace Key and Ieee by hail and hissi— respocties ly, for 1 
replace Kreateas keto Neg and Ty3 by Itvoit-1—-l, het #1, i 
kyg +1 respectively, for I+ 1<e<n, I pli. 
CoROLLARY 2. If tr) is the partition Vie. Vy xf andy — ly eh 
all the sets ki. which determine ¢ [V) liv}: (f)] can be obtained from the set 
which determine C[t ): (f)] hy applyang to cach of the latter each of thi 


stitutions (S), 


ea | 


In this special ease of Theorem VII, case () ean not arise, beeause | 
have now 7 = ¢; or 7 f--1, so that Jj, ean not be equal to 7% 

COROLLARY 8. Tf Ur) represents the partition Vj +++ V5.4 [(] and y= =<) 
all the sets Mei; which determine C(O); Waleal) can be obtained from th 
ki; which determine C[ir): (t)] hy applying to each of the latter each of te 
Following substitutions: 

replace hei and de 1.i hy hey, - 1 and hy 1, i —] respectively, for l i<l. 

4. The theorems developed in the preceding section will now be used 
for the ealewlation of a partiewlar symmetric form, whose determination 
in terms of elementary functions by the ordinary methods and also by the 
methods used in our earlier paper would be a matter of a great deal of 
labor. We shall take the example already brought forward in 2, where 
the normal sequence of partitions for this example was set up. We have 
seen that D>. 71 ia F324 bb A (0; 2 23 45; 4221) Bi, Fi, Fi, Fi, the sum being 
extended over all the partitions (/) of the normal sequence given above. 
We turn now to the deterinination of the multipliers 2 (4; 2 és 443 4221). 

(4) We know that 4(4221; 4221) — 1 and from Theorem II, Corollary. 
we obtain the result that 4 (4311; 4221) 2? 


(1) For V. V; [(s)]. equation (1) takes the form 
4 (4320; 4221) + €[4320; 4311] 4 (4311; 4221) + (4320; 4221] 


('|4320; 4311] 


2, by means of Theorem IT; C[4320; 4221] =1+-2+1-2 


am — 


by means of Theorem V. Hence we find 4 (4320; 4221) — —1. 
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1) We shall determine 4 (4410; 4221) by use of equations (1) and (2). 


Kyuation (1) becomes 


2(4410: 4221) + C[4410; 4320] 4(4320; 4221) + C[4410; 4311] 4(4311; 4221) 
+-('[4410; 4221] = 0. 


From Theorem I follows that C'[4410; 4320] — 3; from Theorem V follows 
that ([4410; 4311] = 7. 

Y) determine ([4410; 4221], making use of equations (2), we have to 
determine the kj. To do this we write equations (2) in the following 
syiibolie form, it being understood that the sum of the variables in any 
row (column) must be equal to the number written in front of (below) it: 


4 hi, 


2 Koy hig 
2 Iisy Kgs Tiss 


I Keys Ky Kiss hey, 
441 0. 


Ot these equations we find two solutions, viz.: 


4 4 
Q 2 0 2 

and ; 
011 020 
O100 001 0, 


in Which the values of the unknowns are written in place of the unknowns 
themselves in the symbolic form of the system of equations. This way of 
writing the systems /;; will prove to be well adapted to the application of 
Theorem VIL and its Corollaries. Arranging the values of ¢ in a similar 
triangular array, we find for this case the following result: 


4 4 

42 42 
and 

431 440 

4410 4410; 


= 12 


trom this we obtain ([4410; 4221] = 2-3+ (3) “5 = 
We conelude that 4(4410; 4221) = 5. 


) 


- 
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(7) For 4(5211; 4221). equation (1) reduces to 
4(5211; 4221) + C5211; 4311) 4(4311; 4221) -- (5211; 4221) 


because 5221 does not dominate any of the partitions which precede it in 
the normal sequence except 4311 and 4221. By means of Theorems II and V, 
we find from the above equation that 4(5211; 4221) = — 1. 

(©) The coefficients in equation (1) for the determination of 4(5220; 4221) 
are found as follows: 

('(5220; 5211) = 2 and (5220: 4320] = 3, by means of Theorem II. 

(5220; 4311] = C5211; 4311] — C4320; 4311] 6, by means ot 

Theorems IV and II. 

C[5220; 4221] 3+0-2--2-3-2 = 17 by use of Theorem V. 

We conelude that 4(5220; 4221) 0, 

(f) For the determination of the coetticients in’ the equation for 
2(5310; 4221), the same methods suttice except for C5310; 4221]. Since 
5310 = V, [4410]. the sets 4’) whieh determine the latter coefficient: may 
be found by means of Theorem VIE from the sets 44; which determine 
('[4410; 4221). To these sets, exhibited in (9, we apply substitution (s) 
for 7=1 and for ¢— 2,3, 4: we tind in this way the following sets: 


oO i & 6: oO 1 @ @: i 2 BY ©: () 


from which we derive the result €{5310; 4221)! 
and 4(5310; 4221) = 5. 

(q) In order to determine 415400; 4221) we begin by evaluating C[5400; 4221). 
Since 5400 = 1/5310), the sets /) for this coefficient can be obtained from 
those found in (f) by use of Theorem VII for 7= 2 and i = 3,4. This 
gives the following results: 


010 ¢, O10 0, 100 0, 


from which we derive ((5400; 4221] 78 


Oe 
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Since 4311 — V,[4221], we shall find the sets for C[5400; 4311] by 
applying Corollary 1 of Theorem VII for 7 = 2 and ¢ = 1, 2 to the sets (10); 


in this way we find 


4 4 4 

12 03 03 
(11) 

010 100 01 0 


010 0, 010 0, 100 0, 


from which follows C[5400; 4311] = 48. 
Using the same Corollary again, we find from sets (11) those for 
((5400; 4320) and C[5400; 5211), viz., 


4 4 i) 
12 03 0 2? 
(]? a) (12b) 
02 0 110 010 
0000, 000 0, 0100 


respectively, from which we derive C[5400 ; 4320] — 22 and ('|5400;5211]— 12. 
To determine C[5400; 4410] we may apply Theorem Vor else apply 
Corollary 1 of Theorem VII once more, this time to the sets (12a) with 
i=? and i 1,2; in either case we find ([5400; 4410] — 9. 
hor ({5400; 5220] we apply Theorem III with / — / = 2, yielding the 


a . 4 . 
result (5400; 5220] (.| 6. Finally, we have trom Theorem IH, 
( O400: 5211] — 4. Combining these results we obtain 4(5400; 4221) = —13. 


(i) The processes applied above suffice for the rapid determination of 
the remaining multipliers and illustrate sufficiently the way in which the 
theorems developed in 3 are used. We find thus: 

A(6111; 4221) = 5, 4 (6210; 4221) = — 13, 4 (6300; 4221) — 9, 


A(7110; 4221) = —11, 2 (7200; 4221) = 20, 4 (8100; 4221) = 11. 


() The coefficients in the equation for 2(9000; 4221) are most readily 
found by means of Theorem VI, because the formula there proved obviates 
the necessity of determining the sets ki. We obtain in this way the 
following result: 
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. ( 1 & ( 
C[9000; 4221] CO) (5) (7) STRO, C[9000; 4311] (3) (3) (3) 2520, 


,4\ (9 8\ 9 
© (9000; 4320] = {2} (° 1260. C[9000; 4410] ()(y) 630, ete, 
d 


The calewlations carried out in (@)—(2) enable us to express the symmetric 
> a 4 3 ° . . . ° = 
torm > i vorgary in terms of the elementary symmetric functions £; as 


follows: 
SD away, = EEK 2 BE BBE +5 EE 
E;F,£°+5E;E:E:—13E;F+5BE—13BRE.+9RBE 
—NF, EF +208; Fn +11E, Ei — 27K. 


THE UNIVERSITY OF WISCONSIN, 
September 1922. 











ON AN INFINITE SYSTEM 
OF NON-ABELIAN GROUPS OF ORDER nm',* 


By W. E. Epinaron. 


(Consider two non-commutative operators s, and s,, both of order x, which 


Iso satisfy the condition that sf sf and ae s? are commutative for 


dis 
a B= 1 ues (n—1). Before determining the necessary and sufficient 


conditions for the definition and existence of finite groups, certain general 
relations growing out of the commutativity of sf sf and é will be established. 
*=— 1, s,s, $8, 8, and if s sf and & x? are commu- 


Lemma I, Lf sf = s} = 
tative for @, B = 1,2,...,. (n—1), then sf sf and sf 
‘This follows readily from the fact that SH A ae c+ s, ?)~. and that, if 

"is commutative with s,s, °, it is commutative with the inverse of s;? s,%. 
Sy, and of sf sf and & are commu- 


F MMA ll. If s'' oh - 1, s s§, | 8 


tutive for @, 8B = 1, 2,..., (m—1), then 


4 & are commutative. 
x 


, , ? , Y 2 » J. ° 
| [sf i Bie a 0-1, Zi d—2)8 (s | ae 230 1 
2 1 2 2 
° j , , syn 
\? [x vp sf +1 ay" s y+1 2 sf y+-2 7) 
, iat of pe & B «f Pp 
es cane : 3 1 2 
i 0-13 of 0-13 Pd ¥ 2 vr e 1p (6-18 of 


‘lire 0 = 0,1, 2,..., and y = 0, 1, 2,.... (n—1). 
The proofs of these relations are by mathematical induction. Assume (1) 


to hold. Then 


[si c Bye S om # sf B oA B s; o3 < 3 op (sf 8 «+2p \o-1 
_— a—dB .ac(d—-1)8 (4-8 .et+28\0 
= ‘ \ ‘ (s j Sy ra. a 


Presented to the American Mathematical Society, Dec. 29, 1922. 
8) 
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Hence the relation (1) holds when 6 is replaced by 6 +-1, and it also holds 
for 6 = 1 and 0 = 2, for 


Which establishes the relation. 
Now set 0 n and (1) reduces to 


Which is relation (2) tor y = 0. The proof of (2) follows in a manner similar 
to that used for (1). 
To prove relation (3), we have 


from which, by continuing the process, (3) is obtained, The proof is easily 
completed by induction, The proof may also be gotten by a reduction of the 
relation (1) to the relation (3). 

Setting y = 0.1, 2..... (mw —2). suecessively in (2), we have 


(4) 
When 3 = «, this reduces to 


(D) 


Hence, when @ is prime to n, sf is of order n and the orders of the products 
she nw = 0,1, 2,...,(m—1), are m and divisors of x. If n is a prime 
number, all the products of the form ‘ sf, t+y, are of order n, for « then 
has m—1 values prime to x and takes values from 1 to n—2 to give 
products of the form under discussion, and therefore (5) gives (~—1)(n— 2) 
distinct products of this form which is the greatest number possible. It x 
is not prime, the number of values that « may take that are prime to / 
is g(x) and, keeping in mind the values that # may take, it follows that the 
greatest number of operators of the form sf sf,c +4, of order n then given 
by (5) is (n—2) y(n). : 
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lt is evident on account of the commutativity of the operators s* sf, 
Pt OF vag v, seo ¥ 1? that in some developments of (3) an 


operator and its inverse will appear and hence reduce to unity, In what 
follows it will be assumed that all such operators and their inverses which 
appear in (3) have been reduced to unity. 8 will be of order 2 when 062 is 
prime to a: otherwise its order will be equal to the quotient of » divided 
by the greatest common divisor of x and 03, or, in other words, it is equal 
ty the least common multiple of Of and » divided by 63. The order of 
°? is the greatest when 0; and » are relatively prime and then its 
order ix equal to, or is a divisor of, the least common multiple of the orders 
of the operators of the type s? sf and sf sf, and ». When 0 is not relatively 
prime to x the order of (sf sf *) is equal to or is a divisor of the least 
common multiple of the orders of the operators of the form s? s¥ and sf s? 
and the least common multiple of 03 and x divided by 03. The order of sf sf B 
ean be found by choosing for 6 the least value for which the congruence 
(3 Omoda is satisfied. The least common multiple of this value of 6 and 
? ¥ will be the highest 


the orders of the operators of the form s? sf and sf sf 


order ss? ean have. That the order may be less than this for special 


values of @ and » depending on x follows as a result of the following: 


: ; . 1 “yo « 3 3 ui 
Lava HI Uf st = eh = 1, spay days, and if tf and fof ave 
nutatie for «@, B oe (un —1). then 
(3 ce at+f \? ( o—-1\3 d—2)3 «—ld 2 gtt-0—2 3 of o-13 & é3 
2 “ “a “ 2 1 "2 ’ 
ae f. if aval of % erists for whi ), x jj —a 0 mod n. where 03 x3i—« 


B is that value of 0 for which 03 Omodn. 


The proof of (6) follows readily from the relation (1) by applying the 


Ojnod na, then the order of sy sf 


relation (1) to (sf 9 s°2?)?-! in the right member of (1) and continuing this 
dpplication of (1) to the powers in the right member of (1) 6—1 times 
suceessively, The seeond part of the above lemma is true; for, when the 
congruence ean be satistied, the values of 06 and z for which it is satisfied 
are stich that the right member of (6) reduces to unity, since one of the 
powers of x; or sy in the right member of (6) reduces to unity thus bringing 
about the products of inverses in succession, This relation (6) will determine 
orders of operators of the type s sf, t 4g, Whose orders are not dependent 


on the orders of the operators of the form sf sf, Hence the order of all 


“perators of the form. st s?) where the congruence #8 cmodn can be 
Silisfied, is a or a divisor of 7. 
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The results of the preceding lemmas are summarized in the following: 
THEOREM I, Jf s, and sy are two non-commutative operators which fulfl 
the conditions 


2. sce 9 le —T), 


and if the orders of all Ope rators of the type ‘ &, are known, then the marcnun 
orders of all operators of the type sys. 4 t y, are known. 

The commutative operators sf sf, « 1, 2, ..., (@—1), generate an 
abelian group whose order is at most the least common multiple of the orders 
of its generators. This group is invariant under s, and xg: for 


and 


Which are in the abelian group. No power of either s, or sy is in this abelian 
group Without both s, and x, to that power being in it; for, if s? is in this 
abelian group, then s%-s, ¥ s, © s, ® is in it and hence sf is also in it, 
It will now be assumed that no power of s; or sy, except the identity is in this 
abelian group. Then the order of the group generated is 2 times the least 
common multiple of the orders of the operators a ie, @ De Ae aes | 


Let now s, and s, fulfil the following conditions: 


Then the order of the group generated is nm’, Such a group exists fol 
every value of m and », for let 


thed....efgh-ijkl...mn Up. qrst...uvusr, 


thgfe...dcb-arwvu...tsred...: -— PON aes Ih), 


where Sy and Sy are each composed of m eycles of order n 








ON AN INFINITE SYSTEM OF NON-ABELIAN GROUPS. RY 
Then 
s, 8, Uteeeqe ha oie py 
8; 85 Olin Se .. +B, 
<3 e “se q- fi 7] 
" I ; I Hbe..qel * 


Henee the operators st sare all of order a and by observation it is evident 
that they are all commutative with each other, By adding another evele 
of order # to s,;, and constructing s. anew the generality of these generators 


Is }) ved, Sy and sy then are each composed Ol wm 1 eveles of order ww and 


may he represented as 
thed..cefgh- ikl... WHOM +. . 00 -qrst..curma- anyd... €6ugq, 


' . 2 
4 Hofer. debe ag ede. O79 Gwe oc ctsrediaee ponms. Thy, 


and the products of equal powers of s; and si will all be found to be of 
order i 1. Henee, it these generators hold tor wm eveles of order # they 
hold tor w-> 1 eveles. It may be easily verified that they hold for m 2.3.4 
eveles and henee they hold) for any number of eveles by mathematical 


induction. When 2 2, the groups generated are the dihedral groups 
represented as regular groups. When n= 3. m 2, the group @ is the 
tetrahedral group, and for mn — 3,m — 3, the group is the non-abelian G2; 
all of whose operators are of order 3B. 4. om ae gives the C's which 
Is also detined by the eonditions  s! si = (s, s,)? = (57 5)? = 1. Taking 
" 5 the conditions beeome f c (s, A - 8, 8 or x rx 85 S, 85. 
From this last condition it follows immediately that  (s3 s,)° 1. In the 
authors thesis* it was proved that f; ft (fy te)” (fy 3) 1 detined 
eroup of order 3@*, and this is the same group as the one detined by 

‘ (ss) Sy)" (s,s 1. since the last definition may be obtained 
irom the first by setting s» f>, 3 f;, and « m. Henee for n= 3 


the group is of order 3m, 
The veneral group G@ of order ii”! detined above contains an invariant 
abelian group of order ne’! all of whose operators are of order im or 


‘Trans. Amer. Math. Soc., vol. 25, 1923. 





Qi) W. E. EDINGTON. 


divisors of order m. Call this abelian subgroup H. @ is generated by s, 


and H. If x is a divisor of », then the group generated by A and // is 


invariant under G, for, if this group contains s* 


. it will also contain ‘, and 


henee be invariant under ss since 


Which is in the group generated by sf and Hy; for sf sf is any generator 
ot H. Therefore the group G is solvable. 

All the above is summarized in 

THEOREM Tl. Uf tira non-commautative operators s, and sy fulfil th 


ditions 


the qroup of qreatest oride (ft nerated hy “} and Se 8 of orde) di mm” 1 and 
Nii }; “df qroup eLists for Creve aline if vil cpecd di. This qroup wa solvahl Wroup, 
PcurDUE UNIversitTy, 
December, 1921. 





A CONTRIBUTION TO THE THEORY OF CLOSED CHAINS. 


By A. ARWIN. 


In a previous paper* I have established a theory of periodically closed 
chains Which takes a place between the general theory of the domains of 
numbers and Gauss’s classical theory of forms. In the present paper I intend 
ty develop this theory along several lines. 

| : (P+ p| 
In $1 I define a new symbol | 7 |: that may possibly be called 


an “ideal fraction” because of its connection with the symbol of the ideal 
numbers (QY,, P, + D) in KCL DD). Then I prove the fundamental 
theorem: Two equivalent fractions, Which are multiplied by each other, 
i.e, Which are compounded according to Gauss’s rule for composition of 
forms, give equivalent fractions. In the theory of forms it is said: The 
composition of equivalent forms produces equivalent forms. As a consequence 
of the uniquely stated “multiplication” we get the unique decomposition 
uf a traction into simple fractions, “prime fractions”. In § 2 I shall prove 
the following theorem, which was mentioned in the previous paper: If 
b  1(8) DP 58) and the equation 4*—DN* — +4 is soluble, the 
numbers of the closed chains in the two types are equal. If D = 2,3 (4) 
there exists only the first type. If D2 ~ 5 (8) and W*—DN* + +4, the 
wumber in the first type is thrice the number of the second type. We also 
lind that the number of the ideal classes is equal to the closed chains of 
the second type when existing (if D—— 2,3 (4) it is equal simply to that 
of the only existing first type), and only in the case of D5 (8) and 
M?—DN* 4 +4 is the number of the closed chains, which always equals 
the number of Gauss’s forms, the quadruple of the ideal classes. In § 3 
the law of quadratic reciprocity will be proved in an elementary, new way 
in virtue of our theory of closed chains. In § 4] shall treat the symmetrical 
chains which hold only fractions of the second category, that is, the case 
oD 1 (4) and N(y) = M*—DN* = +1, and I shall prove that the 


solution of M*®—-DN* = -+ 4, when existing, and always in the case of 
M*—DN* = +1, must have the special form 


G+ Ztyityy—-EWD=4 €=0oerl) 


' Periodically closed chains of reduced fractions, Ann. of Math., vol. 24, p. 59. 
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am 


where Vy oa Vy 4s : y SOT Wy Y 1 Yy-1 Zy +1, and the continued 
fraction of y, 2, will give the equivalence 


[P,+VD| [Pes bait wees 
lw | |e ee 


1. We shall here introduce the symbol 


prep | 
| 4, 


and define it as follows. An equality 


means that these two fractions, which do not need to be reduced, will on 
the formation of a chain lead to the same closed chain. Further, by 


[P,+Vb|{P.4 [P,-+VD | 
| «w fl | | OG |’ 


we mean that the two fractions to the left will be compounded into one single 
fraction according to Gauss’s rule for composition of quadratic forms. Then 


Pt D | 


we may consider the “ideal fraction” | | | ee eee 


for the formation of the chain 


D Q, Q, 1? 


ete, 


where, if desired, Pay Qa (2, may represent also negative numbers. In 
consequence of this we express the inverse chain 


oe = 24. Fi-? = &.e., « 
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Co 


hy 


[P,+Vp| 


; @ fF 


But we have in the previous paper* proved the inverse chain to be the 
complementary chain of the element (P, + D)/Q,. which may then be 
Pi, +VD| 


represented by the symbol | 7 ( or by P, + Po , 0(Q,,), also 
a . 
hy | o | Hence we have the relation 
| ) | 
P+Vb{"' P,+VD 
p 
a tf @ ¢ tt & F 


verified by the faet that 


\-P +) v\| {Pit pol [ptb pl [pti p| 


vv 
‘ 


t © §F @ F F @ FE S 


lust always give the principal chain. Now, to begin with, we are going to 
prove 
THEOREM 1. From the equality 


[(P4+Vbp| [P.+1 pd 
| w J [| & J 
there Jolloiws the equation M* —DN* 7. | where the solution must belong 
lo the conqruence-rool r. ¢ which is constructed Jrom a and hy Gauss’ s 
rudy for composition, 
We shall first prove the following lemmas. 
LEMMA 1. Jf hy formation of the cham 


Po ss D QV, 1 (+ 
r 1 Pott tH, Y,. 7 
P31 —D = QQ : 
< ey 
* Arwin. loe. cit. Sy 
7 X ees 
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it follows that Q,, and Q, are both even, then the same statement must 
4 ) tO ? 
hold Sor all (J- of the chain. 
For we have 


op 
‘ 


: aici ( 7. “— : a ih oO Y, 
Q, Y+ 1 Fs 1 D (a do P,,) r. d ) 


(1, Y, —2p, PF, +, 1! 


| ae (),, 1, — 2H, eS ‘ Q, 
whence the truth of this lemma. Thus it D 2,3 (4), Qi 1 and Q; cannot 
be even simultaneously, but with J) — 1 (4) this is possible, and we have, 
in fact, chains of fractions of two different types, which cannot be trans- 
formed into each other by any equivalence. If D5 (8) Q-1 and Q,, being 
even, can only be divisible by the first power of 2. 
Lemma 2. To each fraction (P, +b DQ, it is alivays possible to find 
ah equivalent One (PAs | I) (dy. where (dy (or dy? in the ll of thi 
second type) is relator ly prome to any arbitrarily gaen number, for ¢ rample, 
Q,, itself (or Q,/2). 
From 


r scala D (, l Y, ® vf aa Db Y, Q, ae 


let us form 
(Poo, +eQ,—D ©... (6 YQ, 1D Po + Y, 1). 


Take « = my» determined by the incongruences py $ 0 (p,) for all p; common 
to @, and Q,., (@,/2 and Q, ,/2) and wy $y, (p_) for all other p, in &,,. 
where f. are solutions of the congruence 24. 2?+ Qo+1 O(p,). The 
infinity of the «, give numbers Q!., (or Q!,.,2), which are required by 
Lemma 2. . . 


We now prove Theorem 1. Form the chain 


i 


P—~D=@,.¢, F.,.—P =e... 


and the inverse chain 


a-—-Ry —-D= Or. 1 (dr. 
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By means of a general formula* the former chain yields Q, Q, = M,; — DN:, | 
where JN, fy +M, Qo Vy — P. ey and the inverse chain Q, Q: 


M, - -DN:, — ihe 4y . = MN, (- (,— Zy. J—- (Q. — P.) ty 
DP, 2 — Qr 2y 10 Thus by z, = \,; = N, we must have W,— +]. 
Taking the same sign we are lead to the following formulas 


(5') 2M, Qn Yy — Gs zy te = Pn) Zz 
6" Opty + ety — Ve + Py) zy. 


It may readily be verified that this combination of signs must be true, 
first directly by formulas known from the previous paper,¢ and then also 


1+ 
by simple specialization 7 o-+1, Yy 8, zy 1, 24 0, giving 
the Known relation #, Up P, + P,.,. By means of the first expression 


in () it follows at onee, ¢ being the greatest common factor of Q,, Q-. 
P.--P,.§ that VW, O(d/2) and thus NV, O(7/2), ) having no square factors. 
Inthe case DP 2,3 (4) Q, and @, cannot both be even unless Jf, and .V, 
are even, Whence a final common factor 2 may be divided into Q, Q- 
according to Gauss’s rule for composition. In the case of D— 1 (4) and 
fractions of the second type we have to operate with the values Q,/2. Q-/2, 
(P.—P,)2, whence their greatest common factor d $= 2 also gives 
M, N, QO(7/). In the fraetions of the first type @-1 and Q; cannot 


both be even, as was proved in Lemma 1. By means off] 
(15) (P, — D)z, - Q, (P, Po) y, Y, (- Yo | 
(6") Q, 1“y~ (Pi PD, Qs Yy 1 

we have once more (since Q@,  @,  O(2), and hence, referring to Lemma 1, 


Yn £0 (2)) N, z, —0 (2), whence MM, 0 (2"), when @,, Q: and 
(1’,-— P.) have the greatest common factor 2”, But inversely we cannot 
have M, N, () (Qf 1) 

> Qu 2 ! i ju+r2 Pe ey —- 9-1 
Wp Vy — Qe 2, 0(2"°"). Q, Ya > Qe 2y 4 0(2"7*), that is Q@, =O") 


since in this ease (5) afford the congruences 


Ze 
and @. 0 (24*1), sinee Ye - Fy 4 + 0 (2), whence from (6”) P» — P, — 0 


" Arwin, loc. cit., $ 1, (10). 
7 Perron, 0., Die Lehre von den Kettenbriichen, 8. 32. 
; Arwin, loc. cit., § 1, (8"). 


. . . . f 
§ Arwin, loc. ecit., § 1, (9). " 
Sommer, J., Vorlesungen iiber Zahlentheorie, 8. 220. y 


¥] Loe. cit., § 1, (9). 
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(271) eontrary to our assumption. In the chains of the second type we 
must with the greatest common factor 2” of Wor Ye (P, — Pz) obtain 
M, N, 0 (2" ') (at 1). Having Q, 2" ()./2" 0 (2) or Q 

Q. 2" £0 (2). we might by (5) have M, N, 0 (2"), but in the 
former case we should from (6”) obtain (P?,, — P,) 2 0 (2) contrary to 
our assumption. In the latter case it is in’ faet possible to have 
M, N, 0 (2), and it is necessarily so if D 1 (8) xe > 1 or 
Q,/2 QV. 2 $0 (2). but, if D 5 (8), we obtain eases of WM, . LV, 0(2) 
as well as J, NV, = 0 (2), since we must now always have 
GJ/2 (). 20 (2). As to (5) a final common odd faetor of Yd. Q,d 
and zy might also divide J/,. but from (6”) we conelude that each common 
factor of z, and @, must also divide P, — P;, since y, and z, are relatively 
prime. As the definitive result we have J, adM,. N, aN, 
M?— DN? = Q, Q: 7, where now N, and @, GQ, @ are relatively prime 
with the exception of the ehains of the second type in the above named case. 
From JM, P, N, (Q,/d), M. — F, N,(@,/4), &, -P,- X, (8, @/€) 


it follows at once that er P.(Q,/d), Po + P (Q, d) and also 
(P,—P,)a-P,- (D— P, Pid (Q, Q-/d*), deduced by M,+ P, X. 
Q,/d- ty MP, Ny = —Q,/d-2, ,, MP, P, N2—M, N, (P.—P) 


(dy qld? yy2y 4. ME = DNE--Y, Q &, NAD — P, P)—M, N,(P_—P,) 


= = ‘ f 
=p Qe U (Yy 271+ 1). Hence from y, 2, Yy_-1 2y = —1, 2, — O(d) 

, ara 2 ) , 4 , » 2 
we hav ‘; : D—P, P,yid—M, ‘,| P,— Pivd Wp er dy, éy-1t Wid 
and finally from J, -P,. N,(Q, G@-/d*) we determine N? (D—P, P,)d 
—N?2 P,.(P,— Pd 0, that is P,-(P,—P,)/d (D—P, Pd 
(Q, @-d*). Hence Theorem 1 is proved. On the other hand consider the 
relation +, Q- M;— DN, where NV, is relatively prime to Q, @- and 
M, Ni Poe dy Ge). Further, put zy — N, and form by 2, Pe! Oo) Wy 
as an integer In Q, y,— F zy M,. Then Vy and zy are relatively prime 

; ’ : l | 
and the continued fraction yw, 2. 3 i ees may be formed. 
de sila -3 3 3 7 
- 2 ‘ z 1 

Now let us take (P, +b 2 Q, as the initial element and form the chain 
With the 8; as coefficients, we then reach the last element (+4 DQ, 
and hence” (q, Yy— P, z,)° — Dz, (, Q,, whence Q- Qy Proceeding 
from the inverse chain we get P, A -P,-(Q-), and then we have 


proved that, conversely, from M?—D NP = @, GQ, it follows that 


(2,2 +V DQ} = MP.EV Des} 


ue, + | D) Qi \(P,+ Dy (pl 


* Loc. cit., § 1, (10). 
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We may prove this same theorem in another way as follows. From 
(M,—V DN) Q, > CM, +V DN)/Q. = 1 and Py P, being solutions of 


the congruences M, — ay P, (Q),,). M, N, Fa (().) we have 
Me av P, mM Qn: M, = N, Pr—nQ-, M; —-mn Q, Qe, — mn ] (N, ), 
since (, @- and NV, are relatively prime. Hence 


tp 
i 


[—M-(P, +0 DVQ,+m) [-n+™-(P,4+VD)@Q) = 1, 


that 1s 
P.-+ Ip mn-+ 1 
, P+ p - *& 4 
> ay ie 2 —% 
(- 
whence 


(P, - | D) (P+) D) Qe}. 


We shall now prove this theorem generally, when GQ, Ves P, — P, have the 
vreatest common faetor d, but restated as follows. 


THroremM 2.0 In any equivalence 
x (P,-b DQ, (P.-+ VD) Qe] 
\ p i dp! \ = ivf 


vw may oon both sides compound with the arbitrarily given factor 


(2 | DPD) (0, ye thing the eqaval ver 


x) (P+b DQ} CP, | D) Q,\ 
(Pp. +-b py} {(P.+1 Dat. 


We shall give the proof for the chains of the first type, since in chains ot the 
second type we obtain the corresponding result by certain obvious changes, 
of Which the most important is the substitution of Q, and Q- for Q,/2 
and (2. Now, let us assume Q, ih to be relatively prime to Q,, where p, 
is prime, 

LEMMA 3. From (8') we obtain for V- Qn: al Po the equivalence 


(P+ VD )/p'} (P+ V Dy pZQh 
(PL VD \ipt* Qi} = (Py + VD pee ph 


(P+ VD Vp} (CP, + Dy pz Qh, 


with Py A P, +- a 0 ()") for P, a Q, + Fr, and y>t,4>T. 





i 
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According to Gauss’s rule of compounding quadratic forms* we have 


P(P,+ P,Vpr = (D4 DP, PA (pet Q,) or PCP, + Pp? +a Q, 
(P,— Pp (DEE PVP’ @,) and also Py (Pn + Pi 


- ° , r ’ ' 

(D+ P,P,)'p’, ie, (P,— Py) (P, + Pp, + a Q(P, — Ppt = 0 
y-4,-2t ’ P is ,’ ‘ hey ot ’ : So , > } c ; 

(pe (,). henec P, P, (p" vA (Q,,). Since P, Pi PY *)Q, OC p%), 
Let us now consider the equivalence (8’) and determine 7, so that 

P*—D 04). $0 ()4""), PL odd. From M*?— DN* QO, Qe. QQ 

being relatively prime to V. @, p~(, and tor example x — 4, we have 


ve vay { } _—_ Bs — ()_: ss , rs >2 J 
once more .V/ doy - 2 l,2, dr iy y+ 2y N. With 7 Dip") 


we determine /’, from the congruence 7,(7, + Py) p° (D + P, P.)/p* 


(p24 9), when P+ 72 O(p7) 4>>7, Further, we obtain 
v / ‘ ¥ v 

Py Pot Py) py = (DEP, PY pl Py Pa PY PI Op Op PE EN), 

that o F.— f, 0 ()4~*), = 0 (4% **!), since y+ 4—2e >y%—t. Let 

Sy, Ph “y substitute for Py l, eo m pe : (4m E 0), 

we obtain JV pe Q, (Pi iy + mz,)— Hz, For +>0 we have 


Mey 4: O (py), he hee Wy y Dy “y and cy P 


us in V , 


are relatively 


8 I 
Vy y Py 5 ; 


a 
prime, whence we can form the continued fraction 


| aoe 
>  . Proceeding from (?,--b 1) QQ, p%°* ** as the initial element 


sd. 

er § 
we form the chain with these 3; and reach the last element (7-1) 1)) Qs: 
; a Se aare } 
te & Dz, 
Q-9,p4. QQ: Q-p* and trom My)’ * P22, 
P((_). Further, we have 2?” Pp, that is, 7?’ Pcp) 


- 


nee we at re ot tA na 1 nl 
Hence we obtain ((, Yy OT od or Q. (1% 


Q:Zy 1p, W take 


since P,P, PG) It pA — 24, we have M = 22Q)y,—P,z, 
M? DN? + 27 , (- r N?(24°') and therefore P>— D 0 (24), 
+ 0 (2471), whence we conclude as before. If 2 — 1 we — directly from 
M? — D N? Q, yn a. ()- V the equivalence — {( ae VD), Q, yr “| 

{(— Foy +b Dp) pi, where ie (fi (), a ‘ P (0p), 


whence P+ 2  0(p%), P P(p’), If + — 0 we have 
? pP.t v ¥ 


fi,T vy 


()' 7A |. ey )-— PP ; e l . oa ae 
M tol y, pme) . ‘ with Yr Mz, } 0 (py) also for x ), 


since M Q, = Y, im EP, — 7 z, should give M?— DN* 


“Gauss, C.F., Untersuchungen ther hohere Arithmetik (D. v. Maser, H.) 1899, S. 253. 
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0 po. Ds that is, Q. O(p,) contrary to our assumption. Thus 
i! yi me, and 2 Ve z, are relatively prime, and we conclude as 
she, “ is readily seen how proofs are modified in the ease 2 > y. Thus 
Theorem 2 is proved for all @, which have no common factor with the 
ereatest common factor of Q, and Q_. But according to the above Lemma 2 
we may always determine a Q, relatively prime to @, @- and even to Q, QQ» 
affording the equivalence 


(P+ Dv} = (P,+V Diva} = {(P,4+V DQ). 


This element inserted, we may apply the preceding demonstration, whence 
Theorem 2 is proved. For compounding chains of the second type the 
proof may be given as above in the case of p, odd and with a slight 
modifieation if py — 2, and so also when we compound chains of the second 
type with chains of the first type. We ean also give this Theorem 2 the 
following interpretation: In any correspondence by equivalence common 
factors may be divided out and be suppressed. In this form, however, 
it is a corollary of Theorem 1. 

There now follows at onee 

THEOREM 3. Lquivalent fractions comporwnded with equivalent fractions 


iit equivals vit fim hions. 


For if 
P+ ED) Qa \(P.+- VD )/Q-} 
and 
ly p 
MP, Pp) nt te + 9 D) Q,} 


we have 
NPD DV QHD AV DY Qab — {Py DQ P+ V DY Qe 


(P+ D )/Q,} {(P.+ VD )/Qz}. 


Hence the proof. We might also have borrowed this important theorem 
from Gauss's theory of quadratic forms;* since we have already established 
4 one-to-one correspondence between fractions and quadratic forms.+ 
Assuming Q, 1 in (9”) we have the corollary: Each chain compounded 
with the principal chain cannot lead into a chain other than the given 


one, Then it may be suitable to use the symbol 


(10') {1} 


“Sommer, J., Vorlesungen tiber Zahlentheorie, 1907, 8. 218. 
r Arwin, loc. cit. 


+) 
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P+ Dy 


for the principal chain of the first type and the symbol 


” 


(iG: ) 


for the principal chain of the second type. Further we have 
THEOREM 4. Bach “adeal fra tion” way mn a mnique MAanMET ly divided 
nto “prime fn tors” 


For, if @ qui sssq', where q_ are prime numbers, we get identically 


or, with P, 


verified by successive multiplication with | 


4 
r--J,--- 7) vielding finally the identical expression for the chain on both 
sides, This relation (11) may also be interpreted as the division of 
| P,+VDp|. ae | 
| @ | into Its simplest, its “prime factors”. Having any fraction 
th 


of the second type, we write 2Q and 24" instead of Q and g@t. With 
pP T Pp T 
, 


i 
” ; 
(11°) we have obtained a further analogy between the symbol | f 


ont the aye (q, (P+ DP) 25) le 0 or 1) of ideal numbers. 
THEOREM 5. Bach cham must, hy SUCCESSIVE compounding wath itsel f, 

necessarily give the principal chain. 

For, as seen, the number of closed chains is finite, and thus any chain 

compounded with itself, must give some certain chain more than once, that is 
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(PR+VD\ [P4VD\’ 


l &® Jol @® J 
nv | v. Whence 
[Ptbp |e 


te fF 


and the theorem is proved, 
THEOREM 6. The lowest power lo which a chain must be raised in order 


ty lead into the provcepal chain is a Sactor of the number hh of the closed 


cans. 
For by 
(Pp,+b bp] 
(10) Joi ‘ (7 1,2---2) 
| & J 
we have 7 different, not equivalent chains. If the number of closed chains 
a : Py + bp | 
is already exhausted, we have z h, if not, we select a chain | F | 
which is not in the set of (10). Further from 
(PV frat py 
(7 ] 2 , v) 
low fl | 


we obtain a new set of 7 different chains, which are non-equivalent to 
each other and to the set of (10). Proceeding in this manner the number 
af closed chains must finally be exhausted and thus /; = m-7, whence 
Theorem 6 is proved. 

It may be of some interest to show how the raising to powers can be 
elected in practice. Form, for example, 


» oye 
P,4+-VD P,.,—VD Wp = 
( ] | ) : it, : Ma - 
Up ‘ Q, Po ee | 2D 
Q, +1 
Where « — 0 for chains of the first type and ¢ 1 for the second type. 
: ° ° > oye 
P,., Will be determined from the congruence — Poa Pp + £,)/2 


(D+ P,y/2* (@,/2°) with the sign—so as to have P, + P,:, —— 0 (Qp). 





om 
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Now we have (Q,#,—FP,)?—D1*=(@, rrr Q,.1, leading to the 
equivalence 


bp|[p+lp| [p4voy 


‘ 


® Jl ®@ | oe y 


i 


After having reduced the fraction (P,., +1} D) (,., and having found, 
for example, the principal chain. we conclude that the chain must belong 
to the exponent 2. If not. the operation in (11) can be repeated with some 
slight modification. We may, however, also proceed as follows. From 
P- — D(Q,) we determine r. = 2 (Q, 2°€) and have 


P.+VD 


a 
/ 


Y, 


whence 


[ shall illustrate this with some simple examples. 
Evample. dD 79. 


Now form with P, t, @ 3 the congruence — 


Pos 5(9). Hence 








where 8 will be 


and further from 


which verifies (12’). 
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79 -+ 40, P. ~ 8 (15). Hence 


37 
7 
We might, however, also have 


we have (3-37—7-7)? 


proceeded as follows. Starting from P,., we determine P%, = 79 (3°), 


leading in the above case to P,,., 


is already found. 
Example. D 


P 


“ 





~~! 


P;,, = 5, trom which 


22 
4 oo 
b 7+5 
»? 
: ] 
6 -} = road 
1 79 ( 
1D 
1 + 
1 79+8 
l 
1 37 
| 7 
> 9 .9Q - ( _L 9g? 
= ol ,o2°29 901 —- 29°. 


A. ARWIN. 


1 gol — 1 3 
: QO] 
5O 
- 
9O1 + 19 
10 


since (1 + 18)? = 901 (54). It may be verified that (b} 901 + 19) 10. will 
lead into the complementary chain of (} 901 -- 29) 6, hence 


fb yore’ fb gor (} gor +29]! 
| rf | | 10 : | 


that is 


(4 . DC) i 
(12”) Judl a 2 | 
| t | 


which again is verified by 


b 90] 29 


3° 7 ” 9 
Wy 2y 26 — ; , 6— 29)°— 901 - 1° 4-34, whence 
follows the truth of (12”), 
THEOREM 7. Tf we assume. the solution of PA's equation and an arbitrary 


reduced fraction from any closed chain, the pertod of this closed chain may 


where 


he computed without forming the chain itself. 

We shall prove this for negatively reduced chains. The relation 
9,— P27 dD . +, where (7, 1) Dp) (J, is the initial as well 
as the last element of the closed chain, must. as we have seen,” give the 
solution of Pell’s equation W*— DN?* 1 in all cases of chains of the 
first type and also in the case of the second type, if R?— DS*- +4. 
Hence z, Q,\. Yy P, N(+)M. where the upper sign must be taken. 


since also in the case 1) DN -- M0 with Vp ‘f there follows 


" Arwin. loc. cit. 








A CONTRIBUTION TO THE THEORY OF CLOSED CHAINS. 105 


P \N--M<0; and where Yys 2, are relatively prime, since M and WN are 


relatively prime, and since for —M PLN; Q 0 (d) we should have 
w= PN’ = DN, +1 O(d/). Forming the continued fraction 
yt, = Pot +++ +73 we have the period if we consider the sign of the 
Yy 2, 3. 


right hand member of Pell’s equation, which will determine this as odd 
| 


or even. 
hu ample 2 dD 29, TOF— 29. 13° —1, ( | 29 -- 2)/d, leading to 
‘ =" , I 
», - 5-138 = 65, y, = 2-134 70. ‘ we have 96/62 4+ 
a b+ 13 1D. Wy 13-+- 70. Now we have 96/65 1- 5 
| I : nea aii 
W | '8 and, since .V(y) —1, the period is odd; hence 96/65 
| Ra ee Bie ee : . 
a ae TT ae with the period 5, yielding a symmetrical chain, 


as it should. We also remark that V from 1/?— DN* + 1 must appear 
as a factor in every 2, whether belonging to the same chain or not. It is 
readily seen how to modify this in the chains of the second type, when 


Mt—DN*- +4 and PD 5(8) with G@, — O(2), @, $ OC). 
Here it may be of some interest to call attention to the simple connection 
between the solution of .W?— DN* + 4, when existing, and those ot 


h?*— DS* +1. From [Ov Ly DN) 2|’ R-V DS we have at 
once Mi + 3MNPED Me +-3.M(M* = 4) SR. MF+3M 2 Rk, 
3M?*N- DN N(3 M*--- M?* + 4) SS. NCUWMF+ 1) 2S. Hence 


(15) R/M—S/N t 3. 


|+- 
- 


Conversely we verify [M(M? + 1) ¢ 2M —- DNFCMP = 1)? 
(M? + 1)? (M®'— DN* + 4) 0. 


2. Let us have the chain of the second type {(?,-+ 1 D) 2,1}. If in 


Fe 20,°2Q, ,. Where D 1(8), % is odd, we shall make corre- 
spond to this chain the ehain {(P,, +) D) Q, } of the first — It is readily 
seen that all chains {(P?%-- | D ) 4Q,1. where 7, » (2Q,), are of the 


second type. If Q, is even, we can according to 7 emma | determine P, 80 
there exists necessarily a chain of the first 


that (,—, Will become odd, i. e., 
type (P, 4 “VD )V/4Q, }, where Fr, P,(2Q,). It (P, + VD) 4Qp) 
belongs to the first type, (2, ; must be odd; hence from D—(P, —2Q,)° 

2, 7. 2(Q, ‘i P, - Qp) + 2Qy; we see that Wy, , is even and 
therefore the chain {(P, —?Q9,+VD) 4Q),} is of the second type, and so 
Is also \(P,4 -VD) ) | : 


It however {(P,,+0 D) 4Q,} belongs to the 


ate 
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second type, the chain {| P27 bp) 40, } must be of the first type. 
For all Y, we can therefore to the chain of the second type {( P,t+VD) 2()} 
make correspond uniquely a certain chain of the first type, and conversely 
we return by compounding this chain of the first type with (CP, - VD )/2} 
to the chain ((P,+) D) 2(,}. Henee we have established a one-to-one 
correspondence between the two types of chains in the case D 1 (x) 
after having proved that the above correspondence is independent of the 
representing element (2?,+1 D)2Q,. Let us therefore consider the 
equivalence . 


(4) la} (P,+V D)2qQ,) UP bP py2q.4 


that is, a relation Yy 9, + yy V2,o,+2, ,). Tf Q, Q- $0 (2) 
we must have, as proved, fy O12), hence 2@ (Yy2O, —2yy, 1) (2,2 
20, Z, 4), Le, 2o~2e,, as it should be. If Q, = 0 (2), G- — 0(2), 
we must have 2, FO (2), since the chain {2} is now of the second 
type, as we have proved above: henee for z 0 (2) we find 


<y 1 - 


2 w (2y, and = for 


yy 9/2 + yy W(z,-0,/2+ 2, ,/2), that is 20 ~ w/2, 

4-1 £ Q (2) w, 0, -~}] Va [2 Yy Os 2+ (Wy _ 4y)| [z, -@, 2 
+ (2, 1 —2,) 2], that is, 20 ~ o, 2 conformably to our data. In the same 
way if @, QO (2), we can determine uniquely for all cases, how the 
elements are equivalent, constituting the chain of the first type. In the 
case D5 (8), @, and Q, in (14) are necessarily odd, and all three chains 
(P+VD)@): (Po +V Dp V4} {(P,-20, -b DV4Q,} are of the 
first type. It Mt— DN =4 is soluble in integers, they coincide, how- 
ever, and give only the chain ((P,+bV D)«Q)}. Hence we have proved 


wie 


THEOREM &. Jf D 1 (8) and D — 5 (8) with M? — DN? + 4 soluble. 
the number of close | chains of each fiyprt is equal, 
Now, having M*— DN* > 4. the equivalences 


(16) (P,+V DQ) P+VD)/4Q,1. 


{(—P,+29,+1 Db) 4Q} {((P, + D)Q,) 


give rise to relations M*—DN* — + 4(°, possible only when{(P, + VD )/2Q,) 


is symmetrical. From the equivalence (PP, _V p) 4Q)} \(— P, r2Q, 
+VD) 40,3 we have M— DN? ~Q°. Now Jet us assume 


J F \ ; ; . 
UP, +VD W2(0,5 symmetrical with D 0 ((,), then (CP, ji. § 3) (),,] Is 
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also symmetrical, but in this case the two chains {( P, +VD WAQ,}, 
{((— P, +2Q, + V D)/4Q,] cannot be symmetrical. If l(P, +VD) 2@,} 
is symmetrical so that with N(y) = +1 we have D = = P+ (2Q,)'s 
we conclude from BP iP,~-2Or Pi 4Q, and the equivalence 
(2Q, LV Pp) P,} = {(+ P,—2Q, +V Dp) 40,1 this latter chain to be 
symmetrical; hence \(P, +-V Db) @} cannot be symmetrical, since a relation 
wv’ ~DN* + Qi: ‘waeen must belong to the same congruence-root P, 
as D P+ (2@,) must suppose the solubility of M*—DN* = $4. 
But also the chain {(P, +V D )/4Q,1 cannot be symmetrical, since 
UP, - 9(), + | D )/4Q,1 \(— P, 4 + 2Q,+1 D 40,1 must yield the 


ae 4 
relation MW” — DN” + 4(° and therefore (P,, at VdyQ,} = (— P, p 
bp) <a With 2, e P, (2@,) and P,, P, —2Q, (4Q,) we 
should have {(P, +V D) Wp {(—P,+29,4+ VD) 4@),}. which is not 


reget P,(4q,and {(P,+ | D VQ,} = (—P,+ VD /AQo}, 
whence {| P+ Ip 40, cannot be symmetrical. This latter equivalence 
is also to be considered as the result of compounding the symmetrical 
chain UL, 2, +b Dp) 4Q,} (—P,+2¢,+-V Dv4Q,) with 
(—P 24,4 -l p)/4}. In the same way we have, after having 
pints ‘dswith = {( Pp, +) D)A4}.* the equivalence ( P, +} pD) 40,1 
1 P L 2, +1 D) 40,1. Hence we have shown that, when 
UP, LV D) 2,1 is non-symmetrical, none of the three corresponding 
chains is symmetrical, and also that all are distinct. If {(/’, +) Dj: 2p} 
ix symmetrical, one of the corresponding chains is symmetrical; the two 
other chains form complementary chains. It remains to show that the 
chain is independent of the choice of the particular representative element 
(P, LY D) 2 Wp Now, in any equivalence (Yy + Yy (ey +2, y 
Wwe may have z, 0 as well as z, +0 (2). In the former case we obtain 
2~2, and with, for example, y, — 0(2) # 2~o,/2, and for o = @, +1, 
®, ~ o,.-+ 1 the equivalence @,/2~o,/2. If Yo + 0 (2) we have @/2~,/2, 
o/2~0,/2. And also in the case of 2, $0 (2) we may readily find the 
equivalences which determine in all i. the relations of the elements 
20, 2, ms/2, 2@,, o,/2, 4/2. Hence we have proved the following theorem. 
THrorEM 9, Jf D — 5 (8) and M2—DN* 444 the number of closed 
chains of the first type is thrice the number of closed chams of the second 
type. 
\(P, +) D)@,} ((— P, +1 D) @p}- 


"That is, in the symmetrical chain \ 


Ss 





te 
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Example. dD 901, 


b gol +29 oy 4 901 — 29 29 l 
° ») - | ») ' 
2 2 b 901 + 29 
30 
Voo1+29 |, , bor —t 1-4 
30) 30 ~ Pp 901+1 
30 
boo1+1 4 b 9o1 — 29 14 l 
30) 30 ~ bp 901 +29 
2 
. VeooL+17 14 | WI -17 14 | 
34 34 1} 901+ 17 
1 
b 9014-17 901 — 19 
oo ele 2+ . : 2 . Period @. 
1s 1s b ol 19 
30 
ete, 
V 901 + 24 94 1901 — 25 9 I 
6 6 ~ Pb 9014+ 25 


4 . 4 ~ Fb gor tt 
10 


V 901 + 21 — V 901 — 29 - 1 
ee: 4 le oe " 
10 | 10 ' VY 901+ 29 
6 


With these chains we have to associate the following chains of the first type: 


Vyo1 + 29 2% V 901 + 30 
] l 


es 


V 901 — 3 
60 ++ ae 60 +- . , Period 1. 
| V 901 + 30 


1? and 7 


Thus 


D a 


iD 


1(8), D 
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901-+29 V 901 — 27 
4 =i 4 

91+17 « , Vv1—1%7 
17 sit 17 


YOL +17 V 901 — 51 


} + 
Os 6s 
WI+51 _ s V 901 — 24 
2D a 25 
ete, 
w1+29 _ ,, , V901 — 28 
3 STs. 3 
ete. 
Y1+29 |, Vol —19 
ly wid 12 
ete. 
401 + 23 4 b 901 — 25 
12 12 


14-4 - 


19-4 


CLOSED CHAINS. 


1 
V 901 +27 
43 


l = - 
V 901 +17 
36 
1 
V 901 +51 
YD 


] 


V 901 + 24 


13 


l 
b 901 + 28 
34 


1 


} 9014-19 


45 


] 


} 901+ 25 


23 
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, Period 3. 


. Period 5. 


. Period 3. 


. Period 3. 


, Period 3. 


. Period 5. 


we have proved the theorem suggested in the previous paper: Jf 
3 (4) the number of closed chains equals that of the classes of ideals: 
5 (8) and M*— DN® = +4 the number of closed chains 


will become double the number of the classes of ideals; and finally, if D 5 (8) 
with M?’— DN®* +44 this number will be four times the number of such 


classes, for in case D 


closed chains of the second type. 


1 (4) the number of ideal classes equals that of the 


3. In this section we shall prove by means of our theory of closed chains P 
the law of quadratic reciprocity, for which purpose we insert some simple { ‘ 


lemmas, 
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Let p, and q, denote prime numbers 4 -- 1 and 42 -+ 3, then the truth of 
this theorem will readily be veritied: The equation «*—p, y? 4-9 is 
never, and a? —gq, +2 is always, soluble by integers. 

For if D Por W 2 can never appear as denominator in the principal 
chain of the first type. If 2 q,, we have necessarily Vj) — M*?— DN 

+1, as we already see from M?—q, N° { —1 (4), whence the middle 
element in the principal chain must be of the first category, hence GQ, 2. 
We may also observe that p, m*—+- n®, N (7) —i, # D Dy 

Further: If D | Ly, and any equation of the form p, +++ py? pyr 

i=] 
+1 is soluble, then we must have .V(7) +1. For since 


— Di* EPpt** Py< LD p,- must appear as denominator in 


+ py 
the closed part of the principal chain, and hence as middle element, the 
period is even with .V(7) ~1, Let us, for example, have D yi p's 
With (py po) — —1: then the relation «* p,— y? ps +1 cannot be soluble. 
whence v*®¥— py pry? —1. More important is the following theorem. 

THEOREM 10. Tf D = py. que digs. the number of closed chains of each ty 
must he odd. 

For if D = q we have necessarily gq, $ m*-+ n®, and, if D— py, we 
have just seen that »*—)p,y° — +2, whence there can exist only one 
symmetric chain tor ) — q,, and one of each type if 2 — p,; and, as the 
non-symmetrical chains appear in pairs, the theorem is proved in these eases. 
Further, since q; 4 1 (4), the denominator Q, — 2 cannot appear in the 
principal chains of the first type, and, since g,qz — m®+-n® the middle 
element as well as the initial must be of the first category, and hence there 
can only exist one symmetrical chain of the first type. It follows as a corollary 
that the equation »?4,— /*4q. + 1 is always soluble. Directly, but also 
by means of the above established one-to-one correspondence between the 
syminetric chains of the two types, we conclude that there eXists only one 
symmetric chain of the second type. Thus Theorem 10 is completely proved. 


THEOREM 11. Tf (qy/qz) +1, we hare (qs/qy) —1 and conversely. 
This follows immediately from the existence of the relation v*q,; —y* 4% 
x i. 
THEOREM 12. If (p, Vp) +1, we have (p,/pr) 11 and conversely. 
For with D = p, the number of closed chains must be odd, whence p,- 
Which appears as denominator in some chain, sinee (), Vp) +4. must 
leave, when raised to an odd power, a denominator in the principal chain; 
that is, the equation «*— p, /° + py (p,)" must for some certain be 


soluble. Hence we have immediately (p,/p,) 4-1, Reasoning in the same 
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manner for D p, We may similarly prove the last part of the theorem. 
Thus theorem 11 is proved. 
TuroreM 13. Lf (pi/qz) +1, we have (q-/p,) + i. 


This theorem is proved in the same way as Theorem 12. 
Lemma 4: Lf py 4-2"-s-+ 1, 8 odd, it ts always possible to find a q,, 


veh that (n/qy) rl. 

For, assuming (2 -+ 1)*’—p, 4.2". M and MV — 3(4) we may satisfy 
n(n -- 1)/2"—s 3 (4), and this is always possible since s is odd. From 
Mo O38 (4) we conclude the existence of at least one g,, which will give 
(yy dy) + I. 

Tironem 14. Lf (qe/py) +1, we have (qny/q-z) +I. 

Let us take D)— gy qe, g, determined as in Lemma 4. From the deter- 
mined (jy gy) -~1 we have according to Theorem 13 (q, p,) +1. As 
likewise (qe py) 1, py Must appear as denominator of some fraction 


when DY q,q-. and, as the number of closed chains for this D = q, q- 
ix proved odd, the equation *— q, gz" = (+); (1)* must be soluble for 
some certain z. Comparing the condition (p,q) +1 we see that the 
sign > must be taken and thus conelude (),/4-) +1. Henee, with 
Theorems 11, 12, 13 and 14, the law of quadratic reciprocity is completely 
proved by means of the theory of closed chains. 


4. In this seetion we shall treat the problem arising when V(,) 

M?—DN* -1if D 1.2 (4). ) without any quadratic factors and 
containing only prime numbers ); 4n +1. We shall prove the following 
ceneral theorem. 

THroreM 1h. The necessary and sufficient condition that N(y) +1 
when D 1 (4) vs the eristence of the equation 


(19) 


Vy I Vy 4 by ey " doo (2. by D = 4, (¢ — 0 or 1) 


which is satisfied by valhws Vy connected hy the equation 


ey? Yy—-i> ~y-1 


(20) yy 2 —¥ Z 
YX X-1 a am ae 4 


md the congruence Yy2y +- Fotos 0 (h). Yu 24 also affords the equivalence 
(21) (P,+V DQ} = (P+) DY Q-} 
ene oe Py + Q, rT (Wz, Wp - 0 (2). 





i Po 
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lf D 1 (4), N(x) 1, there must, as has been proved, exist 
symmetrical chains with elements of only the second category, hence 
D=P?4+Q@=P-4+Q. Let us fix Q, = Q,=0 (2), whence P, = P. 
+ 0 (2). Comparing equation (9) $ 1 in the previous paper* we get for 
| P* _ e. By = bys Iya = — Hy the following system 


FS Y; R ) » ae - : Be nif 2 
(22) Wey 1 — Un Zy (Pa PD ys Qty — Oeey-1 = (Pp + Pe) zy. 
Multiplying the left and the right hand members, respectively, of these 
equations we obtain 


7. 7 


— Gey ey TO Se Wy Wy 1 Ay %y 1) 


Up 24 My 


= - es 
(f, Pz) Yy Zy ((/- tp) Vyey: 
Hence 
(23) Qn (yy Way fy 2y 1) - Wy zy ce Wy 1 zy 1). 
Now, @ being the greatest common factor of @, and Q,, and / that of the 
parentheses, we conclude further that 


(24') h v. =: (Yy fy f- Ny ' zy ds ); (- a (Wy Yy ae ey Zy , ) 


and, from (22), 


94" - ) 2 5" 
(24°) WP, P.) 1 éy)s b(P, + Fr.) UY, 2y 1)> 
or 


95) OEP a >" ” . 
(2D) 2hP, UY T Wy , z zy Py 26 P, 


= lg ty Hii 


Since P, and \, are relatively prime, we have 2h 0 (a) and may con- 
fine « to the values 1 or 2.) From D P, +, we compute 


22 i < . i : » 2 f 9 
(26) (2° by DP) 4(y, ey 7 Yy 1 2y 1) + (Yy -+- Yy 


where «= 0 if a =2,e=1 if a-- 1. According to 


Vy 2-1 Uy 1 x 
= +1 there follows from (26) 


9 


7 oF 2 2 ! 2 { 2 ! 2 v4 
(21) (2 h) D - (Yy a Yy 1 T fy T 2y 1) — 4, 


Which is the relation of Theorem 15. But conversely from (27) the truth 
of (21) is readily shown. For from (27) we may arrive at (26), hence 


* Loc. cit. 
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hy, and 267, in (24') and (25), since Yy2y + Yy 12y-1 0(b). Putting 


these values in the system (22) we compute 1Q, and 26 P, and have the 
expressions of (24') and (25), also leading to (27). Now, since Q. and P, 
satisfy (22), it follows that 


94) {(P, + D) Opt {(P. +V D VQ,1, 


hence V(y) +1, and Theorem 15 is proved. 

Next we shall investigate whether there exists any deeper relation between 
Po Q,. P-. @_-. Which are connected by the equivalence (21). 

“Turonem 16. In the equivalence (21) the values Qn» Ves Pa P. are connected 
hy the following relations 


(28) VY, — am—bn, Q, am+hn, P, an-+hbm, P, = bm—an, 


mn are also af termane d hy 


Q, “+ ‘f, (a —+- th)(m + in) (am— bn) + lan hm), 
(299) 

Q. + @F, (a + 7b)\(m—in) = (am bn) + tlbm—an), 
where D (a* + b®)(m* +- n®), 


v 


Let us assume V p? as powers of prime numbers in / if @ = 2, or in 
, Tt 


2h if a 1, then, having y, , zy (Ms Yy-1 + O(p,), we obtain 
“wn . , r ; ; “is . Ye > . 

trom (24°) yy 2y —~ Hy s fy) Hy Zy (Pp) and have the congruence 

f ° Pee eee ae =~» ; v 

ty Ty Or), L@., Yy + 2y 4 yA. Having y,_; = 2, — O(p') 

and, for example, by (24) Vy -t. Ey O(p”?), yy ty + 0(p,), we find 
- ea f Tt “Ah , 4 

(Wy 1 2y) pe po”. A, if vg >, and set Yy-1 — 2 = pe. A if ay = ve. 


Hence for all cases m,n, a, b are uniquely determined as integers by 


Ya zy | ry Mm, YWy— ey, rb, Yu 7 ey 9%) Yon —f = 7,8 
or 
o * . > | . ») 
(28) Vy (r, m+ r, by 2, Yu (r, a+r, a)/2, 
zy (r,a—P, M2, zy, = (1 M—N, b)/2. 


Now, replacing in the system (24) by the values (28); 


we compute 


Yas Vyas ys =y-1 


bQ, a/2r,7r,.(ma—nhb), bQ, a/27r,r.(ma+nb), 


b P, a/2r,7r,(na+ mb), bP, = w2r,r,(m h—na), 











SNES 
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that is, 


C. : mt— nb. - ma--nh, 
Fr. nea mb, P. = mb—na, 
D) == (a*-+4- b*) (m* 4- n®) D, Ds, 


and likewise, replacing ,. %/ y+ 2y.2, ; Im (20) by the values (28), we have 


(29) - (an? -- n=) — rz (a? - I) a D), ¥: D), > + 4. 
The existence of an equation like this may also be proved directly, for from 


(30) f? — (9 x)? D 4 (¢ 0 or 1) 


we have, forming as in the previous paper 


since M?—DN* —4 is not soluble, just an equation of type (29). 
But, conversely we can obtain (28) directly from (29) and hence from this 
equation, onee given, construct all Q,. Q.. P,, P, satisfying (24). Thus 
Theorem 16 is proved. . 

Exvample. D d-93.- 4241 1123865 









1°- 4241 — 4°. 265 - h &, é i, 





Hence 






1? (65? + 42)—42 (1274112) = 1 





(1-65-+ 4-11) (1-65—4.11)—(4-19+4.-1) (4.12—4-1) ri, 







whence 


109, Z 52. 


gs 





Ny éy 1 






Thus 






Ki), 109-52 + 21-44 R- R24, 


(). 109.44 + 21.52 8-736, 






16 P, 109? +- 442 — 5v*— 9]? 16-667, 


16 1, 





109? + 522?— 44291? — 16.763, 
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and in tact 


i 
(2-+-7) (7-27) (654 47) (12-+- 117) (654-47) 736 +- 763 7, 
(P+ 7) (74 27) (60— 42) (124-117) (65— 47) RP4 os 667 7, 
tee te oe 
and also yy zy = 2-4 10 tie Tp” vieiding the equivalence 
{(} D+ 667)/824} = {(V D -+ 763)/736}, 


| 


where the intermediate fractions are (b 2+ 981)/196, (b D+ 979)/844, 
(J P+ 709) 736. 
From 
(1-65-+ 4-12) (1-65-—4-12) —(4-11 4-4-1) (4-11— 4-1) i. 
we take Ny 115, z, 48, 4 40, 2, | 17, 
8d, R (113-6 17-3) 8-765, 


OP, = 113°+ 40° — 48° — 177 = 16-736, 


so that the chain is of the first type. 





it D 2(4), we have only one type of chain, whence the possibility 
i 
(55) (CP, {1} p) | @, 4 1p) P| 
is not to be exeluded. In this case we have the following theorem: 
THeoreM 17. If D 2 (4). NV (y) +1, then the equivalence-relation (33) 
erists when, and only when, r?— Dif* t-2 fs soluble, otherwise we have (21). 
From D —(Q, —P,)?= @,-2P, we have 
oan | | Le 
(VD) — My Py, FVD V2P) 
, ; az 1 
(Q,—P,+V D2} (Q,+1 D) ee (Q,+V DWP,t, 
because {(Q,,- “hth By 2 | {1}, o*§— Dy? 2 is assumed to be 
soluble. Hence the theorem is proved. But it may also be demonstrated 
In the same way as Theorem 16. Placing Q; P, and P,== Q, in (22, 
we find the following system of equations p 
ing 
2 ? » a Fr 
Yn (Yy — zy) Py —y ws YU, Vy - Zy) DP, &y r zy oh 
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Sinee 4, and P,, are relatively prime, we have 


hQ a — Z - ; , — 
Un Vy Vy) fy VT “y-13 b P, Vy es 
whence 
2 — Ps¢y 3 3 sity a ; 
b D i. ), Wy ++ Yy—1 2 My Wy it Uy t zy 2Yy 2y 
4 i ih ——— — pa ee 2 y, Z if 
INS" SNO-1 v4 a x IN “4-1 a 1 
9 a eS oe ee oa Lay @ 
raga ge Oo i Ty y—1 0 Sy) = Ms 
SINCE Hy 2 ry a ey ~1. Thus we have directly established the 
solubility of «*— Dy? = + 2 and also shown how to solve it. 
Evrampli . Dd 2-17-07 5208, 
: - ss s | - > j . 1 : ] 
Now we have \() D+ 56) 2; = | 1; from Yul Zy 144+ —4+ 5, 
= 8017, (801 —7-57°— D-7? = 2, or 77 (32? + 25%) — 201° 
(1° 1°) —1; hence 
Vy 425, zy 576, tO, 309, Q, 54, 
%- 6, zy S <8, 49, P, i. 







We have also —7?(40°+- 7%) + 2or2(127+1%) = —1, 






‘ - yr ~ osc - 
My zy = 250, i, = 329, Q, = 4, 






Yy-1 = 192, zy, 79, 7P, = 231, P 33, 


gp 
/ 





$298 = 33°-- 47?, 






I 
l 






and {(V D+ 33)/47; (1b D+ 47)/33} given by 481/250 = 14 







Evample. D = 2-41.73 = 5986 — 75*+ 19? — 6924 35%. Here the 
equivalence {( | “D+75 /19} {( VD + 69) 35} is satisfied by {8982/2367 
tee ] | 


8 + + /. AS nee _ 3 mmediate 
~* ie * is + 5 + 4? Vy-1!ey1 4539/566. The intermediate 
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fractions are (VD -+-77)/3, (V D+ 76)/70, (V D + 64)/27, (V D+ 71)/35. 
We also compute 


bQ, Yu ey Ty 124-1 2499972 -19, 


2), P. Yy a Yay — 2y — zy » = 2499972 - 75-2, 
and the equation «*— 5986 y? = + 2 is not soluble. 


With slight modification we ean apply these theorems to positively 
closed chains. We have, for example, D 165, 15-1°—11-17= 4, 


1°(6*°— 5*) — 17 (4° — 1°) — — 4, (6-14 4-1) (6-1—4-1)—(5-14-1-1)(-1 
wis) —4, Wy D, zy 3, Yy—1 2. &y_4 = 1, Wy 2y 1 Yy—-12y = —I, 
s > /2 ~») l ‘ 1 
My iy FB=2— gy, ane 
hi, 915.3 — 9 f) | « 96. ht) 2(5-2—35-1) 1-14, 
hy’, > ae | 1-29, bP, 5? — 3° + 2?— 1° 1-19, 
Cb 165 + 29)/26} {) 165 -+.19)/14]. 


Also in the case of an entire period, that is, Q- = Q,. P-— P,, this 
same method is applicable as may be seen from the following example. 
Erample. D= (N05 = 5-18-17, D = 322+ 9% — 33°+ 4° = 23°+ 24° 


317+ 12°, 28488" —- D . 857° -1. Henee (28488 + 9 - 857) 
(28488 — 9. 87) — (32 - 857) (32 - 857) —1, Yy/zy = 36201/27424 
Piya & l 7) 5 l ; —T 
rr. t } - - ,@ a. £; 9, period 7, 
a tS 35 eo Tao aS / 
and from (28488 -+- 32-857) (28488 — 32. 857) — (- 857) (9-857) = — 1, 
ta l are l > ‘ 
Wy *; vol 713 — a+ a + od ? Vp 5 , I = 32, 
lie ; ' 14 + 66° 4 7 v p 


period 5. Inthe same way we may treat the other combinations of Qp and Py. 


LUND, SWEDEN. 
December, 1922. 
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ON THE CHARACTERIZATION 
OF THE SET OF POINTS OF /-CONTINUITY.* 


By Henry BLUMBERG. 


The theorem of the present paper holds for one-valued, real functions of 
one or more variables: for the sake of greater concreteness, however, we 
confine the discussion to functions 2 gir. y) of two variables. We use 
the term */-region”” (— open set) to denote a (planar) set consisting entirely 
of inner points, i.e., of points each of which is enclosable in a circle eon- 
taining exclusively points of the set. It is known that the set of points 
where a function is continuous is a [[/,. i.e.. a product (= common part) 
of a sequence of J-regions J,: conversely, as W. H. Young has proved for 
the ease of a single variable.7 if Sis a []/,, a function exists that is con- 
tinuous at every point of S and discontinuous elsewhere. Now to say that 
a function g(r, ¥) qg(P) is continuous at P (x, y) is to say that the 
ordinary saltus of g is zero at P. This form of statement suggests other 
kinds of continuity. For besides the ordinary saltus, we have the /-saltus, 
the d-saltus, the z-saltus, and the e-saltus.? 

We are thus led to introduce the following 

Definition. A function g(P) is said to be 4-continuous at P, if its 4-saltus 
is zero at P: d4-discontinuous at 7, if its d-saltus is positive at /. Here 4 is 
to be replaced by f. d. 2, or ¢. 

The object of the present paper is to prove the following 

THEOREM. The points where a function is d-continuous, 4 = f, dz, ore. 
constitute a Peis, 1.0. product of I-regions; conversely, if S is a ] | Jn. 
a function exists that is d-continnous at every point of S and d-discontinuons 
elsewhere. 


Let S be the set of points of 4-continuity. That S is a [ [Zn follows at 


“Read before the American Mathematical Society, December, 1919. 

+“ Cber die Einteilung der unstetigen Funktionen und die Verteilung ihrer Stetigkeits- 
punkte,” Wiener Sitzungsberichte, vol. CXII, Abt. Ila, p. 1307. 

{ These are defined as the ordinary saltus, except that in calculating them, we may neglect 
finite sets, denumerable sets, sets of zero measure (Lebesgue), and exhaustible sets (=~ sets 
of first category according to Baire) respectively. For the precise definition of the various 
saltus functions, see Blumberg, “Certain General Properties of Functions,” these Annals, 
second series, vol. XVIII (1917), p. 147. These definitions are stated for functions of one 
variable, but they may be at once extended to the case of n variables. 
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once, For the 4-saltus is an upper semi-continuous, non-negative function.* 


, , I 
Therefore, the points where the d-saltus <— , m = 1, 2,.... constitute 
n 
an /-region J,; and S [ [/n.- 


To prove the converse, we take first the case of z-continuity. We construct 
a function Ayr, y) = Ay (CP) with the following properties: (a) h,(P) = 0, 
if Pis not in J;; (b) A, CP) is continuous at every point of 7,; (¢) 4, (P) < 1/3 
everywhere; and (d) /,(P) assumes both the values 1/3 and — 1/3 in every 
neighborhood of every boundary point of J,;. Let 


Y,, Ge... in inf., 
and 
Hi, Re,...+ im inf. 


he two sequences of points of 7;, such that on the one hand, every point 
of the boundary of J, is a limit point both of the set {@,} and of the 
set {/’,}, and on the other hand, every point of J, is a limit point of 
neither set. We define ,(Q,) as equal to 1/3 and h,(2,) as equal to 
-13, for every » If P is a point outside of J, we set h,(P?) = 0. 
Finally, if /? is a point of J,, different from every @, and R,, let d(P) 
be the shortest distance from P to the closed set C that consists of all 
the points @, and the points /’, and all the boundary points of J,; let V 
be a variable point that ranges over C, and PV, the distance trom P to V. 
We then defineT 4,(P), V varying over C, by the equation 


cr oe 
hy, (P) min a (V)+ ae — 1}. 


Let P, and Ps be two P's of J, for which h, is defined by means of this 
equation; and at distance ¢, apart; let ¢, be an arbitrary positive number, 
and V, a point of C’ such that 


P, V 


2 ry 8 
hy (Pi) >h(V) 4 UP,) 


—1—é,. 
Since 
te Fr, Ve, and d(P.) > d(P,\)— 4, 


"L.c. p. 151. The reasoning is essentially the same for the case of a function of 
nH Variables. 


| Ft, Hausdorff, “Ober halbstetige Funktionen und deren Verallgemeinerung”, Math. 
Zeitschrift, vol. 5 (1919), p. 296. 








i 


9 
tay, 
a 
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we have 
P,V 


hy (Ps) : hy (Vi) + d (Ps) anniv 


hy (Vv) ie 
where 
d(P)y+ PV 
d(P,) (dCP,) — 4) ° 
Therefore 


hy (Ps) — hy (Py) < ke, 


from which, in conjunction with the corresponding inequality for /,(P,)— h,(P.), 
we may conclude that /,(P) is continuous at every point P of J, that does 
not belong to {@,} or to {R,}. Moreover, if P is sufficiently near a point , 
V must be taken to coincide with Q,, if we are to obtain the minimum 
, ~ a mm i 
value of /,(V) + iP) 1. Henee kh, (P) h,(Q,) if P is. sufficiently 
( 

near @,, and therefore /, is continuous at Q,. Likewise /, is continuous 
at every Ry. Furthermore let V be a point of Cat the distance d(P) from 
the point P. which belongs to Z,, but not to {Q,} or {R,}. Then 


: ne wt " 
hy, (P) a hy(V)y+ ACP) hy (V) 


The function /,(P) therefore possesses the properties (a), (1), (¢), and (d). 
We now define in the same way a function ha(P), bBo s5 OO 


~? 


that (a) h,(P) = 0 if P is not in J,; (b) h,(P) is continuous at every point 


Of Tn: (0) In (P) = everywhere; and (d) h,(/’) assumes both the values 


D7 
a” 


1. 
Bn and —- in every neighborhood of every boundary point of Z,. Let 
e oo . . 


7 oes 


The function h is continuous at every point P of S =[]Jn. For the 
function hy -+ hy + +++ + hn is continuous at P, each of its terms being con- 
tinuous at P; and the function h,,. , + Iino +- +--+, which is in absolute value 


*. approaches zero uniformly as n— , 
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if P is a point of S, the complement of S, we shall say that “P is of 
index nw’ if it is “shed” at the nth stage, i.e., if J, is the first J to which P 
does not belong. Suppose that P is of index » and belongs to the deri- 
yative S’ of S. Since P belongs to every J, for »<n, the function h, + he 
+... +h,-1 is continuous at P; and since P, being a limit point of S, is 
a boundary point of J,, every neighborhood of P contains points of J, at 


‘ , 1 
which hk, == 1/3" and also points of J, at which h, = —- Moreover. 


3n ? 
since , is continuous at every point of J,, the saltus of i, is 2/3” in every 
neighborhood of P even though sets of zero measure may be neglected. 


Therefore the z-saltus of h, is 2/3" at P. Since dy +hot+ --- +hy_s is 


continuous at P, the z-saltus of dit+he+--- +h, is 2/3" at P. Now 
' l l 1 
Iinaat Jinsaot 2 se s p j -}. - Lo aa seo. See < ‘ 
yn 1 Bure 2.3" 


Hence the z-saltus of # is at least 1/3" at P. The function h is therefore 
z-discontinuous at P | 

We finally detine the function g() as follows. We divide the set of interior 
points of S into 2 parts, 7, and 7,, in such a way that every circle con- 
taining an interior point of S contains a subset of 7, and also a subset 
of 7,, neither of which is of measure zero. We then define g(/) as equal 
to h(P) if P does not belong to 7;, and as equal to h(P)+e(P), if P 
belongs to 7\; here e(2) is the shortest distance from P? to S+S’. We 
assert that g(2?) possesses the required property of being z-continuous—in 
fact, continuous—at every point of S, and z-discontinuous at every point 
ot S. For if A is a point of S+ 8’, g(P)—h(P) approaches 0 as P 
approaches A. Therefore g(P) like h(P) is continuous at every point of S, 
and z-discontinuous at every point of SS’, the common part of S and S’. 
It 1 is an interior point of 8, suppose first that 2(P) is continuous at A. 
It follows, according to the definition of g(P), that every neighborhood of . 
has a z-saltus of at least e@(A); ¢(P) is therefore z-discontinuous at A. Finally, 
suppose that AC?) is discontinuous at A. We may assume without loss of 
generality that J, 2 J, > J,---, ice. that J, contains J, J, contains J;, 
and soon. For if this assumption is not fulfilled at the the start, we may 


U n 


set J, | [7 then S | | J, with J, > J, 2---. Let the index of A 
¥=1 
hen. Then r must be a boundary point of J,. For otherwise /,,(P?) would 


be zero for » > n if P is ina sufficiently small neighborhood of A; since A 
Is in J, 4, the funetion o,—, Jy +g + ++ + Ay is continuous at A, 
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and consequently i would be continuous at A contrary to our present assump- 
tion. Since A is a boundary point of 7,. every neighborhood of A has two 
points of J, at which h, = 1/3" and —1/3” respectively. Since 6,_, is 
continuous at A the saltus of ¢,-; in a sufficiently small neighborhood V 
ot A is less than a preassigned positive number «. Let Q and F be two 
points in V at which /», 1/3” and —1/3” respectively. Since h, is con- 
tinuous at Q and at #’, we may enclose Y and # in neighborhoods NV, and 
Nz respectively, both lying in .V, such that the saltus of 4, is << in both 
NV, andy. If P, and Py are any 2 points in .V, and WV, respectively, we 
have 


Gn— (PP) —On—1 (P.) > — € and hy (P,) — In (Ps) > an 


and since Jin. +h, we conclude that 4 (2?,)—A(P) 


. *? i 
>. a) 


> 4, —3¢6. The neighborhoods .V, and Ny contain respectively subsets 
3) 


M, and M, of 7,—the complement of 7;—that are not of measure zero. 
Since g and hk have the same values in VW, and WM. we conelude that the 
z-saltus of g is at least 13%—3¢« and hence at least 1/3” in every 
sufficiently small neighborhood N of A. Therefore, the z-saltus of g is at 
least 1/3” at A. The theorem is now completely proved for the z-saltus. 

The construction of a suitable example in the case of the e-saltus may 
be carried out precisely in the same way, except that 7, and 7, are to 
be so chosen that every circle containing an interior point of S contains 
subsets both of 7, and of 7, that are inexhaustible (i. e., not of first 
category, according to Baire). 

For the f- and the d-saltus, we may use the funetion g defined above, 


Without modification, For since g is continuous at every point of S, it is 


a fortior: f-continuous and d-continuous at every point of S; and since 4 
is z-discontinuous at every point of S, it is a fortiori’ f-discontinuous and 
d-discontinuous at every point of S. 


UNIVERSITY OF ILLINOIS. 








ON THE AMPERE-CAUCHY DERIVED FUNCTIONS. 


By H. L. Smiru. 


According to Cauchy,* Ampere was the first to show how to derive from ry 
a given function /(7) the sequence f"!(x 2,), f(a x; zy), ... of functions 
which we call in this paper the Ampere-Cauchy functions derived from f(x). a 
These functions were first detined for distinct values of the arguments 
involved. Then if the limit of one of them, say /“, existed as certain 
4 of its arguments approached a common limiting value, that limit was taken 
as the detined value of /’ when those arguments had assumed their common 
limiting value. The formula 


f™(§) 


fin (9 ae Ln) 
MN. 


where € is between the smallest and the greatest of the distinet values 


0 


n 
lessee. Made it possible to identify 7? la... a] with /(a)/n! pro- 
vided /-" (2) was known to be continuous for a a. 

li the present paper a definition of the functions /" is given which 
allows us to compute their values without unnecessary restrictions as to 
coutimuty. The most that is required is the mere existence of all derivatives ig 
to Which we are led. This leads to a new treatment of Newton's inter- 
polation formula with remainder term under hypotheses which reduce, when 
the parameters involved are taken equal, to those under which Taylor's 


lormula with a remainder term is proved in the caleulus.+ 

|. The Ampere-Cauchy derived functions (distinct arguments). 
Any function f(r) of a single variable » gives rise to an associated 
tunetion (49 a,) of two variables defined for all distinct values of those 
Variables by the equation 


(I) Sr ry) Jo) Ji) . 


\ gq — FY 


by induction we can define an infinite sequence /"!, f°), 7, ... of functions 
derived trom f 'Thus on assuming that f@, f@),..., 04 have been 


"Comptes Rendus, vol. 11. 
r Other treatments equally general have already been given from other points of view. 
Cf Markoff. Differenzenrechnuny. Kap. 1: Birkhoff, Trans. Am. Math. Soc., vol. 7 (1909). 
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defined as functions of 2. 3..... % distinct arguments, respectively, we ean 
then define f' by the equation 


. } 
7“ 2) ‘noon 1) J> N(x, 


(2) PO ao. ose 


Mn 


for all distinet values of 79. .....4,. The funetions 7M, 7@), 


called the Ampere-Cauchy tunctions of orders 1, 2. 3, ..., respectively, 


derived from the function f. 
By induction the formula 


SF (xi) 


be oat VW) US; 


is easily proved to hold for all distinet values of vo. .... 7. Formula 
shows that f/ is a svmmetrie function of its (+1) arguments 

Before proceeding to extend the above definition to the general case 
where the arguments are not supposed distinct, we need a certain formula 
for difference quotients. This is the subject of the next section. 

2. A formula for difference quotients. The difference quotients ot 
a function #7) may be detined by the following recursion formulae 


f(r 4-hy) — f(z) 
: h,) ’ ‘ . 
he. 
Rat * y= Bis oe a 1) 
Ny, 


It follows by a simple induction that 


ee i : tla — fi, ~+e-+ f,) > Sf r+h, f-. . Jin—1) 
(5) 


1)’ > fla hi, ‘ae deeaiae hh, Ee Soe ey pf), 


Se : — . 
where 2 denotes the sum of all (algebraically) distinet terms which ean 


be obtained by permuting /, hy, in the expression affected. 
The tormula which we seek to prove is 


(6) Ls; h My) = 2 f(a, Ly hy, ia hiy-+ hie, ceeg tt hy+ ery 


| 
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where \’ has the same meaning as above. We prove rather an (in view 
of (D)) equivalent form of (6), viz., 


"i a . : 1 Bt a , 
eC) ZDehy---eef*,...,- 8) = Sot sy -¥("\¢@oh, 
i=] Nei 1 E 0 r f’ 


where Z, denotes the polynomial «+ h,+ --- +h, (r= 0,...,n), 


q | “) denotes n!/(a—r)t rt, and S,,...,S,: are symbols for the x! operations 
of replacing My... h, by the x! permutations of these quantities. 
Now let Sj)(y = 1,...,(% —1)!) denote those substitutions S; such that 
},, is earried into A; and Jy,...,4,-1 are carried into the (n—1)! 
permutations of the letters /4,,.... h, other than h;. Then if we assume 
that (6°) has been proved for ditference quotients of all orders lower than 
the wth, we have 


" 1 
’ 


> Sj h, schon hin fre (Z, see ee } & 1) 
] NY iJ ~‘ n— } | 
Ss! (— 1) {(Z, pas th ee Bonds n 
(n—1)! ‘|, 0 | | ail | 
x0 that on summing for 7 ere n. we get 
n! 
pa) ee ee) | 
i 1 
(4) n't n-1 
l “) is a) | 
S (— 1)’ (Za-t<9)i 
ot ESCO S |renl 
Now let Sz (i 1..... (2 —2)!) denote the substitutions S; which 


cary Ay and hy, into h; and h; respectively and /,...../,—2 into the 
(n--2)! permutations of /,..... 4, other than /; and /;. Then 


(m—2) ! 

WY oot ; r r r 
ios SY hy eee Ret ye I (Zo, at } an Zn) 
2 


n 2 n 3 ee (a, : i 
(u—2)! de Si hy, , > .= 1yr(" yr “\ if) (Zp 2—19 Z| | : } / 


Kk 1 r=0 \ c 
so that 
ni! 
v . r r. r 
= S; hy eee hin Te n—I (Zo, eens | Zn) 
(8) — 
1 3 (= n—2)\ py zh 
’ ; “\ pi: 
(y — 9)! S; Nin 1 | ad (—1)’ | - 7 (Zn 2-1 Zn) . 
@w}/+ @--1 r=-0 


9° 








n! 
1 


n! 
SN" 9 
had Sj hin 
i=1 
so that 
n! 
v . r r 
= Sj hy, iJ ' | in) 


i=1 


Sl 
Ee , 
Hence (8) assumes the form 


“i 

’ 
» S; h, = 
— 


Finally in view of the identity 


Oe al) ee pu-t. (2. 
and (7) and (8), we obtain 


4t 
, 
» S, h, ; 
] 


i 


he fH... BO 


where 


] 


‘ . , on” % 
D2 Si hy, 1 fl (Zn re Ea) 
1 


of! ( Zays re bn) 
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n 
’ ; - r 
Pi Si h, . (Zn rs Zn) 
1 


? 


n' 


i 


’ ° sr. r 
= Si hy, r+] J : (Zn re Zn), 
1 


(hn 


[S(2n) —S(Zn-r)] 





" 
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from whieh it follows that 


An—r ie (—1)"(") (r = 0, ees n). 


This proves (6’), and hence (6). 

3 The definition of Ampere-Cauchy derived function extended. 
Let us suppose that .%,..., 7 are not all distinct but that (¢+- 1) of them 
are equal, say to a, and that the others are all distinct. We then define 
f™ for this case by the equation 


} Vn 1 te. 
(10) fin (ro, +225 Fn) = Li--: L, > fe (So) eee, E,), 


where Ly (k 1,..., 7) denotes the operation of taking the limit as /, 
approaches O and & pth, +--+. /im,. my being the number of values 
less than i of r such that. a, and where 0, iy. hy +e. y+ ++) $j 
and all their permutations are distinct. If m, — 0, it is of course under- 
stood that &;, rk. Naturally the limit in the definition does not need to 


exist. 

To extend the definition to cases where there are more than one set of 
equal values among the vo...., 7. We proceed by induction. Thus suppose 
that J™ txe, wen: rn) has been defined whenever there are Jess than s sets 
of equal values among the values wo... 6. 4 ‘n. Then suppose there are s sets 
of equal values, the remaining values being distinet. Let (;-+- 1) denote the 
number of values in one set and / the common value. Then we define /'”! 
for this case by the equation 


. _— 
(11) f™ (ae, 0253 ta) = Ly -++ Ly ZF" (ee, «- +5 Qn) 
Where Lj; has the same meaning as before and 9; apt ht +++ + hy, 
/. being the number of values less than /& of + such that hb, and 


Whore O, diy. hy + hg, eee. ty + ee + yj and all their permutations are distinct. 
It is clear that £@! as detined above is symmetric in its arguments, but 
it is not yet evident that its value does not depend on the order in which 
the definition is applied to the sets of equal values. That this order is 
immaterial will appear in the next section, where a symmetric formula 
tor f') will be derived. 
We note here that when all the arguments are equal, we get 


a” 


(1?) any (2 i “m) : 
2 Pay «++ Fy f™ (x9), 


ni: 





came 














128 H. L. SMITH. 


= 


provided only that the derivative on the right exists. 

4, The development of f!"! in partial fractions. If we for the moment 
set F(x) = fi"—4 (xeriga +++ on) Where ry Fig, ey: r are supposed distinct, 
it is easily seen by aid of (12) that 


’ 
2) ( ~ : Fo (79) 
ihe wari) Vo ty a Mn “| 
de 


if, and only if, the right hand member has a meaning. Thus applying (3) 
to Fir) and ditlerentiating 7 times, we get 


0 i ] 
‘fn? - } i 
J Ol be ee RST SS i! )! {DPW Ga), To 
I 7344) ' 
(13) m1 = : sf Me te 
6 ore | lo) * 2 1 me ite) + ae CEL I'n) 
try) 
(rn — 1o)'*! (rn > Bag) ooo f2y — Fy 1)’ 
where 
l 
qtr) 
: (iy Cig eee hE rn) 
Formula (13) certainly holds if f" (r,) (r Seated ?) exist. 


Formula (13) in expanded torm is 


0 i 


a |! 


(14) + (x5 — x} (a; 


$1 Zia) + * (i441 — Za) 


\ 


+] . > rs - Ph 
(ry Io) (rp Tisides*(n wn} 


Formula (13) and (14) form the starting point for a proot by induction 
of the general formula 


0 is 0 i; 0 i, k 
5 [nl | 5 +: : . | a . 
(15) St iz, **°LO X14 ** + Ti+ * + Tee Tr) : P2 ; ; {Diz f(x) gr (a Vor Ty) 
r 0 re 
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where 


(16) yi) 1 +4 ! 
000 (ray) (ar — rp) 


ls. 


(1 Se )° aa: (c— an)" ‘ 
Formula (15) certainly holds it f°" (7) (m, = 1,...,7-) have a meaning, 
(ry =0,..%5 k). 
5, Lemmas on integration according to Duhamel and Serret. 
Let fir) be a function detined on the closed interval a4 and whose yalues 
. b 
may be either real numbers or 4+- #2 or — @#, We then say that J fea 


a 
exists and has the value 7 (in the sense of Duhamel and Serret) provided 


there is a funetion #’(r) continuous on ah, differentiable at every point 
of ah and such that Fo Cr) = f(a) on ab and Fh) — F(a) = I. 

It is to be noted in connection with the above definition that the value 
at mae id is unique (if existent) provided that /() has only finite values, 


l 
otherwise, the value of the integral does not have to be unique. 
by I 


13\ | _ J fun -e+ ry) day ++dar, will be denoted the result (if existent) 


in ay 


by bn 


of operating on fry -++a,) by | | re far, in the order written. 


ay Un 
lia d, 


LemMa 1. Uf | tae fre seen) days ++day exists, then 


an ay 


| “en [rr vee ry) day 239 GE vats 2+ &,)(b, — yore (hy, — fn). 


ty ay 
wher 
aa< &< hy; (7 rer n). 
This lemma is equivalent for » 1 to the mean value theorem in the 
ealculus. The proof for any nis by induction, and will be omitted. 


Uy b, 
LEMMA 2, If | me | fry +++ an) day +++ dary exists and has the value I 
a 


ay 


n 


a 
- 


> Se 
>. 


Sit. * 


etait - nll 
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and if Pye eees Gn are monotonic mereasing functions on Pigry o.., pn In 
respectively such that Gj. .+es Gn exist and are finite on py, psuy Rete 
respectively and such that 


Yr (pr) Ups anny Pu (pn) Ins 
Gila) = eres Yn (qn) by: 
in "i 
then | ee | Tleilty) 5 aendn ff n (¢n)] gi (ty) ae Yn (tn) At; sn d ty exists and has 
Pn ha 


the value 1. 
6. Certain integral expressions for f!". Let us understand that all 
integrals written in this paper are in the sense of Duhamel and Serret. 
Let a and / be respectively the smallest and the greatest values of wp, .....’. 
Then the formula 


2 ee ac) Ce ry) jr [x (ry “| ee To (25 1 t| tf dt 
holds if fif’.....f™ " are continuous on ah and f” exists (finite or 
infinite) on «4, where m is the greatest of the integers 4.74 1,..., in +1, 
where /, is the number of times the value of as oceurs in the set ry. 2... on 


To prove (8) we write it in the more explicit form 


where 
(18) . Vg + (Zr - Xo) t, (7 eee 2 


Now the equation 





» 2 wy 
(19) bi a” dae) 0) 


is what (15) becomes when f(x) 
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On applying (15) (expanded by Leibnitz theorem) to (17’), we see that (17’) 
is a consequence of (19) and the following set of equations 


1 
S Pees ; 1 inl 7! \ —1 
“ {D(x qo (a) he . {Di-! f' (2) Go (x)hy. 1 at 
iy! . . e (% ital 1)! ° 
0 
(20) ' 
al ; f(x,) G- (7), 
O- 
1 
l { py! . I i ” \) = 
© LD fe) gr (a) he, py (DY f(a) Hr (hx, 1 dt 
(21) 
+ y Flo) gy” (x0) Ws Pisa 
where G,(r) is obtained from (16) by replacing 79, ..., . re by Xo,..., Ax 


and where h,(7), H,(7) are obtained from g, (x), G(x) respectively by 
replacing % by %—1, that is, 


(PP) he (ar) (2 — 79) gr (x), H, (xr) = (x7 — a0) Gy (x) tp =e |B. cong Eh 


From (22) we easily get 


hs (ar) (7° — Zo) q; (2) sg; D(x), eee 
(23) . “Tcss cine : 
(s) (8) y(s—1) r= 9 i 
H, (7) = (x —-a9) Gy (v7) + 8G, (a), 
from which follows 
(24) iy (r —a,) dg (rv) + (7 cae ees | ) ly »—1) ; ‘i , : 
o* | ; fa 4, ‘ | r ‘ | q 3 | q,. (a ) | “ ‘. (2 ) 


since the left member is the sum of 
j 7 \ 
| ") [(a — Lo) gf (x) + sg ~1) (r)] 


and the vanishing quantity 


[« —s-+1) | ) — | ‘i Jar (x). 


/ 





< meres 
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Finally g,(r) is homogeneous of degree ¢,;—n in the variables 
P— re eee te — wv, So that g' is homogeneous of degree ¢,— n—s in 
those variables. Also #2 is homogeneous of degree ¢7,—n—~s-+ 1 in the 


same variables. ‘Thus 


cae (s es 
(x)= ieee” 
(D7) 
Gy’ tz ) go. (x) "ileal 
We now have 
dy 
1 l 9 tel pee 
- 4 | Dp Die / ) Yo! r)} x, o° Zz | J ” , (7) q. (7). 
/ lo. s=0 s 


—— | ‘Sv jig —1 j 
ie--8 , S)( 4 ) floes df 
| (ig 1)! \— | s | / Fo) Io \%0) | 
l | \ (‘ ' ] rab (, f(a ) flo-s 1 
(i, —1)! | P i, , o fo 0 
[S03 ; ; |’ 


from which (20) follows. 





Now consider (21) for + 1. We have first 
1 ' | che 
a {De fix) gy (a) hr 7 S's) po , (ry) 9; (a) 
‘y- /\. |. 9 \* = | 
Lf xy/i)\ . a (i) (97, 
= ) | ) | u—s (X,) 9" (a) fir ‘\ 4. pS) I; Ty). 
a: Is—0\S/ 0 ‘\ 
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F: Next } 
] = oF 
3 © (DY f' (a) Hy (a) }x, 1 dt 
x . fy. 
1 
1 . oo. 7 a 7 . : He 
= Is 1e* -s) (X,) A; xy! 1 dt id 
: dis 6 \. 0\s | m 
" 0 Gy 
J 
1 rY 
1 i | “2 | 4 Pr m (gs) . | bh 
- oe fatto (X,) hi (x,) &-8¢ dt. be 
2,! e Fe! s m j 4 
"% 
; ; 
But it follows from (24) that 4 
d | \" ‘; ae , , . A NO ‘4 1 1) , (s) : k is 
if —| ) fe (X,) go? (a1) ee a | | wer (Xa (a) e-, m 
( s 0 s 8 0 s ac. 
4 
; from which (21) follows for r 1. The proof of (21) for greater values } 
of y is similar. The proot of (17) is thus complete. 
If the more general hypothesis is made that f. f’.....\"-” are con- 
tinuous on ab and f°” exists (finite or infinite) on ab, where m is the 
greatest of the integers %,¢) + 1,....¢p+ p,.+-,% +p then (17) may | 
he generalized to become | @ 
‘ 4 
1 P 4 if 
oT a1 % 
+). n} ’ ) *p >p -] “A 
ee FP ete cud t,) = | so f pon P(X)... XP) oe Pdty---dt, oi 
9 ° 
where 
X; } # ig = 8544559) 
and AY for p> 1 are defined by the recursion formula 
(23) y? ; y? M4x? : .., we 1) p er 
air = «lp 1 ay <ip 1 ps a ee 
The formula (22) is easily proved by induction as to p; the proof can 
YI ] / 
be so formulated as to include the proof of the following formula 
up 
Ay Io + (ry — Xo) to ot (rg — r) ty ty + “ee 
(24) ‘ | 
4 p 1, eee ?° 
q tot (ap 1— Lp—2) tye ++ tp-a + (tr — Xp) Hest, = Ppasey” 4 
' # 


a. 
le 
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By means of the transformation «& ts, te "i up = ft? 
formula (22) may be written 
: Pp 
jad "1? (ny p)! " s “(prin ) 7p *p 
(2) PND ee ee ry) ‘at | “ | F ici [Xp--- Xn diin-++du 
0 Uv 


where of course Vj..... N, are given by the equations (24) after trans- 
formation. 
In the extreme case pn. equation (22) reduces to 


i | 
(26) SF Maze, oss in) | See | FS lax + (2, Io) t, 4+ 


(an ——an—-1) tee tn] ye tn dty > dh, 


1 | } 
(a / yaa™ of.” er ely mee ae 
n n 1 1 4 " a” 


i. Newton's interpolation formula with remainder term. 
Consider the relation 


(28) J ADs indy. Saaxety 9 Pj gai i ae ae ee —-In) J o (To eee Tn), 


which holds for all distinet values of wy. ..., xn. 2 bY (2). Now, ifr tm 
the relation (28) is clearly true if the expressions involved have a meaning 
In the same sense the relation holds if «, is distinct from each of the 
quantities a, ..... rn 1» The only ease which needs attention is the case 
where zn is equal to one or more of the x7, ....2n—1. It will be sufticient 
to prove the relation 


0 r—1 0 r 0 


(29) ag li, a r] 7. ry are ry) -(r— Xo) f'"" t] ma ree Tot), 


since (28) for the case under consideration ean always be reduced to this 
form by replacing f by a certain related function F, as is shown in 5 4. 
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¥ Now ' 
a4 ) rT— 
1 16, ad = 2 ot tg LE 
3 : . (7— IZ)" (r— 1)! | rae a 
. (.r) = (r—1—k) ( 
f r + pa (= - f 0) T° 
(x— 49) k —1—k)! (9 — x) 
Therefore 
- J (x e. (r—k) 
fir? 1 ee : S(z) ; - + Ziti — F i (a) 
(x7 —2%o)"* = (r—k)! (2 —a)**1 
Also ; 
- 4 ”) (a 
fr iz. hs >) — J ; < ) ; 
r: 


Substitution in (29) gives an identity, which proves (28). 
The relation 


q f(r) ST (a9) + (2 — 20) J (0 1) + (4@ — 0) (2 — 2) f(r 1 2) 
(30) +(x — x) +++ (x —aq-1) f1"l (ay +++ tn) 
+- (7 — ty) ++ (7 — Vn) ys" Tl (xg +++ InZ), 


is now easily proved by mathematical induction with the aid of (28); we 
omit the details. 
Kquation (80) may be written 


(31) S(2) P(x) + Ra), 
Where 
P(r) ST (a0) + (@ — a0) f™ (a0 71) 4 
(32) 20s +(x — ao) +++ (2 — ani) f'™ (70+ ++ Fn); 
R(x) (7 — ay) +++ (a — ap) fit (ay +++ an). 


Consider the polynomial P(x), which depends on the (z+ 1) parameters 
Myyeees on. It is clear from (31) that P(a2) is symmetric in ie quantities 


Joseees tn, Since R(x) is. Suppose r of the .,...,- r, are equal. On account 
ot the symmetry we may suppose the notation so chosen that they are ap, ... 
teeye ty-1, that is 79 Hy TS +s Xy-1- Then 


LOY (a9) 


P(r) ST (19) + (7 — ay) f" (arg) oe + — a0)” Go)! 


+e — ayy ft ip ++ 


4. (x a ro)” age sis Ie) ose (4 — Ty 1) fim! iz v0 + Ba Mp o>? Balls 


. fee 
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On differentiating P(r) k times (/ O,..., 7-1) and setting + 
we get 


pwr (.r,) S™ (ae). (}; 


We have thus the 
THEOREM. Jf among the numbers ro, ....0n there are r distinct ones a, ++: 


repeated ve spect ly 2° * y times (2, oe. ty vm -T :, then 


f* (aj) pr bets? (y 


Let us now say that a is a root of f(c) of multiplicity / (at least) it 
S' (a); ...,f* ” (@ exist and fia) = FS’ (a) vs S*® (a) = 0. We 
may then say that f(r) — Ptr) has (v2-+1) roots on ab if we count each 
reot according to its multiplicity. Hence by Rolle’s theorem, f’ (1) — Py 
has there x roots, f(r) — Pr) has there (2 —1) roots, .... S™ (ze) — PME 
has there one root, say S. Thus 


a formula valid it /,/” ff») are continuous on al and ff” exists 
(finite or infinite) on ah, 
Formula (33) also follows from (27) by aid of the lemmas of § 5. 
Formula (33) gives 


(34) Ria) 


‘= 


where &, is between the smallest and the createst of the numbers 2» ws 
and where there is an interval ah containing a),...,n,r such that 
Jf’ are continuous on ah and f™” exists (finite of infinite) 
on ah, 
Various integral forms of R(x) follow from (22). 
MANILA, P. I. 
November, 1922, 
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NOTE ON CERTAIN SEMINVARIANTS of n-LINES. 


By LenNIE PHOEBE CopELAND. 


In this paper certain simultaneous seminvariants of pairs of m-lines, - 
fy. Yam are developed, the vanishing of which furnishes necessary and 





sufficient conditions in order that each form fm. 43m should be expressible 4 
us a linear combination of the m m-th powers of the linear factors of the 3 
other. This theory is an extension of a known theorem on binary apolarity. 
There is also a relation between the subject of the present paper and : 
a theory of pole-polygons (Pol-ecke) due to Rosanes and others.“ When 
the above seminvariantive conditions are satisfied the two m-lines are 
designated as mutual pole-polygons. 
Taking for the form of the general m-line+ 
: — 1 3 mim 1) 
m PS Ie . a eo a - 
J; m "9 bon, — * *s ae tian rs D ( 1) 
m m—j m-j—i gi és 
yy . & Ai Ap Py, m ‘ | ' 
ht 5 ha : or rs (ry Vise $i 23), 
j ” “a o (m- J ty; $: a F 1 } 
| 
‘ 
where rj, $ rj. 8 $F sj. ri/si $ rj/s;. in’ which 
A, m (loo ‘al a io |. (on 1 ) oy ra) 0 y4 —t- eee -+- (iy m—1 6/day m—l-. 
Ap Mom 0/6 Aim 1 + (m — 1) lom—1 0 6 di m—2 + eee tt lly O Odo. 
m—k m—k | m—k—i . |... b m—kh 
; I Py te Cg Ty ray Ty HoT Cnm—K%2 3 
R is the resultant of «/ and «—)] . and PD is the discriminant 
: f 2 O2:/Xe 2 12; 22 
OL fe Consider a pair of 2-lines, 
‘Copeland, On the Theory of invariants of n-lines, Annals of Math., vol. 16 (1914), p. 7. 
Grassmann, Gott. Nachrichten, December, 1872. London, Uber die Polarfiguren der ebenen 
Curven dritter Ordnung, Math. Annalen, vol. 36 (1890), p. 535. Rosanes, Cher ein Princip 
der Zuordnung algebraischer Formen, Crelle’s Journal, vol. 76 (1873), p. 312. 
7 Glenn, The Theory of Invariants, Boston (1915), p. 202, and Trans. Amer. Math. Soc., 
vol. 12 (1911), p. 367. 
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If we impose the condition that 


BB, 


Expressed in terms of the coefficients, 


C' : 2 Ayo bys Ay hy 1 2 Hos Ooo 0), 
C, = 2 ao D Rs, -\- Ay hy D Ll ! ? Dow LT’ Pe, 


Cs — 2 Moe dD Rs -+ (1) by, dD LD a 2 bo» D'Rs 


’ 9 
CU; “a a 4a . ? +a 


01 1 10 


(), 


Q, 


h,, a 4 a 


) 
« 


al 


10 


-9 
2 Ay, 4; 
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Bai cian, 
=) oats 


Then C, 0, C, = 0, Cs = O are the three conditions for harmonic division 
on the sides of the triangle of reference,* and C, = 0 is one of two con- 
ditions relating to the positions of the vertices of fg, ggs. A similar set 
of conditions Cj, C3, C3, Cy exist if 


iz Gor = B, Bi, + B, Bons 


where Cj C, Cs = Co, C3 = Cs, Ci = Cy(a~b) and Cy = 0 is the 
second condition restricting the relative positions of the vertices. 

This gives the theorem: a set of necessary and sufficient conditions that 
tose Ugy Le mutual pole-polygons is given by the three conditions that fys. se 
cut the three sides of the triangle of reference or apolar point-pairs, and the 
tuo conditions Cs Cy = 0 relating to the vertices of fe. Jss- 

Consider next the conditions that two triangles f93. 73; be mutual pole- 

olygons. If we impose on the two 3-lines 


Iss | ] ( | + Vi L2 “Tl Oi J3) aa Gir lor Oloar — O, 
] 


938 | I (ay -+- rj e+ &} 73) Bix Bor Bar = O, 
i=1 
the condition that 


“ 3 3 
B,, B,, B,, A, a A, ©), A, Gor 


we have the matrix 


” 2. , 2 2 3 2 ae 

| or, 3s, ory 38; br, 8, ry 3 BITS 37,8 

) 9 § > 2 ‘ > 

l a] ds yr 3° or, s. i &, srs, or,.& 

(3) : . xii “ Sen i ee 0, 

1 3) 3s 3r2 3s- 67,8 73 s Srr8 OT Ss 

3 3 3 8 be : 

} 3 


‘Grace and Young, Algebra of Invariants. Cambridge, (1903), p. 218. 


— nn 
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which is equivalent to the seven equations 


Dri Drirj—3rirsrs = 0, 


, 
C1 = NS ade ae ie sail es tide Vj 


© J » ms 8 / 
(5 = 3 8] So S83 — §: $j “——" 0 1 529 53 
x a 
’ . y Fae dante ball ee ee *- 2: @ 
i 3 1 V2 1g 81 82 $s ° j° VES] Sk TT ey Vi Sj Sk 
1 1 


_ W Ve 8 7 ) Pee ee te . 
‘is 1 


af. re r 


3 
. ‘ - » 1 . » - et ae 
Co = Ur, 8 +Vr,28+W7, 8 + ¥ Drist sh 
* ] 


where 


— 3(72 83 — rs 82), 


+ 3 ( ry Ss — rs ‘1 P 


3 
» rilss ‘1 iuew 3 ( ry — Ys Ss} & 
1 


amet i 


Y 83 (1's — 11) — 13 (Se —— 5;) + (0, Sg — 12%). 


The expressions C,, C,, C; give the conditions that fg; and gs3 cut the sides 
Expressed in terms of the 


of the triangle of reference in apolar ranges. 
coefficients they are as follows:* 
B 3 doo bos — Aor bos + os 1 — 3 dos Yoo 0, 


Cy = 30 DR; — aw DA Rs + Io D’ Ay Rz — 3b D' Bs 0, 


eo = 


C; = 3 dog dD Tes = (to D Ae R; -; hie D Ae Tes — 3 bog Dp’ Rs 0), 


* Of. Copeland, Loe. cit. 
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and U,V, W, ¥ are equivalent to four possible conditions (C,), (ef. (2)), 
upon the vertices of fs, ss. A similar set of seminvariantive expressions 
"08, C4, Ch, C3, C3, Ct, give the condition that 


a i . 
Gy, ty, O37 — By, Air+ Bo hort Bs Boz, 
where Cj C1, C2 (2, C3 = Cs, and 
3 
, , 2) gre 2 1 ~~» ary |. 
C Or tVer +W'er tl’ 2 rir; = 0, 
1 
3 
, ° , oo 
C, = 2U' risk $2QV' rs LIW HS 4T’ Dig = 0, 
I 
2 ro 08 re 92 oy 
C= U re ht 2 hE W' rf S43" D> rir; = 0, 
1 
a , , 2 , . 4 ° v 
C; U' ri st tv ros + W' rg s¢ LY! D ri 3; 5 0, 
I 


where 77", V', W', ¥' are obtained from U,V. W. Y respectively by inter- 
changing the primed and unprimed sets. 

The preceding theory can be generalized for a similar set of necessary 
and sufficient conditions that fj m, Jsm be mutual pole-polygons. 


WELLESLEY, 
March, 1923. 
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THE FREDHOLM THEORY 
OF STIELTJES INTEGRAL EQUATIONS. 


By C. A. FIscHer. 


F. Riesz has derived a large part of the Fredholm theory for an equation 
involving a completely continuous transformation,* which is equivalent to 


the Stieltjes integral equation 
b 


(1) Tig) = g(r) —A | gly) dy K(a, y), 
a 


in which A(z. 7) must have certain properties? without the use of the Fred- 
holm determinant. 

In the present paper the Fredholm determinant for this equation is defined 
in terms of modified Stieltjes integrals, and the classical Fredholm theory is 
applied directly. In the first section some properties of Young-Stieltjes inte- 
grals are obtained, including a theorem on reversing the order of iterated 
integrals. Young-Stieltjes integrals are used throughout the paper. In § 2 
the Fredholm determinant is defined and proved to be determined uniquely 
when A(r, y) satisfies certain conditions, and the solution of equation (1) 
is found. In the next section the homogeneous equation is discussed briefly, 
and in the last section it is proved that this theory does not include, and 
is not ineluded by, the Riesz theory. 

1. Some properties of Young-Stieltjes integrals. The set (fl) 
will consist of all bounded, real valued functions defined on (a, }), for which 
the Young-Stieltjes integral exists, with respect to a funetion of finite 
variation.£ 


As all the integrals considered in this paper will be definite integrals with 
the limits a and }, these limits will be omitted in the notation, and also 
dy K(x, y) will be written simply d K(x, y). Sinee the integral in equation (1) 
is unchanged when Air, y) — Kv, a) is substituted for K(r, y), it ean be 
assumed that Air, a) = 0. It can also be assumed that 


(2?) K tr, y) Kir, y+ 0), 
*F. Riesz, Acta Mathematica, vol. 41, (1918). pp. 71-98. 
¥ Fischer, Bulletin American Mathematical Society, vol. 27. (1920), p. 14. 
+ Young, Proc. Lond. Math. Soc., vol. 13, (1914), p. 128, or Daniell, Annals of Math.. 
vol. 19, (1918), pp. 287-8. 
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without affecting the same integral. Both these assumptions will be made 
throughout the paper. 

li fir) belongs to {fla \} and @() is monotone increasing, there must be 
a sequence of upper semi-continuous functions g; (7), o(r),..., and a se- 
quence of lower semi-continuous functions /, (a7), de (s), .... such that 
yale) flr). hn(v) = f(x), and the equations 


lim fn iddeeta) lim | hy (a) date) | Jia) dea(a) 


nS aim owe 

ave satistied.” The sequence of g’s for any given « can be made monotone 

increasing With respect to 2 by substituting the largest of g(a), ge(x),... 
yh) for gy(r), and the sequence of /’s monotone decreasing in a similar 

way. It has also been proved that, if each function of a bounded sequence 

ir), folk eee. approaching fi), belongs to {flo}, then /(7) also belongs 


) the same set, and [iutordeuny approaches [ frdatont 
The variation of As, y) in y will be designated by Vy A(x, y), or 
V, Air. y)) it the interval considered is (y;, yz) instead of (a, b). 


lt Avr. y) belongs to Lf(a)} for every constant value of y, if Vy A ts. y) 
is bounded uniformly and if g(s°) is continuous, the integral 


3) ply) dy K(x, y) 


is approached by a sequence of functions of w such as 


n 


2 g (4) [Kr yd) — AO, yi-1)). (Wir S Hi S Yi), 
z 1 


each of whieh belongs to {f(a}, and therefore the integral (3) belongs to 
that set also. If g(r) belongs to {/(Cr)} but is not continuous, the integral (3) 
call be approached by a sequence of similar integrals for semi-continuous ¢’s, 
each of whieh is approached by a similar sequence for continuous g's. 
Consequently the integral (3) must belong to {/(2)} in this case also. 
Similarly it ean. be proved that if Av. y) satisties the same conditions 
, Ka, y)/™ must also belong to {f(x} for every value of y. 


‘Young or Daniell. loc. eit. 
t Daniell, loc. eit. p. 290. 








] 
: 
| 
; 
‘ 
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To simplify the notation | f(2) will represent the constant least upper 
bound of f(a), and similarly | a, will represent that of (a,, where 
(i, dy, +... May be either a finite or an infinite sequence of numbers. 

In order to justify reversing the order of integration of an iterated 
Young-Stieltjes integral, two theorems proved by Bray must be extended.* 

The first was that, if Vy(r) is finite. V, A(2,y) bounded uniformly, 
and K(az, y) continuous in « for every value of y, then the function 


(4) WV (y) f K (2, y) dy (x) 


has finite variation. The assumption that A(2, y) be continuous in x will 
now be replaced by the assumption that it simply belongs to {f(.)} for 
every value of y. 

If 4 (y) is put into the form 


UW (y) | [Ky (a. y) — Kalo. y)] Afni (2) — xe (a). 


where K, (7, y) = Vy Alu, |" and Ay (ar, y) K (a, 4) — K, (a, y), and y; (7) 
and y2(7) are defined similarly, A, (x,y) and Ay (a, y) will belong to | f(a)! 
for every constant value of y and will be monotone increasing in y, and 
yi (x) and ye(x) will also be monotone increasing. The functions A, (, ¥) 
and Ay (7, y) can be readily proved to satisfy equation (2). It will then be 
sufficient to prove the theorem for the case where A(z, y) and y() are 
monotone increasing in the proper arguments. 

It follows from Bray’s proot of the theorem that when A(z, y) is con- 
tinuous in 7, 


VWyFyyi2 WA y) Vy(s). 


This inequality, and the fact that the variation of the limit of a sequence 
of functions cannot be greater than an upper bound of the variations of the 
functions, prove that V 4% will be finite if the variations of all the A’s in 
sequences used in defining the integral (4) for a discontinuous K (7, ¥). 
have a common upper bound. 

Since K (x,y) belongs to {f(x)} for every y, there must be a monotone 
increasing sequence of functions {Kn (x, y)}, each of which is upper seml- 


* Bray, Annals of Math., vol. 20 (1919). pp. 181-5. 
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continuous in sv and less than or equal to AK (x,y), which satisfy the 
equation 


lim j Kale, ydy (x) J K (x,y) dy(s). 


n BHe 


Since K (x, a) 0, it is possible to make K, (2, a) Q for all values 
of 2 and 2. 

A denumerable set of points yj} will now be selected which is dense 
on (a4) and includes both end points of the interval. If the value of 
K(v,y) is given at these points, equation (2) determines its value else- 
where. A new sequence of functions will be defined by the equations 


Hy (a, y) max. K,(z,y), Gin; ysSy¥; "= 1,2,...). 


It follows directly that #7, (a, y) is monotone increasing in y, upper semi- 
continuous in vw, not greater than A (a, y),. and satisfies the equations 


5) lim f Ayla, y)dy (es) | BAG, edr@), & — 1,3,...}- 


nm Ke 


Since H, (v7, y) is Upper semi-continuous in a, it can be approached by 
a monotone decreasing sequence H,,; (v7, y), Ais (v,y),... of functions 
Which are continuous in w. Since Hy (a, y) > H,(r,y), and the greatest 
ol a finite number of continuous functions is continuous, the similar sequence 
approaching #7, (2, y) can be made to satisfy the inequalities He, > M;,. 
In this way a doubly intinite sequence of functions can be defined, each 
tunction continuous in 2, which satisfies the inequalities 


Hy, (a, y) = Ay (avy) > ++ > A, (x,y) 


/\ \ I \ 
() Hy, (x, y) > Hes (vr, y) @ +++ ~—> Hyg (a, y) 
‘\ IA A 


7 Kis substituted for Hy, (a, y) wherever Hn, (x,y) > K, the set 
‘Kur(v,y)} will be bounded uniformly. The new functions @,, (x,y) will 
how be defined by the equations 

Cn (x,y) = min. Ha (7, yj). GS riySyir n= 1,2,...). 
satisfy inequalities (6) with Gyr sub- 


hese functions are continuous in x 


’ 


‘ututed for Hy, and new functions G, substituted for H,,(x, y), and are also 


10° 
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monotone increasing in y. Since H,, (2. y) is monotone increasing in y, it 
follows from definition that G,, (v7, y) and consequently G(r, y) cannot be 
less than H, (a. y), and that 


(7) Gayla. Yj) Hy la, Yj). (a * ~ h: ] — l, 2, eee 


If the limit of @, (2. y) as 7» becomes infinite, is called G(x, y), equations (5) 
and (7) imply that 


| Gir, wdylay = | Kir, ydyle) Vy), () 


Since the G,, (2. y) have uniformly bounded variation in y, the expression 


(YG) Ve | Gir, ydy(a) 


is finite. 

But equations (8) and (2), and the fact that the y;’s are dense on (a, ) 
and include a and }, imply that V4ty) cannot be greater than (%), and is 
therefore finite. 

The second theorem is that if f(y) is continuous, A(z, y) continuous in v. 
V, Kis, y) bounded uniformly. and Vy(r) is finite, the following iterated 
integrals exist and satisfy the equation 


| fra Kr, nfarun [ runay | Kir. yrdyla ). 


In this theorem the hypothesis that f(y) be continuous and A(x, y) continuous 
in x, will be replaced by the assumption that they both belong to | /\)). 
It follows from the previous theorem that the iterated integral in the right 


member must exist, and since it has been proved that [fyi Kia, y) must 
e 


belong to \fla)}. the integral on the left must exist also. If fis continuous, 
but K (zs, y) not necessarily so. and the points Yo ax I< Ys- 

<2 h, are taken so near together that the oscillation of f(y) in ever) 
interval of length y;—y;. is less than «, the absolute value of the 


difference between the left member of equation (10) and the expression 


drw| | K(z, yady(a)— | K(x, Yi ydyla) 





STIELTJES INTEGRAL EQUATIONS. 147 


cannot be greater than ¢ (Vi, A Vy,* and the absolute value of the difference 
between the right member and the same expression cannot be greater than 
-Vu, Sinee both these expressions approach zero with ¢, equation (10) 
must be satisfied. 

The condition that / be continuous will now be removed. As every semi- 
continuous function is the limit of a bounded sequence of continuous 
functions, equation (10) can be immediately extended to the ease where f 
is semi-continuous.+ Sinee y(a7) and A(x, y) are monotone increasing in s 
aud y respectively, 4(y) must be monotone increasing. If fis any function 
belonging to {.f(r)}, the upper semi-continuous functions y, (y) < f(y) which 
satisfy the equation 


lim | gniy) d Ty) | Syd ¥(y), 


ise 


must also satisfy 


| | [yinakemfarer > | | [mina Ker navn 


| In(yydBy), (vi = ar * 


11) 


\lso the lower semi-continuous functions h,(y) 2 f(y) which satisfy the 
equations 


lim J ininnaeiy) 


uw e 


. 


| Sy) dy), 


e 


must also. satisfy 


| | fra V(r, mari: | | | mind Kody 


. 


| hniipd Fy), (n i me ® 


(12) 


e 


But the integrals in the right members of equations (11) and (12) both 
approach [ray [Kw y) dy(x) as n becomes infinite. Consequently 
equation (10) must be satisfied in this case also. 


* Bray, loc. cit.. p. 179. 
+ Daniell. loc. cit. p. 290. 


+ mae 
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2, The solution of equation (1). In this section the Fredholm 
determinant for equation (1) will be defined and conditions found under 
which the classical Fredholm theory* can be applied with very little 
modification. 

Equation (1) may be regarded as the limit of a sequence of systems of 
equations such as 


f(a) gp (ai) —4 > p(y) AK (ri, yj). 


j 1 
AK (ai. yj) = K (xi. yj) — K (ve yj-1). 


The determinant of this system can be reduced to the form 


ae _-— P: A3 — AK (a; 7;) A K(x, 7;) 
D, (4) - 1—4 D> AK (x, y+ ' 2 - y r ' ‘ 
i=1 2! éj=1 A k (7j, X;) A K (zj, rj) 
(13) 


nan 


+(—I1) 4 


AK(a,, 1) AK(a, Ze) --- AK(X%, Xn) 


A K (rp, Ty) 4 K (xp, Ze} * > A K (rp, In) 


It will be assumed that the expression 


” 


Ve A, least upper bound » 2 AK (si, yi) , 
t=1 


is finite, where 7, 72, ry, iS an arbitrary set of poinis on (a,)), and 
ae Ym is also arbitrary excepting that a == yy < yy <-+-< yn = I 
It then follows from Hadamard’s theorem that the general term of D, (4) 
satisfies the inequality 


m 


am ey A K (xj, Lig) F m? A - (V. ky 
! < = 2 e 
Lol ee eh oe m! 


Consequently D,(4) is bounded uniformly in », for every finite 4, and if 
each term approaches a unique limit as » becomes infinite, the resulting 
series will be absolutely convergent. This series, which will be represented 
by the notation 


* See for instance, Bécher, Introduction to Integral Equations, pp. 24-43. 
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er oO (dK (&,8) aK (&,7)| 
(14) D(A) iafaxen+s ff ike exe o\~ 


constitutes the Fredholm determinant for the problem. 
This series involves the two types of integrals 


45) | LK (&, &) lim DAK(&,&), 
c S5i\|>o0 t=1 


and 


| | | AK(E, nd K (gy, OdK(,&) 


(1H) m,n, p 
. ‘v r r —s r ss 
lim > AK(&. 7) AK (9, o%) AK (Sk, &)- 


JE ete 0 bk 1 


It will be understood that a B<F,<—.--<§, = 6 etc., but not 
necessarily that m n= p, not that &, n, ete. 

The conditions under which these integrals are determined uniquely will 
involve the expression 


Ko. 9) 


R a 


=] 


least upper bound » AK (8, 4:3) —AK (&:, 90), 
2 


where (§), 4;) and (&, 4;) are arbitrary points of the region R, excepting 
that a = m9 <4, <+++< 9, = b, and |& —& |<. 

It will then be assumed that there is a sequence 2;,.72,..., Which has 
the property that, when an «>0O is chosen there must be a finite r such 
that, atter another positive constant «’> 0 is taken, there will always be 
i 6>0 which satisfies the inequality 


(17) Vy K (xr, y) R’ = # 


Where A is all of the region (a<4#<b;a~<y<b), excepting the strips 
Where the inequalities (me — & <x < tate, « 1,2....,7) are satistied. 
For convenience & will always be chosen less than ¢’. If Kry(r.y) is 
bounded uniformly in A’, the mean value theorem implies that Vg Kir, 9), 
d(h—a) Kry (x, y) 
It will further be assumed that 


oO Har & P 
(18) lim V, K (x, - 0, fae BL Bic as ds 
4a 


e—0 





na 
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These conditions will always be satisfied it = = ¥ and i. ik 

c Or 01 
are bounded, but this is not necessary as A (rs, y) need not be celle ce 
in w at the points .. re, and may be discontinuous in y when y+ x, 
To prove the existence of the integral (15), an ¢ > O will be taken arbi- 
trarily small. Then it will be proved that there is a d >O such that, ifs 
is the sum in the right member of equation (15) corresponding to a partition 
such that 4&; <0 and \’ the same sum afier the intervals (§;—;, §)) are 
further subdivided. the inequality S’—- 8S < 2¢ will be satistied. If this is 
the case and S” is a similar sum for which J4&, <0, but which does not 
involve all the £,s which where used in S, S’ ean be chosen so that it will 

involve every §; which was used in either S or S”, and the inequality 


< aé¢ 


will be satisfied. Then the integral (15) must be determined uniquely. 
After « has been chosen and the corresponding r determined, ¢’ will be 
taken so small that 


Pe . +2€ 
(19) V,K(z, yf" < =, 
= ie oe or 


# 


‘¢ 


Then 6 will be determined so as to satisfy inequality (17), and S and S’ will 
be taken as explained above. The &'s corresponding to S’ will be designated 
by &, &1..... 8). Then every §; will be a & but not viee versa. This 
makes it possible to reduce S’—S to the form 


‘ ' ' XO r/o Po ) - ot 
(20) S ww [AK(E;, 5) — AK (&, &)] 


where ¢ varies with / in such a way that &—,; < &),<&} < &. U'will 
now represent the terms in (20) such that &;—; and &; are both in some 
interval (qj. —2¢'. ne + 26) with @ <r, and V the other terms. Since 6<&. 
no & nor &; involved in V can be in one of the r intervals (re — 6. 


Inequality (19) implies that 


Ui < Fe Zz V, K (zx, ype 


eI] %ee 


and inequality (17) that 


Vi =< VjkK/ 


jRe: 


fa Ww ’ ‘ " - : - . . . 
Thus S—S <2e, and the integral (15) is determined uniquely. 
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The triple integral (16) will now be considered. After «¢, 7, e’ and 6 are 
chosen as before, S will represent the sum in the right member of equation (16) 
corresponding to a partition such that 4&;, 44; and Af, are all less than 4, 
and S’the same sum after the intervals (§;-1, §;) have been further divided, 
without changing any of the intervals (yj~1, 9) or (Cha, &). Proceeding as 
before, 


m', nop 


sv —s Po [4 K(&, 4j) —AK(&, nA K (yj, SAK (Sx, &). 


ij k= 


Then if (’ represents the sum of the terms such that §;—; and &; are in the 


same interval (av — 2’, ne +26’) with @ <r, and V the other terms, the 
inequalities 


r , 
U 2(V. kK)? Ps Vs K (x, y) Mat" — 6(V, K)?, 
a=) %ae 2€ 


and 


Vi <(V,K)*° Vz K/ 


R 


< €é( Vs K)? 


will be satisfied. Thus S’—S <2¢(1.K)*%. If the intervals (yj-1, 9) 

and (Spy. &) had also been subdivided, this inequality would have been 
N—S <6(V, A)*, whieh also approaches zero with «. The proof of the 

existence of an n-tuple integral similar to (16) offers no new difficulties. 

Thus D(A) is determined uniquely by the absolutely convergent series (14). 
The function D(a, y; 4) will be defined by the series 


K (x, y)d K (a, &) 


Dia.y3 4) = K(a, i | ; / 
oy) (ry J K(k, yd K(&, §) 


+9 °° . K(x, y) d K (a, E) ad K (a, 7) 
+= | | K(&, y) dK (&, 8) dK, 9) —- 
2 SK (n,y) dK(y, §) dK (4, 9) 


This involves integrals such as (15) and (16) and also integrals of the type 


| | K (yn, y) d K(&, 9) dK (a, &) 
(21) 


lim > K (nj, y) AK (&:. nj) AK (a, &)- 


(AE) ete. 0 i J=1 





Li 
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Since A(a. a) = 0. the right member of this equation is equivalent to 


m,n, p 


lim » AK(xj. yx) AK(&, 4j) AK (2, &), 
1 


ot 
i,j,k = 


where a@ = yo<th c++ <Yp = y The proof that this is determined 
uniquely is essentially the same as that for the existence of the integral (16), 
and will not be repeated. The integral (21) is equal to each of the 
iterated integrals 


ln , , 
| | Kin A KE. D|AK.9), | K (a, y) dy | K(&, 7)d K(z, &). 


The series for Dix, y; 4) can be proved to be uniformly convergent for 
any finite value of 4 by an argument similar to that for the convergence 
of Dis). The expression Vz D(a. y; 4) cannot be greater than the least 
upper bound of a series whose general terms are in the form 


SK (rj, 4) AK (a. &) «+» AK (ai, Sd) | 
 AK(§;, y) AK(§&, &) «+» AK(E, Si) 
j.ot=1 


AK (S:, yi) AK (Si, &) «+» AK (Ci, $y) 


Which cannot be greater than the expression 


m-- 1 


(m+1) ¢ Am 


: (Vy hyre), 
m. 


As the series of which this is the general term is absolutely convergent 
for every finite value of 4, V.D(r,y; 4) must be finite. This implies that 
Vy, D(z, y; 4) is bounded uniformly in x for every finite value of 4. The 
function k(x, y; 4), defined by the equation 


— D(z, y; 4) 


ke (ar. -) > 
Hii Dh) 


will have the same properties for every value of 2 for which J (2) +0. 
If the expression 


(22) y (x) Sr) —4 j Sly) dk(x, y; A) 
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is substituted in equation (1), and the order of integration reversed in the 
iterated integral involved, the resulting equation is equivalent to 


Jr) i, K(x, y) + ka, ys 4) — | k(&,y:4) dad K(x, »| - @: 


The proof that 


K(x, y) +k(a, y; 4) — | k(&,y; A4)d K(x, &) = 0 


is essentially the same as in the classical Fredholm theory, and will not 
be given here.* It also follows from equation (27) with n — 1. Thus the 
expression (22) is the required solution. 

3, The homogeneous equation. The Fredholm minors for equation (1) 
will be detined in terms of the following; 


| | "(allied walle 
e e 1 cee Yn d S| eee d 8p 


K (ax; Y ) eee K (a; . Yn) d K (ax; ‘ 81) eee d K(a,, 8p) 


( | K (an, yy) +++ Kan, yn) dK (an. sy) +++ dK (an, sp) | 
\ aa K (8. ys) +++ K (syn) dK (s,, 8) «++ dK (8, Sp) 


K (Sp. tidere K (Sp. Yn) dk (Sp, sy) ++> dK (sp, ‘) 


These multiple integrals ean be proved to be approached uniformly in the 
same Way as the integrals involved in D(a, y¥; 4), and the iterated integrals 
involved are independent of the order of integration. 

If the determinant in the right member of (23) is expanded with respect 
to the top row, the integral becomes equivalent to 


NO ; . > > ; Te eee In ds, eee sy, 
és (— 1)" K(z,, ys) 9 --- K | 3 
1 ‘ . Wee Wir Yisre ss Yn ds, ar dsp 


U 


(24) 


— ¥ > » -([S%er++ Tn ds, eee dsp | F = a 
rf LJ is a K | Were Yn ds: i dsy- i (71, Y)s 


* Bocher, loe. cit., p- 35 and p. 39. 





— 
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and, if it is expanded with respect to the first column, the integral becomes 
equivalent to 


n ® 


< ez ds; eee ds, 
> ( -1¥"* K (ai, H%) | n ’) 


— 
j=] 


(25) 


. As» 


ae K(s., Yy ds | eee | K eset eee ds; eee dsp—1) 


SYo+++ Yn dsy ++: AS py 


The Fredholm minor of the n-th order can now be defined by the equation 


pltir tg inns ea) <a 
Wyre 22+ Yn = Wee Yn ds;/ 


(26) 
; Pi "£ ~ fay °° * Ly ds, dss 
oy KY eee ag 
Zee e Up Yn CS, US: 


The proof that this is absolutely convergent and that its variation in any 
of the y's is botunded uniformly. is essentially the same as for D(x, y; 4), 
— #\. 
which is the same as D({ 4). It also belongs to { f(x)} when arbitrary 

y 
values are assigned to all of the y's and to all but one of the a's, and the 
equation A(z, a) Q implies that it vanishes when any one of the sts 
equal to @. 
If the expressions (25) and (26) are substituted successively in equation (26), 
it gives the two equations 


zi 4 ‘ 
" A) K (ry i) 
| ee Yi-1 Yi SS ee Yn 


STJ'e9*** ~ = 
D | ss “ A) dK (a, 8), 
Y eevee Yn / 


i) 2 (—1) “K (a4, mn) D(" ‘a 


i 


4 : r ” 
+ 4 | K (s, yy ) ds, D ine eee y 
si n 


* Compare with Goursat, Cours d’Analyse Mathématique, vol. 3, pp. 375-7. 
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It follows from equation (27) that if all of the Fredholm minors of degree 
less than » vanish identically for a given value of 4, while 


Dy +++ Tn! 
pir 295 aie a) + ’ 


for a given set of values of its arguments, the function 


LIMe***TIn|\ 5 
A) 


Pilr) = D| 


is a solution of the homogeneous equation 


. 


(2%) pir) = A | gpliyid Kia, y). 


e 


Similarly the functions 


fr, I XT Hit-4 7 ‘ 
gin) = dD : — , a A\ 
Yi wTrettrrrtrtocr ne. sf Yn 
(30) 
2 EE. ee VS Os soe @ - \ . 
(— 1) D| , sles tebirte "A), G=1,2, n), 
yy ite e09e oe 69 oe ae Yn 


all satisfy the same equation. 

The proof that these solutions are linearly independent is essentially the 
same as in the classical theory.* 

If gir) is an arbitrary solution of equation (29) and A/(x. y) is defined 
by the equation 


D a a af a i) 
a Z eee , 
Od) H (ax, y) YI yn on 
ee on = 
dD | | a i| 
1 eee Yn 


the equations 


4 


Giyid Hla. y) ra | | | gpisid Ny, | dHi(a,y) 
° 


i | ply) ds | Kis, y)d Ht, s) 


* 7) ° 
Goursat, loc. cit. pp. 378-9. 





ns 
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must be satisfied. If this is added to equation (29), and one term transposed, 
it becomes 


(32) g(a) =A | piyit| Ka, y) — Hla, y+ 4 | Ks, yd Ha, af. 
e e 


Equation (28) applied to the numerator of equation (31), makes H(:, y) 
satisfy the equation 
His. y) Kix . \’ Pilv) K (rj, y) 


i 1 Jy *°* In . 
) 4 
, a ce gg | 


a AZ | K(s. yd Hiss), 


When this is substituted for H(x, 7) in equation (32) it makes g(x) equal 
to a linear combination of the functions (30). Thus every solution ot 
equation (2%) is a linear combination of these particular solutions. 

4. Independence of the Riesz Theory. The equation 


fir) gis) —AT(Q) 


has been discussed by Riesz, where Tf) is a completely continuous 
transformation. This is equivalent to equation (1) if Vi, A (+, y) is bounded 
uniformly, and if, whenever a sequence .,,.r3,... is chosen in such a way 
that Aizp,y) approaches a unique funetion of y as m becomes infinite, 
the equation 


(33) lim Vy[AK (rp. 4) — lim Arn. y)] 


ist a—Z 


is satisfied. In order to show that these conditions are not equivalent to 
those assumed in the last two sections, an example will be given where 
K(x, y) satisfies the conditions stated in § 2, but does not satisfy equation 
(33), and a second example where V,A(r,y) is bounded uniformly and 


9 


equation (33) is satisfied, but where fia K(a,.«) is infinite. 
If K(x. y) is defined as 


Y 


pos 


K(x, y) x sin 


K(0, y) 0), 


* Fischer, loc. cit. 
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the inequality 
|OK(z,y)) _ , 
oy 
will be satisfied for all values of x and y. Consequently V, K(x, y) cannot 
be greater than a, and equation (18) is satisfied identically in wz. The 
only wv needed, however, is x, = 0, and since 


| o*K(z,y)| a 
Or dy - 

the inequality 
— 0 7* 
V5 K (2, //, < ee 
R' s”” 


must be satisfied, where #”’ is the region (e)<a2 < b; a < y < 6), and 
inequality (17) will be satisfied if 6 is small enough. Thus the hypothesis 
in $ 2 is satisfied. But the sequence A(//n, 1) approaches zero as n becomes 
infinite, while 


lim V,[K(1/n, y)— lim K(1/n, y)] = 2, 


n> ns 


and the Riesz theory does not apply. 
Qn the other hand, if A(a, y) is defined by the equation 


1 
K(x, y) = (y—2), @=2=<=1;0< 9 & 1); 
Kv, y) must be less than 2. Also if A (rn, y) converges as n becomes 
infinite, , must approach a unique limit, which will be called c, and the limit 
ot Airy, y) will be K(c, y). It follows from this definition of A(x, y) that 


» 


(y— oe —(y— ry) 


= [A(rn. y) — K(e, y)] - - 


3 (y — rn)? (y — 3 
If ¢ is chosen arbitrarily small, this partial derivative approaches zero 
uniiormly in each of the intervals (0 < y < e—e) and ((—¢« < y < J), 


is x becomes infinite. Consequently for n large enough, the inequality 


V, [K(2n, y) — K(c, y)] <e€ 





' 
F 





-~ -« 
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must be satisfied. If this is added to equation (29), and one term transposed, 
it becomes 


(32) gla) = A | Giyity| Ker y) — Hla, y)+4 | Kils, yd Ha, oJ. 


Equation (28) applied to the numerator of equation (31), makes H(:, y) 
satisfy the equation 

wr GO Klay, 

i 20, : 

‘ | dD ( 

Wao? Ta 


Hts. y) Kita, A | K(s, y) d Hiss). 


Ty 2° 2+ In oa 


When this is substituted for H(r,y) in equation (32) it makes @(x) equal 
to a linear combination of the functions (30). Thus every solution ot 
equation (2%) is a linear combination of these particular solutions. 

4. Independence of the Riesz Theory. The equation 


tia) g(a) —AT(Q) 


has been discussed by Riesz, where T(f) is a completely continuous 
transformation. This is equivalent to equation (1) if V, A (+, y) is bounded 
uniformly, and if, whenever a sequence .,,.73,... is chosen in such a way 
that A(v,,y) approaches a unique function of y as m becomes infinite. 
the equation 


(33) lim Vy[K(rn.y) — lim Kirn. y)] 


ra—> ZF ri—> Zz 


is satisfied. In order to show that these conditions are not equivalent to 
those assumed in the last two sections, an example will be given where 
K(z, y) satisfies the conditions stated in § 2, but does not satisfy equation 
(33), and a second example where V,A(r,y) is bounded uniformly and 


equation (33) is satisfied, but where fia K(a,.r) is infinite. 
If A(x, y) is defined as 

r . / 

K(r, y) rsin 7 


os 


K(0, y) 0, 


* Fischer, loc. cit. 
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the inequality 
6K(z, y) < | 
| Oy 
will be satisfied for all values of « and y. Consequently V, K(z, y) cannot 
be greater than a, and equation (18) is satisfied identically in ze. The 
only ve needed, however, is 2, = 0, and since 


e* K(z, y) Pe 
Or Ay x , 
the inequality 
0 a* 


y Ka Who = v2 
must be satisfied, where #’ is the region (e’<a2 < b; a < y < b), and 
inequality (17) will be satisfied if 6 is small enough. Thus the hypothesis 
in $ 2 is satisfied. But the sequence A(//n, 7) approaches zero as n becomes 
infinite, while 

lim V,[K(Q/n, y) — lim K(1/n, y)] = 2, 


n—=> n> 


aid the Riesz theory does not apply. 
(n the other hand. if A(z, y) is defined by the equation 


1 
K (7, y) = (y—~2)*, S=~ 4£= Ge ys 1), 


I, K(x, y) must be less than 2. Also if A (rn, y) converges as n becomes 
infinite, , must approach a unique limit, which will be called ¢, and the limit 
ot Als,, y) will be K(e, y). It follows from this definition of A(x, y) that 


» » 


Ir . (y— c)® —(y— +n)® 
iy [A (rn, y) — K(c, y)] oo mad oe 
‘ 3 (y ba In)* (y a r) 3 


If « is chosen arbitrarily small, this partial derivative approaches zero 
unitormly in each of the intervals (0 < y < c—«) and (¢«—« Sy <1), 
ts x becomes infinite. Consequently for n large enough, the inequality 


V,[K (an. y) — Ke, py] <e 





—<- -eye 
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must be satisfied in each of the above intervals. But the inequality 
1 
Vy [K (xn, oc K(e, y)] <4e5. 
must be satisfied for every value of m. Then, if x is large enough, 


1 
V,/[K (rn, y) — Kec, y)] < Be -+- 4¢«3. 


Since this expression approaches zero with ¢, equation (33) must be satisfied, 
and the Riesz theory applies to this kernel. But if 4a; is taken equal 
to l/n, the equation 


vt 


’ , 
DAK (ay. rj) 


i 


will be satisfied. This makes the integral (15) infinite, and the Fredholm 
determinant, as defined by equation (14), does not exist. 


Trinity COLLEGE, 
Hartrorp, Conn. 





RECTILINEAR CONGRUENCES 
REFERRED TO SPECIAL SURFACES. 


By Matcotm Ceci. Foster. 


Introduction. The aim of this paper is to study the properties of 
rectilinear congruences by the method of the moving trihedral. A one-to-one 
correspondence is established between the lines of the congruence and the 
points of a surface by defining each line with reference to the trihedral 
at the corresponding point. 

When each line of the congruence is given its most general orientation 
relative to the trihedral at the associated point, and the surface of reference 
and the parametric system upon it are any whatever, the derivation of the 
fundamental equations and conditions for the study of congruences is very 
laborious and the results very cumbersome. We may without loss of 
generality choose the unit sphere for the surface of reference, and associate 
each line of the congruence with that point on the sphere through which 
the positive normal has the same direction. With this very special orien- 
tation, and when the parametric system on the sphere is any isothermal 
system, the fundamental equations and conditions are greatly simplified. 

Many of the results contained in this paper are well known; those results 
which are believed to be new are stated explicitly as theorems. 

This paper is an extract from the author's thesis presented to the Faculty 
of the Graduate School of Yale University in candidacy for the degree of 
Doctor of Philosophy. 


A. Rectilinear congruences referred to the unit sphere. 
1. We refer the sphere to any isothermal system, and take the 2-axis 


of the trihedral tangent to the eurve v = const. The equations of any 
line / referred to its trihedral are 


(1) r= 4, y=0b, fr, 
Where the length ¢ of 7 is measured from the point (a, 0,0), and a and b 


are funetions of « and +. We write the linear element of the sphere in 
the form 


(2) ds? = (du? + de*). 


For the sphere, F Dp’ — 0. 
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Hence 
(3) 0.* 


Since E &, G (%S, and 0, (i —1.7 we have D —f. 
Db" =—G=-—E. Also 


DD 


When these values are put in the six fundamental relations corresponding 
to the Gauss and Codazzi equations? all except the equation 


(6) 


are identically satistied. The general solution of (6) is 


1 
(ye + yp)? 
4) ‘ log 
cosh uw 


where w is of the form 


(8) Ww MD, (u+- iv) + Olu — ir), 


and @,, and ®, conjugate functions for w real. Every real solution of (0) 
defines an isothermal system on the sphere. 


* The notation used here is the same as in Eisenhart's “Differential Geometry of Curves 
and Surfaces,” pp. 166 176. 

7 The functions ©, ¥, G, are the fundamental coefficients for the spherical representation 
of the congruence. The positive direction on the normal is chosen outward. 

; Eisenhart, p. 168 and p. 170. 
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», Condition for a normal congruence. As the vertex of the 
trihedral is displaced on the surface along a curve defined by a value of dv/du, 
a point P(r, y, 2), receives in the direction of the axes of the trihedral the 
absolute displacements, * 


Ow dr +& du+ & de + (qdu+qide)z—(rdu+nrndey, 
(4) dy dy + 9 du +4, dv + (r du-+ r, dve)a— (pdut+ py de)z, 
0: dz + (pdu-+p, dv) y— (qdut+qdve)z. 


In order that a congruence be normal, the displacement of P(a, y, z) must 
be such that dz UO for all values of dv/du. Hence from (1) and (9) 


tydu+t,. dv + bp, dv — aq du 0. 
Then 


f.. aq ae. t- = —bp, be. 


The condition of integrability is 


9 ; ; 
(ac’) = (be*), 
OU Ou 
which may be replaced by 
(10) e Pu, b = ¢ “ Py, 


where P is an arbitrary function of « and v. Hence (10) is the condition 
that a congruence be normal. Conversely, for any arbitrary function P, the 
values of a and } as given by (10) define a normal congruence with a single 
infinity of normal surfaces. 

When these values of a and / are substituted for 2 and y respectively 
in the equation dz 0, we get 


dz— P, du— P. dv = 0. 
Henee 


(11) 2= P, 


that is, P is the distanee to a normal surface. 


‘ Kisenhart, p. 170. 


/ mow 
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3. Equation for the developables. Equation for the distances 
to the focal points. There must be a point (7, y, 2), such that when the 
displacement is in the developable 02 — 0, and dy = 0, These equations 
become 


ay, du + ay de + & du + tq du — br du — br, dv 0, 


hb, du +h. dv & de + ar du + ar, dv — ty, dv 0. 


The elimination of ¢ from these equations gives the following equation for 
the developables: 


Be — (by — ar) du? + ta h,. = hy —— 1's ) du dv -! (ae — br,) dy? 


The elimination of the ratio di/du gives 


ys (pi @) + t{p, (a, + &— br) —q(h+ E+ar, )] 


(Ay a g — hr) (h, + § +- ar;) + (ay — by, ) (h,, aa ar) 


for the equation for the distances to the focal points. 

4, Equation for the principal surfaces. Equation for the distances 
to the limit points. Let us consider the variations which the direction- 
cosines (0, O, 1) experience as the vertex J/ of the trihedral is displaced 
along a curve C to MW’. From the center of the sphere we draw lines 
parallel to the axes of the trihedral, forming a second trihedral 7), which 
moves so that its axes are in every position parallel to the axes of the 
trihedral on the sphere. From the vertex of 7) we draw a line parallel 
to the corresponding line of the congruence. Relative to 7',, the coérdinates 
of the point in which this ine pierces the sphere are (0, 0, 1). The dis- 
placements of this point in the directions of the axes of 7, will be the 
variations experienced by the direction-cosines of 7 as M is displaced to M’. 
Let /' be the line of the congruence corresponding to MW’, and PP’ be the 
common perpendicular to / and 7’. The displacement of the limiting position 
of the foot of this common perpendicular on / must be orthogonal to both / 
and /’. Hence from (9), since the translations & and 7, are zero for the 
motion of 7), 


g du (ay du + a, dv + & du + ty du — br du — br, dv) 


— pr dv (by du 4 by dv + & dv + ar du + ar, dv — tp, dv) 
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setting dr du — Kk, and solving for ft, we get 


ny -|- & — hr -+ I (a, ote h,, -t ar ? br,) ~+- k? (b,.+- é + ary) 


(4) t= — a : 
For the principal surface we set dt/dhk 0. This gives 
(1a) (apt by Far — br) (de® — de®) + 2 (be du + ary + br) du de 0. 


Henee (15) is the equation of the principal surfaces. Since the coefficients 
of div@ and dv® are equal and opposite in sign, we have the well known 
theorem: 

The principal surfaces are represented on the sphere by an orthogonal 
system. 

From (14) and (15) 


h 
ly < hy ; ) (1, T h,, t ar a hr) 
/ « 
q 
| . - 
J lay te Ear — bry) + Me +E aM) 
qi 


Hence the following equations hold between the distances f, and f, to the 
limit points, and the corresponding values of /:: 


' « k 
ay + &—bhr 4 >» (h Lh, -- ar bry )+aqt 0, 


= 


l 
y(t tI + ar — bry) + (b+ E ary) + kt 0. 


When /: is eliminated from these equations we get the following equation 
lor the distances to the limit points: 


44° 7" } 4 (ay ; hy. -+- ar, — hy | 2&)? 
(16) 
3 4 (a, + & — hr) (h,. + E+- ary) — (ar + bu + ar— bry ye =. 
Hence 
(17) t+ te An + by + ar, —br +25 





——— 
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Since from (13), the sum of the distances to the focal points is identical 
with (17), we have the known theorem: 

On any line of a CONGrUENCE, the two segments hounded respectively hy the 
focal points and the limit points are so placed as to have the same midle 
point. 

If the congruence be normal, equations (12) and (15) become identical 
on using (10). Hence we have the well known theorem: 

The principal surfaces are developable when the congruence is normal, 

For a normal congruence equations (13) and (16) are identical; hence 
the foeal points and the limit points coincide when the congruence is normal, 

From (12), the condition that the curves defining the developables form 
an orthogonal system is 


oh ae oe 


Since this is identical with the condition that the congruence be normal, 
we have the known theorem: 

A necessary and sufficient condition that the foeal planes be perpendicular, 
is that the congruence be normal. 

5. Condition for an isotropic congruence. The necessary and 
sufficient condition that a congruence be isotropic is that its developables 
be represented on the sphere by the minimal lines. Hence from (12), we 
must have 


— hb, — ar ay — bry, ly — b. — br ary 


If we substitute the values of + and r, in these equations, and multiply 
by « *, we get 


is) — A) —tee (be). 


ou 01 


From the first of equations (18) it follows that we may define a function 
by the equations 


Qu ® he = 0, ; 


and from the second of equations (18), it follows that () must satisfy the 
equation 


Cun “1 Ory = (0). 
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Hence the necessary and sufficient condition that a congruence be isotropic 


ix that 
h — eo (. F 


“ “ow 


cits 


(14) 


(oun | Orr ), 


4. Condition that the lines of curvature on the normal surfaces 
be represented by an isothermal system on the sphere. Using 
the values of a and > from (10) and (12), the equation of the developables 


becomes 


(P,, LP, /, DP, ) (di? - dv*) + (P.. = Pe L D4, r. —?4.P,.) dudv 0, 


Hence the condition that the lines of curvature on the normal surfaces be 
represented on the sphere by the chosen isothermal system is that 


(()) Pav — 4u Pe — bv Pr 0.” 
7. Congruences whose middle envelope is a point. Without loss 


of generality we may take the origin as the middle envelope. The condition 
that the middle envelope be the origin is therefore 


Where /; and f, are the roots of (13). From (13) we have 


(ly -+- h, + iA Sa br+26& 1 
? Vi 
Which reduces to 
(21) dy + by +- ah, -+ bay 0. 
Multiplying by e*, we get 
9 . A } 
a (ae*) . scat (be*) Rur, 


Cv 


. *We note from $2 that in the notation usually employed in tangential coordinates, the 
distance W from the origin or center of the sphere to the tangent plane of the normal 
‘urfaces is P+-1. The condition (20) is identical with the well known condition satisfied 
by Win order that D'= 0 for the normal surface. Cf. Eisenhart, p. 164, equations (34). 


a yee 
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where # is any function of «and +. Hence for a congruence whose middle 
envelope is the origin 


(22) a € . Rh, ‘ a . Re . 


We have seen that for a normal congruence 
* Fy. e af oe 


If each line of this normal congruence be rotated in a positive* direction 
through an angle 72 about the corresponding normal, the rotated line will 
pierce the tangent plane at the point 


aie a e 7... 


Since (21) is satisfied identically for these values of a and hb we have: 

THEOREM 1. Jf each line of a normal congruence be rotated through an 
angle w/2 ahout the corresponding normal to the sphere, the middle enie lope 
of the resulting CONV MENCE is the origin. Conversely, all congruences for which 
the middle envelope is the origin are determined in this way. 

Suppose each line of the congruence detined by (22) be rotated through 
an angle 7/2 in the positive direction about the corresponding normal. The 
line in its new position will pierce the tangent plane at the point (¢ ‘s., 
e “R,). When these values of a and b are put in (21), we get 


f ‘(2 4. | —_— 0, 
Hence we have: 


THEOREM 2. If the function Rois a solution of Laplace "s equation, and 
if each line of the congruence defined hy (22) he rotated through an angle 12 
ahout the corresponding normal to the sphere, the resulting congruence is normal 
and such that its middle envelope is likewise the origin. 

%. Let us consider the normal congruence defined by 


a= ¢“* P.. 
and the congruence formed by rotating each line through an angle 7/2 in 


the positive direction about the corresponding normal. We shall call the 
new congruence, the rotated congruence; it is defined by 


4 e.. 


“If each line be rotated negatively, the resulting congruence will be determined by 
a=eAP,,b =—e*P,. Hence from (22), the direction of rotation is immaterial. 
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From (12), the equation of the developables of the normal congruence is 
(23) (Pre bu Pe— ev Pu) (dv? — de®) + (Pru Prev — 2 du Put 2h,P,)dudv = 0; 


and from (15), the equation of the principal surfaces of the rotated con- 
eruence is 

(D4) { P. o— Phe Pyt2h, P.) (he — dy?) +4( Puv—bu P.. —h,, Py) du div — (), 
Comparing (23) and (24), we may write these equations in the following 
abbreviated form: 


— md? +-kdudu +- mde? = 0, 


k du? +- 4mdudv — kdi* (. 


The curves in each family form an orthogonal system. We shall now 
determine the angles between the curves defined by (23) and (24). If 4, and 4, 
denote the angles between the positive directions of the curve v = const. 
and the curves defined by (23) and (24) respectively, we have 


— H adv di —kiV k?+4m? 
an —= ; a 
' BE du du 2m 
(25) 
) = 2 
Im+ttl k®+4m 
tan A, <i 
. k 


Let # denote the angle determined by the upper signs in (25). Then 


tan @, —-tan 4, 
tan 4 ’ 
1 + tan @, tan 4, 


Which from (25) reduces to 
tan A ;: 


hence 4 = 7/4, and we have: 

THEOREM 3. The curves defining the developables of a normal congruence 
and the principal surfaces of the rotated congruence form orthogonal systems 
and hisect each other. 

We also note that if the developables of the normal congruence are 
defined by an isothermal system, then so also are the principal surfaces 


of the rotated congruence. 


me 





i- 


f 
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9, Consider again a normal congruence and the rotated congruence. 
We ask: When is the rotated congruence an isotropic congruence? 

Equation (24), the equation of the principal surfaces for the rotated con- 
eruence must be satisfied identically.* But if (24) is satisfied identically, 
so also is (23), the equation of the developables of the normal congruence. 
That is, the equation of the lines of curvature on the normal surfaces jis 
satistied identically; hence the normal congruence consists of the normals 
to a sphere or a plane. Hence we have the theorem: 

THroreM 4. The necessary and sufficient condition that the congruenc 
formed by rotating a normal congruence be isotropic is that the normal 
congruence consist of the lines through a point, or the normals to a plane. 

10. For an isotropic congruence referred to the sphere 


Qu, 2G, 


Quu t+ Qri 0, 


t 


If each line be rotated through an angle 7/2 in the positive direction 
about the corresponding normal, the resulting congruence will be defined by 


a, = &Q,, Qu 


Since ( is a solution of Laplace’s equation, we set 
ky, 0, ’ k,. at Qu; 


where A and ( are the real and imaginary parts respectively of an analytic 
function of «+77. Hence 


“ty Ye ° h, = ef K, . 


Since K also is a solution of Laplace's equation, we have by comparing 
these values of a, and }, with (26), 

THEOREM 5. If each line of an isotropic congruence referred to the sphere 
he rotated through an angle 1/2 about the corresponding normal,t the resulting 


congruence is also isotropic.t 
INGVUeNCE Ws also wotropic.t 


* Eisenhart, p. 415. 

7 The direction of rotation is immaterial; for if each line is rotated negatively, the effect 
is to change the sign of Y. 

} Eisenhart, p. 423, Ex. 9. 
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B. Rectilinear congruences referred to minimal surfaces 
whose lines of curvature are parametric. 
11. We now refer any congruence to a minimal surface by establishing 
» one-to-one correspondence between the lines of the congruence and the 
points of the surface at which the z-axis of the trihedral is parallel to the 
line. and such that their positive directions are the same. The lines of 
curvature form an isothermal system. Without loss of generality we choose* 


D pb" i. 
Then BE ( 0, and & (Y l/o, where @ @:| = |@2|; also 
F—*- I 0. The linear elements of the surface and the spherical 


representation are respectively 


/ ° ' vo 9 I °o ' o 
ds* o(du?-+- dr") and do* = (dur +-dir*), 
0 


We choose the .r-axis of the trihedral tangent to the curve + = const.; hence 


gE, Y) p q 0), 


l , 
We set | loge A; then 
ds* e 24 (du? +- dr*), do 4 (du? + dr), 
(27) x 4, =e A a= q= — ¢ 
. j — j os y= pa 
) 4,, Yr, = nen as & : » = ¢ . 


When the values of &, 41, pi, q. 7. "1, from (27) are substituted in the six 
fundamental equations whieh are the equivalents of the Gauss and Codazzi 
equations, all except the equation 


(YR 4 ' >| oat a 
-") Aun Av = 


are identically satisfied. This equation is the same as (6). Henee any 
solution (7) of (28) determines a particular isothermal system on the sphere 
and a particular minimal surface. 

l2, Without repeating the reasoning as outlined in section A, we give 
here only the results. 


* Eisenhart, pp. 253-254. 
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The necessary and sufficient condition for a normal congruence is 


(29) e* Ff. = —e "Pp, 


where P is any funetion of « and +. The distance to a normal surface is 
equal to — P. 
The equation for the developables is 


(30) (hy - ar) du + (ay + Ny —hy + 2PE\dudr + (a, — hy, ) dv 
the equation for the distances to the focal points is 


1. yr) 


7? f? “t q (Au — i - hy) t 4- (a,.— hr, My 
(51) 
(a, 4- & — br) (h, 


The principal surfaces are defined by the equation 


(32) (t,-—hy or hi (da® di?) . 2 (au hy. ary “hy 2&)dudr 
the distances to the limit points are given by the equation 

44° t? 4. 4q (au — h,.— ary - hy)t 
(33) 


o : ' 2) 
f4(a,+& br) (hy + & 4- ar,) + (a, — by — ar hry)" 


For an isotropic congruence, 


12. If the congruence be normal the equation of the developables is 


(Pow ” hy, P, di, FP.) (di? — di?) 
(35) 
( Pru r " eed os. P., + 2i.,, P, aa 2) du dp 





RECTILINEAR CONGRUENCES. 171 


Henee the condition that the lines of curvature on the normal surface be 
represented on the minimal surface by the lines of curvature, is 


(36) Puy — du — he Pe — 0; 


this condition is identical with (20). 

Since at any point on a minimal surface, the asymptotic lines bisect the 
angles between the lines of curvature, we have from (35) that the necessary 
and sufficient condition that the lines of curvature on the normal surfaces 
be represented on the minimal surface by the asymptotic lines, is 


(37) Pan —— Pon . 34. *s = 2), Fe + 2 0. 
The coetticient of ¢ in (31) reduces to 
oe (Pare + Pood: 


hence the necessary and sufficient condition that the given minimal surface 
be the mean evolute is that P be a solution of Laplace’s equation. 


C. Rectilinear congruences referred to minimal surfaces 
whose asymptotic lines are parametric. 

14. We again associate each line of the congruence with that point on 
a minimal surface at which the normal is parallel to the line, and choose 
the v-axis of the trihedral tangent to the curve « = const. We refer the 
surface to its asymptotic lines; hence D — D”= 0, and without loss of 
generality we take DD’ 1. This minimal surface is the adjoint of the 
wininal surface just considered whose lines of curvature were parametric.” 

The linear elements of the minimal surface and the spherical representation 
are respectively 


’ . ‘ . | : : 
ds* 0 (du®-+- dv*), dir = (dur di*), 
? 
Where 0 0; Vy A Then 
gf, yj A q 0, 
: l 
We set | loge —A; hence 
ds? = ¢ *4(du?+ dv’), de? = &* (du®+ de*), 

(38) g y= e ‘ p= ef, oP —e*, 

7 : Z. ry == — ky, & = (% . e. 


* Eisenhart, pp. 253-254. 
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When these values of &. 4). p. diy 7 M1, are put in the six fundamental 
equations which correspond to the Gauss and Codazzi equations, all except 


the equation 


are identically satisfied. This is the same equation in 2 as the equation 
which appeared in the discussions of the two previous sections. Hence any 
solution of this equation determines a particular isothermal system on the 
sphere and two particular minimal surfaces which are the adjoints of one 
another. The solution 


log sech u 


defines the meridians and parallels as the isothermal system on the sphere; 
it is readily shown that the two adjoint minimal surfaces determined by 
this value of 4 are the eatenoid and the right helicoid.* 

15. Without repeating the methods of derivation, we collect here the 
fundamental equations for the developables and the principal surfaces, and 
the conditions upon a and & for special congruences. 

The necessary and sufficient condition for a normal congruence is 


(39) -¢ tk. om, 
where P’ is any function of « and +. The distance to a normal surface is 
(40) 2 — P’, 

The equations for the developables and for the distances to the focal 
points are respectively 
(41) (a, + & — br) du® + (a, —h,, — ar — br) dudv — (hb. + & + ar,) de? 


and 


ph — play + by + ar — br.) t-+ (a, — bry) (by + a) 
(42) 
— (ay + & — br) (by + & -+ a) 
The equation for the principal surfaces is 
(43) (ay 1 h,. oo a. br + 2 &) (du® - di*) . 2 (a, . by i br, )dudv 


* Kisenhart, p. 267. 
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and the equation for the distances to the limit points is ' 
i 
4 yp {? — 4p (ay -} by -}- ar— br, )t 
(44) 
4 (ay wii br;) (bu 1 ar) —— (dy -{ h,. + ary —_— hr + 2¢)* — 0. 
: . * 
For an isotrople congruence, . 
/ ) / 
a f Qu, b & @., 
(45) 
, , al : 
Gur + Ore -L 2e¢ — Q. ¢ 
16. Summary of conditions upon a and b. We have seen that j 
the conditions that a congruence be of a particular type are conditions upon ' 
the tunctions a and b. We collect here these results with the expressions x 
for the fundamental quantities for the three surfaces considered. % 
‘ 
Sphere (S) Minimal Surface (S,) Minimal Surface (S,) 
Isothermal Lines of Curvature Asymptotic Lines 
System Parametric Parametric 

- ° . ms 7 jeri . , 7 ' 
Normal a e A >. a e 4 Py a ? A P,. ; 

( on- F @ . ’ ' 
gruence h; e * Pp. b= —e “*P. b cP. i 
Distance 

to , 
J — } a 

Normal u / | I 
Surface 
Isu 0 Ne ’ . . , . , 5 , 

tg ae *Qab -¢ "O\a—¢ CQ, }= fC le ¢G, 6= ¢@ 

al , , al 
eruence (Our + Qer 0 Quu+ Qee+2e ” 0 QuutQrr+2e 1s 0 
Midk e } 
: l 1] a e A R, 
Envelope 
a Point h ——e | 

rug. (22 TP = = 0 = 9 =p=—H=0/ == =I=0 | 
“unda- 5 

. ) j - A 

mental | $ Ny = ef & qi ” ie . nN ¢ 
Quan- | } a 

tities pA=—eAq=e ae =-¢€, = —e 

? —Ay, 1; i. ) Avy —Ay |? Ay, 1 = hu 
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17. Some theorems concerning rotated congruences. Whe) 
a normal congruence is referred to the surface 4), 


e Pe 


the point in the tangent plane symmetrical with this with respect to the 


v-axis Is 


Hence from the table of $ 16, we have: 

THEOREM 6. Jf each line of a normal congruence referred to S, be reflected 
with respect to the vz-plane of the trihedral, the codrdinates defining the reflected 
line when plotted relative to the trihedral on the sphere, define also a normal 
congruence. Similarly, the codrdinates defining the reflected line with reference 
to the yz-plane, when plotted relative to the trihedral on the sphere, determin 
a normal congruence. 

From the table of §$ 16, we have at once the following two theorems: 

THEOREM 7. Lf each line of a normal congruence referred to S, be rotated 
through an angle 2/2 about the corresponding normal, then when plotted 
relative to the trihedral of S:, the codrdinates defining the rotated congruence 
define also a normal congruence. 

THEOREM 8. Jf each line of a normal congruence referred to Sz be reflected 
with respect to evither the az- or the yz-plane, the coirdinates defining the 
reflected congruence when plotted relative to the trihedral on the sphere, defin 
aA CONgruenCe whose middle envelope is a point. 

For an isotropic congruence referred to the sphere, 


ef Qu, 
Quu + Qe = 0; 
and for a normal congruence referred to S,, 
(ty eA Fr. b, mg Fe; 


Where P is an arbitrary function of « and +. Then 


1 
f (Qu t+ Q)?, 


1 
” (P* +P). 





RECTILINEAR CONGRUENCES. 17 


on 


Hence 
1 


1 
Vee Vai tii = Qt)? (Pt Py. 


Let us assume P to be a solution of Laplace’s equation. We take 


(46) GQtQ = U+iv, 
= 5 ob P? ] 
(47) u v Pi. iV ° 


The modulus in (46) is } UIt V*, and the modulus in (47) is 1/V U+Y72. 
Then 
Veith Vath = 1, 


and therefore the points (a, b) and (a,,%,) are inversions of each other with 
respect to the unit circle. Hence we have: 

THEeorEM 9, Jf the point defining an isotropic congruence referred to the 
sphere be inverted with respect to the unit circle, the codrdinates of the inverted 
point when plotted relative to the trihedral on S,, define a normal congruence. 

For a normal congruence referred to Sy, 


and the equation defining the developables is 
(Pu — dy Py — ay Pa + 1) (de® — dv*) 


+ ( Py _ Pon + 2 dn Py — 2 4, P: du dv = U. 


Let us suppose the developables are represented by the asymptotic lines. 
Then 


(48) Po» — dy P; — dy Pa +1 = 0. 


lf P, and Py are two solutions of this equation, we get by subtraction 


(P, sia Pa)uv aa hy (P, asia P.). ec i, (P, Biss Ps)u 0. 








_ 
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Hence P = P,— P, is a solution of the identical equations (20) and (36), 
Consequently we have: 

TuEoREM 10. Tf P, and Ps are two solutions of (48), then for P= P,—P,, 
the lines of curvature on the normal surfaces of the congruence referred . 
the sphere, and the lines of curvature on the normal surfaces of the con- 
gruence referred to 8, have the same spherical representation, namely, thi 
given isothermal system on the sphere. 


D. Ribaucour congruences. 

17. The lines drawn from the points of one surface parallel to the 
normals at the corresponding points of a second surface which corresponds 
to the former by orthogonality of linear elements, is called a congruence 
of Ribaucour. The second surface is called the director surface. 

We consider the director surface S referred to any orthogonal system, 
and choose the a-axis of the trihedral tangent to the curve v = const. 
The lines 7, drawn parallel to the normals of S, will constitute a con- 
gruence of Ribaucour when the locus of some point (a, }, ¢) on /, is a surface 
corresponding to S with orthogonality of linear elements. We shall denote 
the absolute displacements of P(a,b,f) by ox, dy, dz, and the absolute 
displacements of the vertex of the trihedral by ox, dy, 0z. Then the con- 
dition that S and the locus of P be surfaces corresponding with orthogonality 
of linear elements, is that 


. 


(49) On On -+- Oy Oy -- 02 02 0) 
for all values of dedu. Since dz = 0, (49) reduces to 
Edu (ity du -+ ay dv + Edu-+-qtdu-+-q,tde — rb du-— rb dv) 

+ 4; dv (by du -- hy. dv + ay de + radu-+r, adv — ptdu— pt dr) 


Setting the coefficients of du*, dudv, and dv? equal to zero, we get the 
following conditions for a Ribaucour congruence: 


Mut &-+ tg — br 0, 


(50) E (ay + ty, —br,) + 9, (hu t ar — tp) == @. 


by + + ar, — tp, 0, 


18. The following equations are readily derived by the methods outlined 
in section A. 
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The equation for the developables becomes after some reduction, i 
(51) q& du® — 2 py, dude — p,y, dv® = 0, 
which is the equation of the asymptotic lines; hence we have the well known 


theorem that the developables of a congruence of Ribaucour correspond to f 
the asymptotic lines on the director surface.* 


The equation for the distances to the focal points is 

(pga — AMC + [q(be + 9 + ani) — pr (Qu + § — br) 

(5?) + pla, — hr, i (by + ar)] t ‘ 
+ (du + & — br) (by + yy + ar) — (ar — bry) (bu + ar) = 0. ¥ 

The expression for ¢ derived from the three equations (50), and the expression ( 
for one half the sum of the roots of (52), are identical; consequently, we ; 
have the well known theorem that the middle surface of a congruence of ; 
Ribaucour is the surface corresponding to the director surface with ortho- 5 
gonality of linear elements.7 , 


lf on the direetor surface we choose the lines of curvature parametric, 
the equation of the principal surfaces becomes, on using (50), 


~9 


(53) q? due — p? dv" == @, 


Hence we have the theorem: 

The curves on the director surface defining the principal surfaces of a con- 
qruence of Ribaucour are symmetrically placed with reference to the lines of 
curvature, 

Since the asymptotic lines define the developables, and since the focal 
planes are symmetrically placed with reference to the principal planes, the 
asymptotic lines are also symmetrically placed with reference to the lines of 
curvature, The spherical representation of the asymptotic lines is orthogonal 
to their direction on the director surface; hence the spherical representation 
of the asymptotic lines is symmetrically placed with reference to the spherical 
representation of the lines of curvature. 

The equation for the distances to the limit points is 


4 pq? P+ 47,9 [y, (a. -+-§ — br) —¢ (6,49, + ar, | t 
(54) 
~ $n1q(Qu+ F — br) (bet 4+ ary) + [a(te— bn) — put an = 0. 


* Eisenhart, p. 429. 
7 Eisenhart, p. 421. 
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19. We have seen that the developables of a congruence of Ribaucour 
correspond to the asymptotic lines on the director surface. When two 
surfaces correspond with orthogonality of linear elements, the asymptotic 
lines on one correspond to a conjugate system on the other.* Hence, since 
the middle surface corresponds to the director surface with orthogonality 
of linear elements, we have the well known theorem: 

The developable surfaces of a congruence of Ribaucour cut the middle 
surface in a conjugate system.t 

Guichard has provedt that a congruence with this property is a con- 
eruence of Ribaucour. 

20, Ribaucour congruence whose director surface is the sphere. 
We refer the sphere to any isothermal system. Equations (50) become 


Ly -: 4 tet hd, 0, 


ty t+ dy ah.— bh, 0, 


From the second equation, we define a function Q by the equations, 


‘ ; 9 
(56) = . a = (he " Gur 


ou 


From the first and third equations of (55) we get by subtraction 


An—ahy—b,.- 


This gives 


(57) 


Hence from (56) and (57), 
a= & Ou. b= —e¢ Gr, 
(D8) 
Cun a Gov — 0. 
* Eisenhart, p. 384. 


7 Eisenhart, p. 421. 
¢ Annales L’Ecole Normale, Ser. 3, vol. VI (1889), pp. 344, 345. 
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since this condition is identical with the condition that a congruence 
referred to the sphere be isotropic, we have the well known theorems: 

When the director surface of a congruence of Ribaucour is a sphere, 
the congruence is isotropic.* 

The middle surface of an isotropic congruence corresponds to the sphere 
with orthogonality of linear elements.* 

»|, Ribaucour congruences whose director surface is a minimal 
surface. We choose the lines of curvature parametric. Equations (50) 
become 


a, te*— tA? — bad, = 0, 
(5%) ty +hy tad, + bay = 0, 


h. +e om aay + te 0. 


' 
From the second equation, we define a function P by the equations, 


_ : 9 ‘ 
{H0)) - (ae*) = = (he*) 7 
Ov ou 


From the first and third equations of (59), we get by addition 


(61) Ay — aay +h. — bdAy +2e A Q. 
From (60), 


(H2) a c * h = —e “Po: 
these values of a and 4, when substituted in (61), give 
(3) Pru oa Pry 7 2An Pr + 2A, P, r 2 0. 


Henee equations (62) and (63) define a and) for a Ribaucour congruence, 
When the director surface is minimal. Since (62) is identical with the con- 
dition that a congruence be normal when referred to a minimal surface 
Whose lines of curvature are parametric, we have the theorem:t 

When the director surface of a congruence of Ribaucour is minimal, the 
congruence is normal. 


* Eisenhart, Ex. 12, p. 424. 
+ Eisenhart, p. 422. 


ane 


> eee 
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22, We have seen that when the asymptotic lines on a minimal surface 
are parametric, the condition that a congruence be normal is that 


(64) = ¢ AP. b= e*P,. 


Now P’ is any function whatever of « and v; let us suppose Pp’ satisfies (3), 
Then we have: , 

THEOREM 11. Jf the point defined by (63) and (64) be plotted relative to 
the trihedral on S,, the adjoint minimal surface, and then rotated negatively 
through an angle 2/2 about the normal, the rotated point will have the 
coordinates 


, 


’ : 
a, =e . ) b, — == ¢ Ap. 


and therefore in consequence of (62), defines a congruence of Ribaucour. 
Conversely, every Ribaucour congruence whose director surface is minimal is 
derived in this manner. 


YALE UNIVERSITY, 
June, 1923. 





PARALLEL PROPAGATION 
OF A VECTOR AROUND AN INFINITESIMAL CIRCUIT 
IN AN AFFINE-CONNECTED MANIFOLD. 


By J. L. SYNGE. 


1. Being given the components of affine connection V.( lj,) as functions 
of coordinates in a manifold Vy, with a coérdinate system a;, a vector & 
is said to be propagated parallelly along a curve x; = 2;(u) if the com- 
ponents satisfy | 

dk 


: i gj Urn 
du 


+ Tak du 


(1) 


along the curve. The derivative notation is deliberately adopted instead 
of the differential, as the use of the latter has caused an inexactitude of 
reasoning on the part of certain writers. We find one of the most 
interesting problems of parallel propagation in the case where the curve of 
propagation is closed, or, in particular, an ‘‘infinitesimal circuit’, but it is 
necessary to employ more than the customary precision in the use of the 
latter phrase. 

2. The problem of a finite circuit is, according to Weyl,* reducible to 
that of the infinitesimal circuit. No proof of this statement is given, and 
indeed it does not appear to be true except in the case of a “Euclidean- 
affine’ manifold. A generalised Stokes’ Theorem is certainly not applicable, 
as Eddington suggests.+ Weyl treats the problem of the infinitesimal circuit 
and obtains a result which may be stated as follows: 

If a vector & is propagated paralleliy around the infinitesimal parallelo- 
gram xj, aj + dx, aj +drj,+dax;, 24 +-67;, 2;, in the order indicated, the 
increments of the components of the vector on completion of the circuit 
are given by 


¢ i i sf 
(2) Ag =— Fra &/ Ary, 07 
Where ; 
“a 2 
; al il vr 
yi i 2 i J vi 
Fyxa = Ajna sacl Aj, Ajxi = any —TI rl Vix. 


The same result is obtained by Lauet for a Riemannian manifold, but his 
method is equally applicable to the affine case. However in spite of Weyl’s 


"Raum, Zeit, Materie, 4th ed., p. 106. 
t Espace, Temps et Gravitation, (1921), Partie théorique, p. 53. 
+ Relativitatstheorie, Bd. IT, p. 93. 
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assertion that his differential treatment may be rigorised by the substitution 
of derivatives for differentials, we shall see later that a rigorous discussion 
of the problem demands the employment of additional second derivatives: 
in the omission of these both he and Laue are guilty of error, while 
obtaining the correct result. 

Eddington (loc. cit.) takes a covariant vector in Riemannian space— 
presumably given as a function of the coérdinates, since the partial 
derivatives of the vector with respect to the codrdinates occur—and proceeds 
to find the variation on propagation around an infinitesimal circuit. He 
obtains a correct formal result, but should equate it to zero, since he 
assumed the integrability conditions (i. e., the vanishing of the curvature 
tensor) when he took the vector as a function of position. Later* he treats 
the same question for a more general geometry but still one apparently 
with a fundamental tensor gm, permitting the conversion of a contra 
to a covariant tensor. 

The looseness in the processes described above has led M. P. Dienes+ 
to state that Weyl’s result (2) is not exact. By use of (1), in its differ- 
ential form, he obtains results in discord with (2) for special cases. These 
results he characterises as absurd and states: “The reason for all these 
difficulties is that one claims to obtain a precision of the second degree 
from an approximation of the first degree.” In fact he rejects (1) as 
incompetent to obtain results, and substitutes for it a new law of pro- 
pagation—his equation (6). But the meaning of this new law is not 
clear, for if dz; represent actual finite increments of the codrdinates, his 
law is not invariant, while if dz; are differentials his equation is meaningless, 
as the right hand side is not homogeneous, as every equation in differentials 
must be. It would appear that the cause of his anomalous results is to 
be found in a loose employment of the differential notation, in which he 
has been less fortunate than Weyl. 

3. We shall enunciate and prove the theorem concerning propagation 
around an infinitesimal circuit. 

THEOREM: In an affine-connected manifold a point P is taken, and through 


at there passes a hiwo-space qiven hy 


Li ri (u,v), 


so chosen that P is an ordinary point, i.e. so that the partial derwatives 


of x; with respect to u and v up to the third order exist and are continuous af 
and near P. A contour C in the tivo-space is formed by the parametru laws 


* Loc. cit., p. 125. 
T Comptes Rendus, t. 174, No. 18, p. 1167. 
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of wand v joining Pluv), Qu+ Aur), Rlu+ Auo+Av), SQavt+ Av) 
and P in order, Au and Av bemg finite. If a vector & be propagated 
parallelly around Cin the above order, starting with the components (Ep 
und ending weth (E‘)p, and if 


“5 «i = 
(As')p (E')p— (Ep, 
then 
li (A E')p vi gj Ork O21 
Im - = Fic) & -- — 
Au, Avo AuwAv Ou Ou 


wleve Au and Se approach zero simultaneously in such manner that. their 
rat his a finite limit other thin Zero, 
Employing ¢ as a general symbol for any quantity such that 


lim 0. 


é& 
du. Ave 44 Av 


we have the following equations corresponding respectively to the lines PQ, 
() Rh. RS. SP: 





. s de — (Auj® (dae 

(e*) (e)p+ Au 5 - ‘ - 
= /( s /PT 4 ve » (ps Pe é 
ae ag) , (Av)? (fF 

Pa = Cet 401} - ae 
> /k ie a de} di s 2 ne a jit 
. . d= (Aw? dP 

(Es = (S)n—4u(“*) 4 (<5) 4 

= |S s J] Ay | ie m ” \ ia P é 
-- ' d = (Ar)* d* 5! 

(Op — (§)s—Ar(-*F-} + zr) +¢. 

‘) 5)s— Ar | re ) » (es Pe ven 

By addition we have 
(A&)p = U,4+V,- (.-+VW+e, 
where 
= dé (= p le lé! 
all 2) (Ln — aed #8) (48 
| du P du R| | dr 7) dr s| 
‘ | ss A? & A? = l de d® = \ 
t= 5 (a(S) + (Se) ov, ao? {(“S) +(55) 4 
é | di P du* | » | de Q dv* s| 


rhe caleulation of these quantities by means of (1) gives 


-@ 
[ oj Ot~ O71 , pt nj O* HE R 
Ly) Ty, § = (Au)? 
‘f “uf Ou P 


| ¢ «j Oa k Of ' ct © 
r | Aj s t Vn, S 
OM et Oucr! p 


ee 


— 





ne a Bee eed 


oe 
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| {° <j OXk iA] 
‘Ajkl sy 
ae Gu or 


c/ 


Vy — | Aju = 
Addition gives 
Gi i OL: Of ' 
(Ae )p (Ain - du du+e 
. uf ; 


Cl P 


vi oj OTK OF 
— | F',.) Ss : } Au jute, 
0 i P 


whence the result follows directly. 
4. Having thus assigned a geometrical meaning to the quantities 


‘ , «<j OTk Or . , 
(3) Fy.) E - pee eee 


Cul 


it is to be observed that while their magnitudes are dependent on the choice 
of the surface codrdinates, the ratios 4': 7%: ...: 9% are not so dependent. 
For taking different surface codrdinates w’, + and writing 


= Fxg 5 


we have 


Which, since Fix ix skew symmetric in & and /, becomes 


0 (2, 7) j 
yw, Gs 
O(u.v ) : 


Thus we have the general result: 


Being given a vector and a two-space clement at a point, there is defined 


(under certain restrictions) a definite direction at the point, given hy (3). 

We must observe that the foregoing method is not adequate to discuss 
the propagation around an infinitesimal circuit on a cone, whose vertex 
lies at the point under consideration. 





ON THE METHOD OF LEAST mTH POWERS FOR A SET 
OF SIMULTANEOUS EQUATIONS.* 


By DunuamM JACKSON. 


|, Introduction. Let 
(ii, ie, +++, Ups 


Ujnly nds oo 0s np 


be a set of real quantities, the rank of whose matrix is x. That is, p N, 
and the a’s form 2 linearly independent sets of p quantities each. Let 


| See 


be another set of p real quantities. The p simultaneous linear equations 
ill iy 94, Sees 


(yy ito tn wn My, 
()) (i 1 + es + (n2 Mn hy, 
ip i ly gl i (np Ln hy, 
will have a solution if p n, but will generally have no solution if p > x. 


In the latter case, the question may be raised of determining ., +++. x, 
so that the sum 


' m 
dad yi rye eae I el ee h, . 


lor a given exponent m, shall be a minimum. 

Form —— 2, this is the classical problem of least squares. For a general m, 
it is intimately related to a problem which has been considered by the 
Writer in a recent series. of paperst on the approximate representation of 


"Presented to the American Mathematical Society, December 30, 1920. 

TA. On functions of closest approximation, Trans. Amer. Math. Soc., vol. 22 (1921), 
bp. 117 128; B. Note on a class of polynomials of approximation, ibid., vol. 22 (1921), 
b). 320 326; C. On the convergence of certain trigonometric and polynomial approxima- 
tions, ibid., vol. 22 (1921), pp. 158-166; D. Note on an ambiguous case of approximation, 
ibid. vol, 25 (1923), pp. 333. 337. 
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a given continuous function. The tunction /; of the subscript 7 takes the 
place of the function f(r) of a continuous variable «, for which an approyi- 


mate representation is sought, and the sets of numbers agi, k = 1, 2... .. n, 
regarded as constituting » linearly independent functions of ¢, correspond 
to the » linearly independent functions of « in terms of which the approxi- 
mation is to be expressed. While the two eases, continuous and discrete. 
can be handled to a large extent along the same general lines, there does 
not seem to be so close an identity in detail as to render a separate treat- 
ment of the algebraic problem superfluous; and it is to a study of the latter 
problem that the present paper is devoted. 

2. Existence of a solution of the problem of closest approxi- 
mation,” m=>>0. Let 


» | 
(9) j is rots “Get Day 


and let H be the greatest of the p numbers 4; , for any given set of v's. 
We begin by establishing the lemma: 

There exists a nunber P. comple tely determined hy the matria of th ny 
numbers aj. such that 


PH, 


however the numbe rs Ty May hy chosen. 

The order of the columns in the matrix (1) is immaterial, provided, ot 
course, that any permutation of them is accompanied by a corresponding 
permutation of the /’s; let it be supposed for definiteness that the determinant 
6 of the first 2 columns is different from zero. Let 6;,; be the cofactor 
Of a; in the determinant 0; then, from the first 2 of the equations (3). 


] 

(On, 9, + One get -+> + den gn), 
ri) sii ; 

Let 0° be the greatest of the quantities 6); !; then, since 


nil o's 0, 
and it suffices to take 
P no'/o, 


*It is readily seen that the problem becomes trivial for m << 0. The ground of this 
section is covered to some extent by F. Riesz, Les systémes d’équations linéaires & une 
infinité d'inconnues, Paris, 1913, Chapter III, see especially pp. 51, 54; but the purposes 
and methods of Riesz’s discussion are altogether different, and he does not formulate the 
conclusions presented here. 
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This proof is essentially the same as that given by Sibirani* for the 
continuous case. It would be possible, though not so simple, to give 
_ demonstration corresponding more closely to that of Lemma I in the 
paper A. 

For any exponent m—>O and any given set of v°s, let 


( ’ ~\' ne 
tm i . 


Since each term of the sum is positive or zero, no term can be greater 
than the whole sum, and 


m ’ , yim : ‘ 
Yj : mn Yq; Glan 9 / ee 


that is. 
a= Gy. 


Consequently, as a result of the preceding lemma, it is seen that: 
However the numbers wr may he chosen, 


| 
Nk ; PGi; I: = i. a * * #6 i. 


where P has the same meaning as before. 


Now let a set of numbers J,,.... 4) be given, or, as we shall say for 


brevity, aovector (h,, pe hy) (h), Let 
<: m 
dm init h, . 
i 1 


It is to be shown that the coefficients a; in the g’s can be determined 
so that the value of gm shall reach its lower limit, the exponent m and 
the numbers a,; and b; being held fast. 

If the vector (/) is linearly dependent on the vectors (ax) = (dia... + Mip)s 
i=12:.c0 86 possible to choose the .’s so that gj — Dj. ¢ ar 
ad Y» ix reduced to its lower limit, zero. This means that the set ot 
equations (2) has an exact solution. 

It (}) is not linearly dependent on the veetors (aj), the «’s and the 0's 
together detine a set of 2 -+-+1 linearly independent veetors. ‘The numbers 


Sulla rappresentazione approssimata delle funzioni, Annali di mat., ser. 3, vol. 16 (1909), 
Ny). 203 221; p. 208; see also Tonelli, I polinomi d'approssimazione di Tchebychef, ibid., 
Vol. 15 (1908), pp. 47-119; pp. 61-62. 
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(g, —),, 2.6. Gp—bp) result from a linear combination of these, with the 
coetticients . rn, —1. If Q is, for the augmented system of vectors. 
the coefficient corresponding to the number ? already associated with the 
original system, it will follow that 

i} = Te. 
the number Q, then, depends only on the a’s and the D's. 

The last relation implies that if gm is near its lower limit, the point in 
n-dimensional space which has the numbers ax for its codrdinates belongs 
to a restricted region, which may be regarded as closed, and when gy» is 
considered as a function of the a’s, its lower limit is a minimum which 
ean be attained by a suitable choice of the variables. Consequently, 
whether ()) is linearly dependent on the vectors (ax) or not, 

There will exrist at least one determination of vy 'n, Sor which the 
sum of the mth powers of the absolute values of the errors in th equations 
(2) ws a@ minimum. 

3. Uniqueness of the solution, > 1. It remains to inquire whethe 
the solution, just proved to exist, is unique. It is readily seen that when 
m<1 this is not necessarily the case. For example, let the given quan- 
tities be taken as follows: 


p = 2, nu 


The expression to be minimized is 


dm 


AS gm iS an even function of .,, the determination of ., for the minimum 
can not be unique, unless it is the value 7, = 0; but gyn — 2 for. — %. 
while g,, == 2™ for z, ‘1, so that the former value is not the minimum. 
The solution is in taet given by v7, = eo 

If m 1, the preceding example can still be used to show that the 
solution need not be unique.* The minimum in this case, 4; 2, is reached 
for any value of », in the interval —1 ~— a, < 1. 

For m=-1, on the other hand, the solution of the problem of closest 


approximation is uniquely defined. Vet the smallest value of gm be denoted 
by ym. Let (41, ..., 2.) and (7,.....°%) be two different sets of 7's, ll 
possible, which make g,, ym. Let gy) and gi be the corresponding values 


*This is an essential difference between the discrete case and the most important, at 
any rate, of the continuous cases; cf. the paper B. 
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of g;. Because of the linear independence of the a’s, yj and g/’ can not 
be equal for all values of ¢ Let h be a subscript such that gf, + qi. Then 


(ght gh)—bn == |S (gh—In) + 3 (Gi — dn) |™ 


: ' m ' m 
* } gr — bp + gi — Dn ). 


This is an immediate consequence of the fact that the chord connecting 
any two points of the curve £™ lies above the curve, the mth power 
of the absolute value of the average of two numbers and the average 
of the mth powers of the absolute values of the same numbers being re- 
presented respectively by a point on the curve and a point with the same 
abscissa on a chord. (It is here that the demonstration fails for m < 1.) 
For any other subseript ¢, the same relations hold, except that the in- 
equality becomes an equality whenever g; qi’. At any rate, since the 
inequality holds at least once, 


P 

~“\’ , ’ oe 

sifeal “(qi qi) —h; “gms 

s=1 
the quantity obtained on the right, on summation from ¢ = 1 to 7 = p, 
reducing to the value indieated. But the left-hand member in the last 
inequality is a value of gm, namely that given by rx, ‘(7 + 27K), 


1, 2....,”, and the hypothesis with regard to 7» is thereby con- 
tradieted, 

4. Approximate solution in the sense of Tchebychef. A problem 
closely related to the one treated above, and suggested by the Tchebychef 
theory of approximation by means of polynomials,* is that of determining 
the “'s so that the greatest of the errors g;—); in the equations (2) 
shall be as small as possible. It follows almost immediately from the first 
lemma of § 2 that the problem has at least one solution; for the 2's 
corresponding to restrieted values of the errors will themselves belong to 
a restricted region, and the lower limit involved will be a minimum that 
ean be attained. 

Under the hypotheses made hitherto, the solution of the new problem 
is not necessarily unique. For example, let the given quantities be as in 
the illustration at the beginning of § 3, except that a, 0 instead of 1. 
The problem is to determine 2, so that the greater of the quantities 


Gy, —h, m—1), 7 an hy I, 
“Cf, e.g., Sibirani, Tonelli, loce. citt.; Borel, Lecons sur les fonctions de variables 


reelles et les développements en séries de polynomes, Paris, 1905, pp. 82-92; de la Vallée 
Poussin, Lecons sur l'approximation des fonctions d'une variable réelle, Paris, 1919, pp. 74-92. 
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shall be as small as possible, and the requirement is satisfied by any value 
of ., in the interval 0 oe 

The solution will be completely determinate, if it is required that every 
n-rowed determinant of the matrix (A) be different from zero*, The reasoning 
corresponds closely to that which is well known in the theory of Tchebychet 
polynomials. 

In the first place, if. .....7, form a solution of the problem, if 4, .... 9, 
have the values corresponding to these .’s, and if 7 is the greatest of the 
errors g;—/; . it must be that 


i 


for at least 2» + 1 different values of the subseript 2. Suppose the maximum 
deviation were reached only 7 times, 7 ~~ mn. Sinee the original order ot 
subscripts is immaterial, there is no loss of generality in) supposing this 
to oceur for / i eee A: | US 


As every n-rowed determinant of the matrix (1), and, in_ particular, the 
determinant of the first # columns, is assumed now to be different from 
zero, there will exist a set of numbers yw. .... Yn. satisfving the equations 


if a Pi a | Oni ttn 
The 7's having been determined, let 


iD 
uy, Yi * Tani Yn 


for7 1, 2,.... yp. Let € be a positive number less than 1, and at the same 
time subject to the inequalities 


ur, fj 


If the quantities 
Vk — EW 


are substituted for the unknowns in the equations (2), the resulting errors 


yi —, 


will be less than / in every ease, and the hypothesis will be contradicted. 


* Cf. Sibirani, Su Ja rappresentazione approssimata di una funzione continua, ete., Rend. 
Cire. Mat. Palermo, vol. 34 (1912), pp. 132 157. 
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Suppose now that there were two sets of numbers, (z1,..., 2) and i, 
Ole. 2), each giving a solution of the minimum problem; and let q 
gi and q/’, ¢ 1,2,..., p, be the corresponding results of substitution in 
the left-hand members of the equations (2). For any particular subseript ¢, 
unless 4; qi = +1, the quantity }(g/+ 47), corresponding to the 
substitution of ba; + rk), ke 1, 2,..., ”, will differ from ; by less than /. ‘ 
As the difference can not exceed / in any case, the new values for the f 
wiknowns Will also constitute a solution of the problem; by the preceding . 
paragraph, it must be that (gi t+ gf) —b; / for at least x +1 values : 
of /: and hence it must be that yi qi for at least »+ 1 values of 7. k 
But the equality of gj and gi’, even for values of 7, implies that x}, = +f, 
I 1.2,...,”. So the proof of uniqueness is complete. b 

5. Limiting form of the problem of least mth powers for m — «. 4 
a Pyles eee mn De the o's giving the solution of the problem of least mth i 
powers, for an arbitrary value of m> 1; let gn 7 1, 2,...)p, be the 4 
corresponding value of the left-hand member of the -th of the equations (2); % 
and let /,, be the greatest of the differences gy m;—); . Let /) be the ¥ 
limiting error in the problem of the preceding section, regardless, for the ; 
moment, Whether the solution of that problem is unique or not, the hypo- 5 
thesis with regard to the matrix (1) being merely that it is of rank 2; 
and let ro, ..., ; ron and Gor... +. Yop be the corresponding set, or a corre- 


sponding set. of v's and q's. Tf will be shown that 3 


lim lin ly. 


m = 2) 


Let ¢ be an arbitrarily small positive quantity, let 7, as before, stand 
tor the sum So gag—h; ”, and suppose that 


bn : ly -1- é, 


Then at least one term in the expression for y,, is as great as (Jy @)". 
and as the other terms are positive or zero, 


Ym (1, +)". 
On the other hand, because of the minimum property of 7», its value can 


not execed that of the corresponding sum obtained by the substitution of 
any other set of v's. in particular wo... .. on. = But 


Poi — D; lo, i i oe 
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and consequently 


P 
~\' 


a m « m 
{ Oi h, p/ 
1 


0? 
i 


yp , (z. + é yn pln. 


As the last relation ceases to be true for large values of m, it must be that 


for all yalues of m from a certain point on, that is, limm— x«/m o 

Now let it be assumed that the determination of the numbers .79;, . . ...79, is 
unique. From the preceding section, this will certainly be the case if the 
n-rowed determinants of the matrix (1) are all different from zero. By the 
proof just completed, 7,, is bounded as m becomes infinite. That is, the 
quantities ¢ni—); are bounded, and hence the same thing is true of the 
quantities gy»; . From this it follows, by the first lemma of § 2, that the 
points in v-dimensional space represented by the coérdinates (rm... 6. mn) 
belong to a restricted region as m becomes infinite, and so have at least 
one limit-point® for i x. On the other hand, if / represents the greatest 
ot the p numbers) g;—-/, for an arbitrary set of v's, this / is a continuous 
function of the v's. and the value of / corresponding to any limit-point of 
a sequence Of pOINts (rmt...-. mn) for im “ must be the limiting value 
of 7m, namely /,. But. under the present hypothesis, the value /, can corre- 
spond only to the single point (r,..... 0). So this is the only possible 
limit-point for m x, and if must be that 


lim mk rok 
m io 


* That is, there will be a sequence of values of m, increasing without limit, such that 
the corresponding points (2mi,.... mn) approach the point in question as a limit. 
THe UNIVERSITY OF MINNESOTA, 
MINNEAPOLIS, MINN. 





THE DERIVATIVE OF THE GENERAL INTEGRAL. 


By P. J. DANIELL. 


|. The object of this paper is to consider a function which may be compared 
tv a derivative, and which is related to the general form of integral already 
detined by the author.* 

In that definition it Was assumed that an integral was already defined for 
some class 7) of functions of a sufficiently simple type. With that definition 
somehow given, it was shown how to extend the class of integrable functions 
without assuming any properties of the elements, », of which the integrands 
are functions. By the very attitude taken up in that analysis, the usual 
derivative is excluded since it is defined in terms of sequences of “intervals” 
of certain types enclosing an element. 

\V. L. Hart? has recently considered a Pseudo-derivative which gives more 
treedom in the study of inverse integrals but even this depends on sequences 
of intervals. We shall use, instead, an idea suggested by a further paper? on 
the general integral. There it was proved, that if /(p) => 0 is summable with 
respect to SCf) and limited then there exists a function 4()) which is every- 
where equal to 1 or —1 and such that, for every /()) which is S-summable 
and which vanishes with /(p), 


Sif) (af). 


where /(/) is the modular integral associated with S(/). 

Definition 1A. If JCP) is a non-negative integral, S(/) another general 
integral, and if we ean find a function, 6(;), such that for every /()), of a 
certain wide class, 


S(f) JO f), 


then we shall eall 6(p) the quasiderivative of S with respect to ./. 

This definition corresponds to the relation concerning the general Stieltjes 
integral that if F'(e) is an additive function of sets which is absolutely conti- 
nous, then it possesses nearly everywhere a derivative, DF, such that 


"P. J. Daniell, Annals of Math., vol. 19 (1918), p. 279. 
’W.1L. Hart, Bull. Amer. Math. Soc., vol. 27 (1921), p. 202. 
/P. J. Daniell, Annals of Math., vol. 21 (1920), p. 203. 
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Fu ) - DF dm(e). Tl r) dF (e) | DF f(x) dm(e). 


Je 
for all funetions. f(r). which are summable with respect to F'(e). 

To simplify the task of the reader we repeat some of the statements made 
in the second paper to which we have referred. 

The outer measure of a set, ¢, of elements, p, is defined as the upper seni- 
integral of the function equal to 1 on e and to O elsewhere. A set of zero outer 
J-measure is said to be of zero measure (J). Two funetions are nearly equal 
(J) if the outer integral of their modular difference is zero. Two nearly equal 
functions are equal nearly evervwhere (/). 

Our analysis is based on the following theorems of the paper referred to: 

15. It h > 0 is of elass 7). there exists a function, 4, summable (/) 
such that O-— hk ~~ h and 

N(}c) 1,(h), 


where J; is the positive integral, / I, -- Ts, is the modular integral 


associated with the general integral S. 
Furthermore, a function @(;) can be found such that 


Al. 
Now, as is shown in the paper. 


L,(h- /;) 1,(k) 
Hence 
S(6h) = Sk) I, th), 
S[A — ah] S(h)— S(k) S(h) 


loth), 
1.6, If f is summable and yanishes with /, 


S(Af) I,(f), 


SI1L— @/)] S(f)—T(f) i,{f). 


2. We shall first consider the simplest case. 


Definition 2.1. Two integrals S,, S, are said to be T-connected it every 
function which is a member of class 7,(S,) is summable with respect to 
Ss, and every member of 7,(Sz) is summable S,. 
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This can only be possible when the integrands of S,, S, are functions 
of elements of the same set Jy. 

Definition 2.2. If JCP) is a positive integral, S(/) a general integral, 
whieh are 7-connected and if a number A’ exists such that for every function 
fot Ty0S). 


Sf) KJ( ff), 


then S Is said to be duminated by &. 
THEOREM ae. @ If N is dominated hy J. “iy function which is summahle 


J is summahle S, 


LEMMA y st If / is the modular integral associated with S, and if 


f () ¢s of class Ty) (S) then I(f) is the upper hound of Sly) for all 
fun (ONS. q. of class T° (SN) such that 


For we know, in the first place, that if g £. 
S(g)|< I('¢\)<T(/f). 


In the second place, by definition, /,(/) is the upper bound of S(w) for 
all functions # which are members of 7) and such that 0 < w <— f/f. 
Hence, given any e> 0, we can choose uv’ so that 


SC) i, (f)—e, 
I(f) 21,(f)—S(WS) 
28 (a) + 2e—SCP) 
S(2y —f) + 2e. 
but 2 f satisfies the conditions for a function ¢ in the lemma so that /(/) 
is the upper bound of S(q), and, by choosing —g instead of y, 1t Is also the 
upper bound of — S(g) and of S(q). 


We can now consider the main theorem to be proved. From the lemma it 
tollows that 


I(f) < KJ(f). 
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This inequality holds, at present, for funetions of class 7) (8). From the 
methods of extension of the general integral it follows that if / is non-negative 
and summable -/, 


1(f) KJ (f). 


But if fis anv function which is summable ./, given any e > 0, we ean find 
a member, g. of class 7) (/) such that 


J( f—q )<e2k, i 


But S.J are T-connected so that gq is summable S and we ean find uw of class 
Ty) GS) such that 


Hence 


so that fis summable 8, and the theorem is proved. It is also evident that 
if fis summable ./, and non-negative 


lif) — KIC). 


We are now in a position to prove the theorem which is the backbone of the 
present paper. 

THEOREM 2.4, If L, J are two Teronnected positive dntegrals, and if’ for 
every non-negative function. fi of class Ty (1) 


lif) Jf), 
then a function 0(p) Cm he found such that 
0 =< d(p) . lif) J( f0), 


Jor every function f which is summable J and which vanishes with a parti ular 


Junction, h, depending only on .S, 
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Let 2 be a given number between O and 1. Then 
l(f) —4J(f) 


is a general S-integral dominated by /J(/). 

Choose A(p) ~~ O, onee for all, a function summable J, and therefore 
summable (J —4/7). For added generality, but not of logical necessity, 
choose it so as to vanish at as few “points” as possible. By 1.5 we can find 
a function #(p) equal everywhere to O or 1 such that if f(p) is summable J 
and:vanishes with k(p) so also is 6(p) fC) and 


1(0f) —hIOf) Ls), 


I[(1— 4) fs] — 4J[(1—9) sf] = — 2). 


It has not yet been proved that @ is everywhere equal to 0 or 1. However it 
lies between O and 1 inclusive so that 6(1—@) is non-negative. Again J,, Js 
ave positive integrals, so that if fis non-negative and summable ./, replacing 
it by (1 —4)f in the former, and by 6/ in the latter of the equations above, 
it is evident that 

I[ai—as] —427[6 —4)/] 


is both non-negative and non-positive. This expression is theretore zero 


and #(1—4@)h is nearly everywhere zero with respect to J—2/J since f 


is any summable non-negative funetion which vanishes with 4. Wherever 
it is not zero replace it by O by defining 6 = 0 at such “points”. Then 
our statement is fully justified, for such a change will not alter the two 
equations above, 

In what follows it will be tacitly implied that the integrands are summable 
J and vanish with A. 

We now see that. to every 4 between © and 1 there corresponds a 
lunction @ (p) such that 


liaf)- -h.I (af) > 0, I ays] a7 [Ul — 07] <0. 
Divide the interval (0,1) into 2" equal parts and let 


Alu.) ro". 
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A. For a particular value of n let it be assumed possible to find a set 
of functions g(x. 7) everywhere equal to O or 1 such that for all p, 


g (ne 1) + ga 2) + + gn 24) 
and, for all functions / 0, 
Aner -VDAI[gians] go. ns] 20a 7 [g Qn ns]r 
Given » and y+ and taking 
A(n-+ 1,27 1) 


in our two inequalities we can choose 6(p), depending also on x and ) 
so that 


Liafy—adiofr) 


Ta — as] —4d[A— os] (. 


for all non-negative functions, /. 
When Ss A a choose 


wlan + 1, Aylin), 
and when Ss - DJxy—1 choose 
@(n + 1. : (] —@#) yin). 
Then y(u+1,s) is everywhere equal to O or 1 and 


g(n+1,1)+g(m-4-1.2)+.---+ gin 


everywhere, 
From ZB, putting y(n.7)/ instead of /. when s 


I[g(n+1,s)f] > d(n+ 1. s—1) JT[y (n+ 1, s)/], 


and from A putting 6/ instead of //, 


[y(n ls) f] Ala + 1.5) J [y(n . 1, s)/]. 
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Again when s 2;—1, putting g(n,7r)f tor / in C, 
I[yin+ 1, sf] — A+ 1,8) J [gin + 1, s)/], 
and in ot using (1—4)f instead of /. 
Ain t1es—1) J[y(nt+ 1.97] < Ty (n+ 1, s)/)]. 


This shows that if 1 is satisfied for any 2 it is also true for » + 1. But when 
we can choose g(O, 1) 1 for all p and then 


OS[P(OD SAS] Te, Ds] 71g (0,17). 
so that A is certainly satistied for n == O and therefore for all values of x 
(integral, of course), 
Let 
Mis 
urn) in r—Dg (ar), x = 1 to 2, 
’ 
G(n) Sinn (n, 7), r 1 te 3. 


Ata cubdivision when uw (e) is replaced by uw(n + 1) the term 
(r—1)/2" p(n, r) 
ix replaced by the sum of two terms, 
(2r—1)/2"° Og (n, r) + (2r — 2)/2™71* (1— #) g(a, r) 
(r—1)/2"q (nr) [1+ 420-—1D)]. 


Henee u'(n) Urq -- 1), and, as ut (7) l. 


lim wy (rv) ry) 


Xists for each “point” p, and 


0-~d(p)~— 1, ui(n) ~~ 0. 
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Similarly ¢(2) > @(2+- 1), and as 


O(n) — Ur (m) iS", lim o(n) 0, G(n) 
Adding up the inequalities of 1 for + i to 2, 


>, a(n. r—1) J[g Qu ns] > 14 (nerf ]- > a(n, r) I [gin ryt). 
Tr r r 


that is 
ITwoos] = Tf) J [ean 7] 


for all non-negative /. It follows from the nature of the general integral that 
lim Ww (a) = lim @ (nx) 0 ix summable ./ and 


Jd f) Ii f) S(O f), 


which means that ./(0/) I(f). 

Since any function is the difference of two non-negative functions, which 
are summable if the original function is summable, if f(y) is summable ./ 
and vanishes with /, 

I(f) Jidf). 


Of ix summable and 0~ 0-1, This proves the theorem. 
THEOREM 2.5. If a general integral SCf) is dominated by the positic 


we ette 


imtegral J(f ee given SOD pune fron he Pp) 0), which is saomahle J, a fun fron 
0(p) Can be found such that Jor all functions, which are summable J and 


ranish with h. 0 | P) a, P) is summahle e and 
SCf) Sid). 
Let /,, /, denote the positive integrals associated with S and, if 


S(f) K(f), 
define 
I, (f) (| A) I, (fs = I(f) (1 Kk) I(f). 


Then /,, /, are related to J as / is to ./ in the previous theorem and 


I,(f) JS(0sf), If) S(O, f). 
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do = K|d,— 0,), 
SCP) K[Js3(f) —L(s)] = JOS). 


Since Oy, 0, are non-negative and do not exceed 1, 


d(p) < K. 


3. We pass now to cases corresponding to absolute continuity in the theory 


of the Lebesgue integral. 


Definition 3.1. A positive integral 7(/) is said to be based on J(/) if they 


are 7-connected and if for any non-negative function / such that J(7) — 0, 
I(f) 0. 


Ii finition 3.2. A general integral S(f) is said to be based on J (/) if its 
modular integral is based on J(f). 

If the integral J(/) is based on .J(/) the two integrals are 7-connected and 
there are certainly functions which are summable with respect to both J and ./, 
and, therefore, with respect to 7-++-.J. Let 4(p) ~ O be such a function. 

THEoneM 3.3, Lf the positive integral I is based on J, then a function 0(p) 
vin be found such that. for all functions, f, summable (I 4-1) which vanish 
with Wp) 


I(f) J( 0), 


vere h(p) is a given non-negative function which is summable with respect 
to J +-., independent of f\ )). 

In the first place, 7- AJ is dominated by 7 +-./ for all values of 4. For 
each integral value of » we can choose the function 6() of the variable 
element p so that 


Loos] > nF [O(n)/). IL f—a(n)/] = nt [f—e 00s]. 


provided / is non-negative and summable (J -+-./) and vanishes with /. 
Let om, 
y (nr) A(1) A(2)--- An). 
Then 


y(n) y(n + 1) g(n- 1) a(n) [1 A(n 4 1)] 0. 
14 
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In the earlier of the inequalities above replace / by /y (n— 1)[1—a(n- 1)]. 
Then, if 
In(f) IEfy(o—sfy (n+ I), 


I, (Pf) I[.f4 (n)—f g(r +l )] —nJI [fy (n)— fg (n+ 1)}. 


Jn(f) and J,(f) are positive integrals. Let their fundamental classes 01 
integrands, 7)(J,). Ty(/,), be chosen as that of J, namely 7)(/). Then 
the two integrals are 7-connected. 

Again, in the second inequality replace m by u-+ 1 and ff by fy tn, 
Then 


LAS) Inf) 


it f is non-negative, so that /,,../, satisfy the conditions of Theorem 2.4. 
Hence a function d(x) can be found such that it lies between 0 and 1 and 


Tn (f) J,[d(n)f]. 
In other symbols, 


IL fy (nm) — fy (n+ 1)] J[ fin L O{n])(e[n]—gl[n + 1})]. 
Let 
d(O)[1—y(1)] “(1+ d(1)][y(1)—9l2)] 1. 


+[n—1+d(n- LI) [y(u—1) y (n)]. 
Then, by addition of the previous equations for x 0 ton—I, 


TL f—Sy (| Wyn). 


Now the sequence y(n) is non-inereasing so that if / is non-negative and 
summable (7-++./), by a fundamental property of the general integral. 1 
lim y (n) = &, 


T(A—y)/] = lim I[ f—fg¢ (n)] 


exists, so that J(ynf) converges. Since, again, the sequence jy is nol 
decreasing, if d(p) = lim y,(p), 


I[1—y)f] = Jf). 
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Wherever O(p) is infinite we can, if we choose, replace it by 0 without 
afiecting the integral, since Of is summable with respect to J. Now 


T\y (n if] nJ[y (n Ar 
since y(n \f A(1)0< y in — ] \f. Therefore 
Igo s] < Ife Gos] n-— Tp n. 


Therefore, in the limit, 
Sly f) 0. 


So far we have only considered non-negative functions 7. But any summable 
funetion is the difference of two non-negative summable functions. so that 
we obtain a theorem slightly more general than that stated at the beginning 
of this section. 

lt / und J are two positive 7-connected integrals, and if # is a non- 
negative tunetion summable (/-+-./) than a function 0 can be found such 
that for any funetion # which vanishes with / and which is summable (J+ /), 


[A —9)f] = 7079), 


Where /O is summable J and where y is a function everywhere equal to 
Vor 1, independent of f# such that 


Sig f) —— a | 


Evidently q vanishes everywhere except perhaps where / vanishes or at 
elements of a set Whose measure with respect to ./ is zero. 

Thus far the condition that 7 be based on J has not been used except in the 
use of the fact that they are 7-connected. But if 7 is based on ./, it follows that 


I(y f) 0, I(f) I| f—¢f| — Ifo). 


ind the theorem is proved. 
Now, from the definitions, if an integral S(f) is dominated by a positive 
14° 


aa? we 
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But if S(f) is a general integral its two associated positive integrals, J,, ], 
are dominated by its modular integral /(/), and if the latter is based on J(f) 
so also are J,(f), J:(7). We thus obtain an immediate corollary of the 
preceding theorem. 

THEOREM 3.4. Tf the general integral S(f) ts based on J(f), and if h(p) 
is a non-negative function which is sammable (1 +- J) where If) is the modular 


integral associated with N(f), then a function 0 ( yp) can he found such that for 


all functions f. which vanish with h and are summable (I+), 
I(f) JS(df). 


Such a funetion 0(/) is, then, a quasi-derivative of S with respect to ./, 

This type of derivative can be used even in cases of integrals in a space 
of a countable infinity of dimensions or in a space of which the elements p are 
continuous functions of a variable ¢. 


Rice INSTITUTE 
Houston, TEXAS. 





ON A CLASS OF TRANSFORMATIONS IN FUNCTION SPACE. 


By I. A. BARNETT. 


Let g(r) be a continuous function on the range I: 0< x-<< 1, and let 
Bir,g) be a Schmidt integral-power-series.* The transformation 


(|) Oy (r) Bia. got 


where Of is an infinitesimal, has been called by Kowalewski* a regular 
infinitesimal transformation. The purpose of this paper is to find the form 
of & in order that the transformation (1) take every infinitesimal triangle 
in function spaee of a given area into a triangle having the same area. 

In $ 1, a necessary condition is found in order that (1) be an area 
preserving transformation in the sense described. In $2 the explicit form 
of 2 is investigated and it is shown (S$ 3) that these transformations form 
a group in the sense defined by Kowalewski. 

In $4 the group of motion of function space is defined as all the regular 
infinitesimal transformations which leave invariant 


*1 
| ly (ir) — wir) Pd r 
eo’ 


where gy and wv are arbitrary continuous functions, and it is seen that this 
group is the same as the area preserving group. It is proved that the 
radii of curvature of a curve in function space (Kowalewski) are invariant 
under this group. 

1A necessary condition. Analogous to the situation in n-space, 
i triangle in funetion space, i.e., in the space of all continuous functions 
having the range J, is defined by 


(2) yr), gy (r)a- er), y (7) + B(x) 
and its area is given by 
a | 


1 +] «1 
= | | «(rida | B® (r) dar — | | 
= eF0 070 \e 70 


"See Erhard Schmidt, Zur Theorie der linearen und nichtlinearen Integralgleichungen, 
III. Teil, Math. Annalen, vol. 65, p. 370. Also, G. Kowalewski, Cher Funktionraume 
(IL Mitteilung), Wien. Ber., vol. 120, p. 1435. 


¥ Loe. cit. § 3. 


a(r) B(x) dr) ; 
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3y means of the transformation (1), the triangle (2) goes into another 


triangle 
Gyr). PAL) &,(7), f\ (.r) + B, 2) 
where 
| pyr) g(r) +Blar, ep) dt, 
(4) | Gg, (1) + @, (7) gir)t+e(r)+ Br, e+e) dt, 
| g(r) + B, Gr) gy ir) + Bir) + Br, p+ B)ot. 


Now Kowalewski has shown* that there exists an expansion 


Bir, gs 7) ' Bir. gs x,y) ; 
- \ = - en 


Borg ! 7) Bir. g) 


provided gy. y are sufficiently small for all s°s of the range I. Here, 
Ror giy). Bo. giy. 7)... are the first, second, ... differentials of Bir. q) 
for the argument function y. and may be computed by means of the formulas 


Por, gry) 1 Ors FT MY) wo 
adit 
V8 . ae d sy . ! wey 
Sir, 93 7,7) li Bir g 7 | MV JV) u Ue 
( 


It is readily seen that B(r, qy:7) is a linear funetional of y, Bir, gi 77) 
a quadratic functional of 7, ete. Equations (4) may now be written 


4%, (4) gir) Bor, gp) df, 
(ar) + @,(r) gr) + a(n) + [R(x g) + Bs, g: @)] oe, 
Gir) + B, Cr) eta) Br) + [BB (x, q) Bir, q 5 B)] of, 


if we assume that @, 8, q are sufficiently small so that the differentials 
higher than the first may be disregarded since they are at least quadratic 
functionals of @ and 8. The preceding equations reduce to 

{4 (*) a(r) + Bir, g; a) dt, 


| By(r) — Blr)-+- B(x, gp; B) dt. 


* Loc. cit. formula 6”. 
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It is required that 


| a, (x) B, (x) da) 


] “1 , / 
| (t) (7 \dar | Bi (7) dar - | 
0 70 


9 


“I 1 (fl 
| a (r\daxr | B(rydx —| | w(x) (2) dx] 


0 ) 


shall be an identity for all g, @, 8 whose absolute values are sufficiently 
sal]. where it is understood that the in the left hand member, «, and £, 
are replaced by (5). Expanding this out, and equating powers of df, one 
must have as a necessary condition the identity 


) ) 


+] 1 ‘1 *] 
| (ryder | Bir) Ble: B) da t+ | Brae | a(r) Bir, g;@) dr 
( JV e/( oJ 


hc, ie 
(hy) 


+] «l +] 7 
| in) Bloyder| | a(r) Br, g: Bde “ | Bl) Bor, g;@dr = (0), 


TueoreM. A necessary condition that a regular infinitesimal trans- 
formation (1) take every infinitesimal triangle of function space into one of 
‘he same area is that (6) be an identity for all continuous @, B of sufficiently 
small moduli. 

Let ACr) and w(r) be a particular choice of @(2) and B(x) respectively, 
satisiving the following two conditions: 


+] 
1) | A(n)ulrydar 0, 
Jo 


+1 *1 
2) | (ar) dar =— | we (rida. 
e/( e/i 


) ) 


Then (6) becomes 


+] *1 
(7) | h(x) Pir, gy h)da+ | u(r) Pir, G3 eda (0), 
A! e/ 


) ) 


The problem is now reduced to finding the form of the integral-power- 
series B(, y) which satisfies the identity (7) for all continuous functions d 
and of sufficiently small moduli which are orthogonal and have equal norms. 

2. The explicit form of the integral-power-series P(7,¢). It is 
lesired in this section to find the explicit expresssion for B(x, 9) in order 
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that the infinitesimal transformation (1) preserve areas in the sense described 
in the preceding section. Every Schmidt integral power series has the form 
(8) Borg) Moir. g) + UW (2, 9g) + U(x, g)+ - 

where 


WM, (7, ¢) aixr). 
°1 
M67. g) =. Bir) g(r) = Yr, Y)g (yydy, 


1 
({)) ) Mr.) é(r) g*lr)+@ nr) | Or, yelydy 
oft 


) 


“1 ‘1 ‘1 
+{ Sine gly) dy 4 | | £(r. 4,2) g(y) v2) dy de, 





Here. @.8.7.... are all arbitrary continuous functions of their arguments, 
all of which have the range Il. The problem is to determine «, 8,7.... 
in order that (7) be satisfied. In view of (8) the condition (7) may be 
written 


| A(r) [Gy Cr. gs a) - As (r, gp; 4) -e|dr 


| mr) PG Orgs) + Mer. gs we de (), 


If, in this identity. one replaces q by mag, where m is an arbitrary real 
number, it must also be true. Since %,(r.,mq; 4) contains m to the first 
power, Y.0r,mq;4) contains m to the second power, ete., it follows that 
the preceding identity is equivalent to the following identities 


~ 
sy 


«] +} 
(10) | Air) Unlr, gr dyda | | Hr Wr, psp) dar == {). p 1. g.3 


) 


Consider, first, the integral power form of the first order 


1 
YW, (7, @) alr) g(r) | Bor, y gly) dy. 
* ai 


The condition (10) for p—— 1, yields 


*1 - - 
(11) | [4°/ cr) (7) alr) dr + | | Bir, y) [A(r) Al y) L u(r) u(y)] dr dy =. 
_ eJ0 J 90 ’ ; 
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* 
This is to be an identity for all 2,m satisfying f. A(x) w(x) dx = 0 and 


a nee fet) dx and it is desired to determine «(7) and B(x, y). 
Let rivet be two distinct values of x on the range I, and let a positive 
number d be chosen so that the intervals (7; —4, x: +9), (yi—6, x, +8) 
do not overlap. Now define the continuous functions A(7), u(x) in the 
following way, 


0, O<rcn—b, mt+6<rK<1, 


0, 0 e Zz 4 yy ‘ 0 r Y\ ates 0 < > 1 ‘ 
€ COS > ) a yy a yy 0=1 ¥, + 9, 


els) 


Ar) | 1 ‘ 
| €COS 5 3 (7 — 2), n= e<2- % + é, 


where € is a sufficiently small positive number. It is clear that all the 
conditions on &2 and mw are fulfilled. Equation (11) may now be written 


x 
e170 


9 o 
dlr) Cos* [2 = Za da mr) COs” Lo ——~ Oe) dar 
. 2d Jy.—J 20 . 
0 w—< 


wry? Oo ef, - O 
we ri | 
: ly d (ry)] eos (7 — 7) COS y — 2) 
a Py | j yp ry . a6 1 ry ay. ly 1 


“WO 
oil ) nad ) 0 
COS ! / COS a ° 
»¢ fi 20 yon i 
by the Mean Value Theorem of definite integrals this may be written 


. . 
"ry? O "Mw: O 


ae = 
(c(S) COS” (r—.sr,)dr (7) | COS” Ll — a \dar 
é c 20d JIu—é 2d 


“ry O “itd l 7 1 
+ B(&', n’) dar dy leos “3 (1 —.r,) cos = (y— 1) 
a / : at | 2d 20 . 
. Jm—e = 


: m1 m ( | 0 
+ COS re “0S —) ; 
Ss 26 1 ¥) COS 28 y UF | 


‘ince the functions under the integrals do not change sign in the intervals 
under consideration, Here (§, §’) and (y, 4’) are suitably chosen values of « 
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in (r, — 6. 7, +0). (4 — 4, yy + 8) respectively. When the integrations 
are carried out, the preceding may be written 
326° 1 


2d a(S) Pdal(r) + , - COS (y, —7,) 0, 
f| a 2d Nn | 


Dividing by 6 and letting 6-0, one obtains, since @(7) is a continuous 
function, @(r,) + @(y) 0 for all «1, 4 y of O<4#< 1, and hence 
e(r) — 0. Equation (11) now reduces to 


*] +] 
| [A(r) Ap) + er) wy] Biry)dardy 0) 


Oo eJV 


which may also be written 
“1 71 
| | $(B(ry)— Bly r)) [Atr) Aly) -~ nr) e(y)] dady = (. 
eJ0 ev 
Proceeding as above one readily finds 
(12) Bry. fy) - Bly, r;) 0), Cr; { Wy). 


and, because of the continuity of the function 8, it follows that 
B(x, 71) + Bla, 7) (), 

Hence, one has the following result. 

The most general integral power form of the first order which satisfies 
condition (7) has the form 


} 
° i 


(13) | Alrey) gly)dy 


where Bis a skew-symme frie function, 7. e 


Br, y)- Bly, r) 0) 0 ex 4,0 Ui l. 


To investigate the integral power forms of orders higher than the 
first, one makes use of a device employed by Kowalewski* in connection 
with the projective ‘and conformal groups in funetion space. If in the 
identities (10), one replaces y by y-+-mw, where w is an arbitrary con- 


* Loc. cit., §§ 7, 9. 
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tinuous function, and compares the coefficients of equal powers of m, one 
obtains 
*] 


A(x) U(r, ps 4, WY) dar + | HO) Ula gi uwydr = 0, 
) eJV 


el 


where Wl, 9: 4, ¥) is the first differential of 2, (x,y; 4) with the argument 
funetion wv’. Sinee by definition 


/ 
Wl, y 4 U') . YW, (a, gt Aut wr) 
du dv u" 


v=—0 


it follows that 


Ay (x, f , A, uf) — Ap (a, 9; ur, 4). 
Hence, from (10) one obtains 


+] sd | 
(14) | A(x) An (2, yg, UA) dat | “r) An (x, git, eodr = 0 
oJ oJ ( 


aor 
+] «l 
| Ar) Bp rt oe . A) dar | fe Cr) Bp 1(r. @p: fb) dr = 0 
* ) FO 


where 


8, rr, q) A, (x, q. ur) . 


In particular if p — 2, one must have 


*) *1 
| Alr) Boor gs; 4) dat | H(r) By Or, gs pe) der 0 
eff oft 


) ) 


i.e. Br,y) must satisfy the first identity of (10) for every continuous 
tnetion vw and hence must be of the form (13). In other words, Ys (7. 9; UW’) 
must have the form (13) for every continuous function u’(7). But, 


1 
YL Gr, gy) yr) g*(r) | gar) | é(r, welypdy 


a1 a1 *1 
4 | ACr, y) gy) dy + | | Corny. 2) ely) gle) dy dz 


) 0 e700 





A MtF ee 
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where one may suppose S(ryz) — $(rzy), whieh is obviously no restriction 
on the form of Y%s(r.¢). Henee, 


*l 
WM (7r,. gs UW) - 2y(r) wr) gr) + (.r) | ée(ryy) Uy) dy 
e/V 
] *] 
(15) tar) | e(reysyly) dy +2 | Ire) Ply) Wy dy 


eJ0 


oD *! *] 

» | Sirey.e) gly) U2) dy dz : | Bir, y) gly) dy 
for every continuous function uw’. Now, consider a particular u(r) defined 
as follows: 

wr) = 7 (arbitrary positive number) ..,—- 6 ~ = wy 4-0, and outside 
of this interval wir) lies between definite bounds independent of 6, but 
always remaining continuous. Then, if one allow 6 — 0, (15) becomes 


*] *} 


2yln) wy +46 | éelr,y) Uy) dy--l e(rey) gly)dy 


. 7 
| 


*] +] 
(16) +9 Ar, y) (i) u(y) dy - 2 | | C ( r, Y, 2) 4 (y) wre) dy dl: 


0 e« F0 


iD | 
| Bory glyvdy. 
Since / is arbitrary, it follows in the first place that 
*] 
Z27(7r) p(7) > | elr, yy) glydy () 


must be true for every continuous function » with sufficiently small modulus. 
By choosing g properly, as was done in the case of yw above, one gets 
immediately that 


FAX) 0, é(r,y) 0, 


Hence, (16) becomes 


+] +] 
\ g (y) dy 200, y) Wly) — Bla, y)+2 | Cir, y, 2) Wz) dz 0) 
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and since this is to be an identity in y, it follows that 


“1 
Bir, y) — 264, y) Wy) — 2 j Cr, y, Z) Wz) dz = 0 


must be an identity in w&, and by an argument similar to the above it 
follows that 6(4, y) 0. Hence 


‘1 
Br, y) 2 | S(r,y.2) Wz) dz 
e/f{ 


for every continuous function W. But since B(x, y) is skew-symmetric, 
it tollows that C(r, y. 2) —Cly.,2). It would tollow therefore, since 
S(r. y. 2) s(r,z,y), that 


cir. ys 2) Sly. , 2) —{(y,z2,2) = C(e, 9, z) 


Ce, 2,0) Cir.z7,y) -O(r, y, 2) 


and henee or, y. 2) 0. 

If how one applies to the identities (14) the same argument that was 
ued tor equations (10), one sees that Yy(7,q; ’', z) must have the same 
tom as WsCr.q@), viz, Ayr, gs U', x) tor all gy.u.yz. In particular, 
it 4 Ws x. UAylrig.g.gG) 0 for all g. But if one replaces y in 
Ytr.g.4g. 4) by my, it is clear that 


Wr. yg. ge) 3-24, (r.q) 


and hence %y Cr, @) 0. In a similar fashion all integral-power-torms of 
higher order can be proved identically zero. 

Since an integral-power-form of the zero’th order, ix not at all restricted 
by condition (7) one has proved the following 

Turors ML. Brery regular infinitesimal transformation which satisfies (7) 
must have the form 


el 
(17) @(r) + Bir, yyly) dy 
e770) 


wher Br, y) — Bly, vr) and @etr) is an arbitrary continous Junction. 


3. The sufficiency of the condition. It will now be shown that 
i an infinitesimal transformation has the form 


“1 
oy ecto + | Bor. yy lydy Of, 
e770 
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where Cr. y) — S(y..), this transformation will actually have the 
property of transforming all infinitesimal triangles into triangles of equal 
area. For consider 


1 | 
A | o- (ar) da | o- (rj) da | 
» : Ju 


| o(r) G(r) da) 
Where @,¢ are any continuous functions on I. Hence 
+1 «! e] «| 
4404 | er (ryds | ol ry0dlryda- | olr)da | ol) de(rids 
e7l e7u evu eru 
(18) 


*] ‘1 
ainglnitr( | ol OG lr da | Glr)dol(rjdr), 


oF e/7t 


But, since 
Borg) ce (r) - J ain alnay, 


it follows by (5) that 


‘1 
Bir, yalydy. 


1 
dor) | Bir. yelyidy, Oar) 


Substituting these expressions in (18), one gets 


«] +] +] 
4404 : | indy | | Bir, yf) alryalyyd ridy 


0 0 Ju 


*] «] «) 
(19) -t- | o* (7) dar | | Plroy)olr) oly) da dy 
. ‘ + Ue ) 


) 


«] +! +) 
poe | el) ots) t| | | Bir. y) lar) ely) + e(ryaly)\ dady ° 
e/ ( oJ i 0 


) pe 


Now it is clear that if #(7,y) is any symmetric continuous function 0! 
xz, y then 


«1 «] 
| { Bly, y) O04, y) dua dy (); 


O «JU 
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tor 


| | Bir. y) O(n, y) dardy 


*] *] 41 ‘] 
l l 
» | | Bir, y)Glry) d vdy + = | | Bly.) A(r, y) dx dy 


0 eJV ~eJV0 eJU 


ol /¢ 
l 
= | | {BCr, y)-- Bly, r)} Wr,ysdady i) 


0 e/JV 


since Bir. y) + Bly, 7) 0. Therefore the right hand member of (19) 
vanishes and 04 0 as desired. 

4. The group of area-preserving transformations in function 
space. [et 


(20) Bi (yg) + Ber. g) + Bs Cg) 4 
he a sum of regular integral-power-series. If 
(Bi; Bi) = BG, eg; $) — Big; Pd 
ix of the form (20) for every 7,7, then the infinitesimal transformations 
Og (B, + P.+ Ps +--+) df 


are sald to form a group.* The notation B(r. gy; Q) means 


1 
, Ble g + uQiy yg )} 'u—0- 


di 


It is seen immediately that 


“1 
Oy Jeon | Bircy) gly) dy Of 


" Kowalewski, loc. cit.. S 6. 


oe 


$ 
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form a group. For 


(@, 5 @y) Q, 


+1 ‘1 
(: Bly. y) yg ly) ay) | Br, y) aly) dy, 
“1 


“1 
(| Bley) gly) dy: | solv y) 4(y) dy) 


“ll 
| CREO ACH Bo (re) By (ay) du] gly) dy 


“1 
are all of the form «(,r) - Bir, y) gly) dy in view of the fact that 
eJV 


‘1 
Pia a 1By (ri u) Boy) — Belew) By (aey)} du 
e7V 


satisfies the condition 


W(r,y) + xrly, r) : 


5. The group of motions in function space. By analogy with the 
situation in w-space let the group of motions in funetion space be defined 
as all the regular infinitesimal transformations which leave invariant 


el] 
(21) | fee(r) Bir)pP ds 


where @(7) and B(r) are any two continuous functions on the interval I. 
It will be seen that all these transformations do form a group in the sense 
defined in the preceding section. One must have 


a | 
ra) | fer) Bor\fPda () 


‘1 ¢] 
| a(s)du(s) art | Bl) OB(r) da 


‘1 


«] “ 
-| clr) alr) tr] | MelrnOB(r) dar | Bir) 0 alr) di \) 


) ) 
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must be an identity for all continuous functions «,8. Or, by (5) 


*] “1 
| a(r) B(x, g; @) da | B(x) B(x, 3 B) de 
) eJ0) 


‘1 ‘1 ‘1 
—| w(v)a(a) ts] | ela) Blogs Bide + | (0) Blo, 43 @)de| = ©, 
eJ0 e/0 J 0 


*] *] 
In particular, if @(7) and B(x) satisfy | a® (r) dx | B(x) dx, 
J0 0 / 
“] 
| «(r) Bir) dar — O, this last condition is seen to be precisely (7). Since 
it may readily be shown that (17) leaves (21) invariant one has proved the 
TikonemM. The group of motions in function space is given by 


‘1 
(17) Og (r) Jew 4 | Blr.y)y ay] ot 


) 
rhove er) is an arbitrary continuous function of x and 
Bir. y) — Bly). 


It is thus seen that this group is the same as the area preserving group. 

One can show that the transformations behave like the group of motions 
in w-space in that they leave invariant the curvatures of that space. 

The curvatures in a funetion space are defined as follows.* Consider 
aftunetion g (r,s) continuous in. and continuous and possessing continuous 
derivatives of all orders with respect to s. This funetion defines a curve 
in the space of infinitely many dimensions just as qi(s), (@@ = 1,2,...%), 
defines a curve in x-space. Let it further be assumed that the parameter s 


is so chosen that it satisfies 


liam 2\\2 
| —— ry . 
0 \ Os 


This ean always be done as Ingold has shown.+ Let J; (s) denote the 
th curvature of g(r.s). Then Ingold has detined? the 4; curvatures as 
follows: 


* Kowalewski, Les Formules de Frenet dans l'espace fonctional, Comptes Rendus, vol. 151 
(1910), p. 1398. Ingold. Differential Geometry in a Function Space, Trans. Amer. Math. 
Soe, Vol. 13. (1912), p. 319. 

i Loe. cit.. p. 320. 


; Loe. cit., p. 321. 
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~ e 
ANo Cr. s) : 
K(x) = : | | = da 
eJ0 


Os 


*] ° 
l OMj—1 (2,8) , Mi—2(7, 8)\" 
Ie (s) | on i da 
e/V 


| r? (x) is ri-t 
where 
IGT. Ss) (2, s) 0 No Lr, 8) 
No Lr. 8) : ; 
| 0 +s r; (s) Os 
| Ni(T, 8) 6 Mi (Zz. 8) .. BiH gtZ; 8) 
rls) rs ; Vi-2 


From these defining relations he is able to prove that the /; are given 
by the formulas’ 


+) «] 
ee, ee ae 1) 4 2 R 2 , - a) eae 
Ie = 7; oe dial ; | ions | GAT, ) Gory 8) Pegg ("2s ) 
e/\ oJ 


1 Ge. (7,8) da day-++ da 


+} a! 1 
9; 9)-9 4 2 . 
" i ry : af 1 | G5 | 9 | Iss Tt I times 
: ie an Te (r.s) 
since gq? == 1. The notation g.. ; -ttimes Means “aes oo and the 


variables of integration are omitted in the last expression. 
From this, one easily derives the following 


>] 
(29) 2 oe x. 2 
(22) Ie: Mi fo a. SE | 9 ss..-j+1times* 
7 { 


Since /, | - one has 
1= J, ¥%5 On 


. 


(Za) Ie, o) I | Ff 55 é F 53° 


Furthermore. if in the transformation 


Og (r) Jeter | Bir.y) glydy of 
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one supposes g(a) replaced by (7,8), one gets 


"1 
0% (z,s) = Ee _- | B(x, y) ply, 8) ay] Of. 
e/0 


By repeated differentiation with respect to s, one obtains 
a1 


(24) 0 {ss---jtimes = { Bla, y) Ff ss---jtimes (y, 8) dy . 
eJ0 


Substituting this in (23) one readily sees that 6/, —- 0 sinee B(7, y) + B(y, 7) = 0. 
Suppose one has proved that 6/j;—1 O() 2,...m). This carries with 
it that 67;-. — O(7 = 2,...m). By (22) 


‘1 
i ry £ oe ef V., --m-—-l1times”* 
Hence 
“ 2] 
2h, Ok, " "9 ii ‘i. J Ff s5.--m+-1 times é f ss. ..m--1 times +f ss ..m—1 times 
terms involving a linear homogeneous combination of 07; -+-O7r_—4). 


Substituting (24) in this, one finds readily that 0/;,, 0 which completes 
the induction. 


“1 + * 2 
i, An extension. Since | P(r) dar { B*(r) da — ( a (r) B(x) de| 
efi oJ 0 
may be written as a Gramian determinant 


*1 *1 
| a (ar) da | @(r) Blur) da 
e/i( efi 


) ) 


+] +] 
| “e(r) Br) dar | B® (ar) dar 
e/7v e/7U) 


oe is naturally led to inquire into the most general class of regular in- 
finitesimal transformations which leave the Gramian 


"1 “1 
| ar (a) dares: | a, (r)@,(vd r | 
e } 


) e700 


| 


*1 ‘1 
i} a, (.r) a, Cr) da... aI ae Cr) dar 
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invariant. By the methods used in § 2, one readily finds that a necessary 
condition is that 


a1 >1 
| a (7) Bir, gs @) dar | as (r) B(x, gy; Gy) dr+.--- 


y ) 


*1 
+ | ay (ar) B(x, g3 @,) da 0) 
e/ { 


) 


tor all @;'s tor which 


‘1 “1 *1 
a (r)a@(r) da B, if3, a? (ar) da a=(r) dr, 
e/J( ° _ oJ i , J J 


’ ) 


It is not hard to show (ct. $ 3) that this condition leads one to the same 
group as the special case p 7; Ss 


1 
og Jet Bird oldu or 


and so. in conclusion, one has the theorem 
The most qeneral reqular infinitesimal transformation " hich leaves invariant 
the Gramian (25) where p is any given integer, is the same group as the 


Qroup of motions an fun hia Space, 








CONGRUENCES OF CIRCLES STUDIED WITH REFERENCE 
TO THE SURFACE OF CENTERS. 


By J. M. THoomas. 


|, Introduction. Two parameter systems of circles which possess a single 
infinity of orthogonal surfaces have been extensively studied, especially by 
Ribaucour,* who named them cyclic systems. In particular, Ribaucour 
proved the following theorem: if in the tangent planes to a pseudospherical 
surface of curvature —1/a*® circles of radius a be described with centers 
at the points of contact, these circles are the orthogonal trajectories of an 
infinity of surfaces of curvature —1/a*, The process by which one of the 
orthogonal surfaces is obtained from the original pseudospherical surface 
has been called the transformation of Bianchi. This transformation has 
been extended by Backlund? to the case where the circles are cut at any 
constant angle by their trajectories. Bealf has further extended the trans- 
formation so that the angle is a function of the curvilinear codérdinates 
on the original surface. The curvature is the same at corresponding points 
of the original and transformed surfaces. It satisfies a differential equation 
of the second order. 

In all of the work mentioned above the framework of reference is the 
surface of centers only when the surface of centers coincides with the 
envelope of the planes of the circles. In the present paper are discussed 
certain properties possessed by a two parameter system of circles in 
connection with its surface of centers S, when the latter is distinct from 
the envelope of the planes. The lines of intersection of the planes of the 
circles with the tangent planes to S form a rectilinear congruence L. 
Since S is a foeal surface of L, the edges of regression of one family of 
developable surfaces of ZL lie on S. It is therefore always possible to 
assemble the lines of L so that they are tangent to a single parameter 
tamily of curves 7’ on S. 

In $2 the reference scheme to be used in this paper is explained. In 
$3 certain equations of condition connected with the congruence of axes 
ind the envelope of the planes are derived, and two theorems are proved 

"“Mémoire sur la théorie générale des surfaces courbes”, Journ. de Math., Ser. 4, 
vol. VIL (1891), Chap. XI, XII. 

*Cf. Eisenhart, Differential Geometry, p. 284. Further reference to this text will be 
wade in the form Eisenhart, p. 284. 

These Annals, 2d ser., vol. 17 (1916), p. 183 et seq. 
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a te 


to show interdependence among the congruence of axes, the curves I’ and 
the angle uv’ between the plane of the circle and the normal to 8. 

The congruence of circles is next restricted so that each point P of 
a circle is on a surface 8, which is one of a single parameter family of 
surfaces of the following nature. The tangent plane to S, passes through 
the center of the circle and makes an angle 90 ® with the plane of 
the circle, ® being a function of uw and ¢v, the curvilinear codrdinates on S. 
Beal* has pointed out the existence of such congruences for a given surface 
of centers, and has studied in detail the case where the cireles are in the 
tangent planes to S, that is, 90°. We call congruences of the above 
type for which w is not a right angle congruences C. In § 4 the fundamental 
equations for the existence of such congruences are derived and discussed, 

In $5 is proved the existence of congruences C in which all the circles 
have the same radius and the angle @ is constant. Geometric interpretations 
of the three fundamental conditions are given for this case. It is found, 
for instance, that the cireles must lie in the osculating planes of the curves /. 

The cases where S degenerates into a curve or a point are discussed in 
$6 and $7 respectively. 

The writer is greatly indebted to Professor F. W. Beal for assistance in 
the preparation of this paper. 

2. With S we associate a set of moving rectangular axes, the « and 
y axes lying in the tangent plane and the z axis being the normal. The 
total displacements of a point (7, y, 2) with respect to the moving axes are’ 


io’ det Edu t+ E, dy 4 (ydu - dv)z—(rdu- r; dv) y, 


(1) Oy dy + nut + ny di +(rdu- rp dear (padu +. Va dv) 2. 


02 il? + (pdut py driy—(qdu+ qdeyer. 
In these formulas the translations §, §,, 7, 7,;, and the rotations p, 4, / 
Vis Gi, 7% Must satisfy the following conditionst which are equivalent to 
the Gauss and Codazzi equations for S: 


Po Pu qvi- Gils Be — Ei, uni— shit; 
(~ 4 mine : 2 _ ° . 
(2) \" Jiu ry rips Ny — Tu Ey — Er, 

Tae" Fie py })1 Y; si 5; q I, yy _ qi]. 


* L..¢.,.p.. 182. 

7 Eisenhart, p. 170. 

+ Eisenhart, pp. 168, 170. Here, as throughout this paper, the subscripts u, ¢ denote 
partial derivatives. Thus p, Op/or. 
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It the « axis is chosen tangent to the curve + = const. and an ortho- 
wonal system is parametric on S, then §, 1 0, and the rotations have 
the following values* 


(y wy — §/t, q —E€§coswe, 7 E sin w/o, 
(3) | / . - 4 
Pr = MH COSe/, i Ow—M/%, ry = SiN oy /Q,, 


where 1g is the curvature, 1/c the torsion and » the angle between the 


normal to S and the principal normal of + const., and the letters with 
the subscript 1 denote corresponding quantities for w const, 

», Congruences in general. Taking §, i Q and the curves 
last const.. We next deduce certain properties of congruences in 


ceneral. ‘The axes of the circles form a rectilinear congruence. The co- 
irdinates of a point @Q on the axis of a circle at distance ¢ from its center 
are (0, —feosu, fsinu’), and the direction cosines of the axis are pro- 
portional to these coérdinates. To find the developables of the congruence 
of axes we express the condition that GQ move tangent to the axis. It is 


(4) Or Oy Oz 


0 — cos ur sin ur 

Making use of (1) we can replace (4) by the equivalent conditions 

| Sdu-+ [(gdu + q dv) sin w + (rdu+ ry de) cos w]e VU, 

wi | yn, sin Udy + (dw — pdu—p, dey 0. 
Klimination of ¢ gives as the differential equation of the developables, 


(6) S(uy— pae t- (S yy, Sy) —Gt sin ® yr— rn sin wv cos Ww) dude 


7, sin U(q, sin Ut + 7, COS wdc 0. 


The conditiont that these correspond to a conjugate system on S can be 
reduced to 


(4) PI Wa pity + (gir nr) sin uw! cos 0, 


Making use of the first of (2) and dividing by sin?u' we are led to 


ys) 7) 
(S) (peotw) (pr cot dU). 
ov ou 
* Eisenhart. p. 174. 
* Risenhart. pp. 180. 174. 
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The curves conjugate to u const. have for differential equation* 
pdu + py dy 0. 


Equation (8) expresses that coty’ is an integrating factor of this last 
equation. Hence when (8) is true, the curves conjugate to the orthogonal 
trajectories of 7’ can be found by a quadrature. Conversely, if the finite 
equation of these curves is known to be 


Slav) 0, 


then the angle wv can be determined so that (8) is satisfied by taking 


col wy = 


of 1 of 
p cu Py ou ’ 


If the lines of curvature are parametric, p = g,; — U and (8) can be written 
(9) jr coty = V, 


where V is a function of v alone. If now r, = O, it is seen from (3) 
that the curves uw = const. are geodesics. Being also lines of curvature, they 
are plane. From the first equation of (2) it follows that p, is a function 
of v alone and hence from (9) that w is likewise independent of vu. Reasoning 
from the same equations in a similar fashion we find we can state the following 

THEOREM 1. If the curves T are lines of curvature and S is not deve lopahle. 
each of the Jollowing statements is a consequence of the remaining two: 

(i) The developables of the congruence of axes correspond to a conjugate 
system on NS. 

(ii) The orthogonal trajectories of the curves T° are plane geodesus. 

(ili) The melination of the plane of the circle to the normal of Siw 
constant along each curve 1, 

sy eliminating dw: dv from equations (5) we obtain 


(10) Ey, sin w + (Sw, — Ep, + gy, sin? w + ry, sin y cos w)t 
+ [(¢uy,— i Yu + py — pq) sin w 
a (r YW, se Wy —<TD, ote rp) cos wy] t? = QV, 
The roots 4, 4, of this equation are the distances to the focal points. 


* Eisenhart, p. 173. 


CONGRUENCES OF CIRCLES. 295 


If on the other hand Q is to move normal to the axis, we must have 


dycosw —dzsinw — 0, 


or 


dt n, COS Wir, 
The condition that the congruence of axes be normal is therefore 
(11) ‘ nm, COS Ww V, 


where V denotes a function of v alone. If 7, 0, it follows from (2) 
that y, is independent of « and from (11) that the same is true of vw. We 
ean in this manner prove 

THeoREM 2. Each of the following statements is a consequence of the 
other two: 

(i) The congruence of axes of the circles is normal. 

(ii) The orthogonal trajectories of the curves T°’ are geodesics. 

(iii) The inclination of the plane of the circle to the normal of S is 
constant along each curve FT, 

We next find the codrdinates (x9, yo. 20) of the point of contact of the 
plane of the circle with its envelope. The condition on the coérdinates is 


Db yo COS UW! — 0 29 Sin W 0. 
Putting 
UE Asin wu, Zo A cos ul, 


substituting the values of dy and 629 from (1) and equating the coefficients 
of du and dr to zero we get 


(q sin’ + r cos u).ry + (Uy — pra 0, 
(q, Sin W +- 7, COS UW) .79 + (Uy — py) — 7, COSY, 
If we let yp 1/t,; ty and make use of (10) we can put the solution of 


these equations in the form 
(12) 2% (U,— p) cot w/E p, A —(q sin ¥ + r cos y) cot w Su. 
3. Congruences C, If R denotes the radius of a circle and « the angle 


made by the corresponding line of L with the x axis of the trihedral, the 
coirdinates of a point P on the circle are 
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(13) R(cos@cose—sinésinwsinz),  R(cos@sinz + sind sin w cosz), 


PR sin 6 cos wy, 


where @ denotes the angle made by the radius to P with the line LZ. The 
condition that P generate a surface S,, as defined in the introduction, js 


(14) ldrt+médy+n0z 0, 


where /, m, n are the direction cosines of the normal to S; and have the 
values 


l sin # cos ® cosz + (sin ® cos u' + cos 6 cos sin wW) sin x, 
(15) m sin 9 cos ® sinz—(sin @ cos w+ cos 4 cos ® sin W) cos z, 
| n sin © sin v'— cos 8 cos @ cos uy, 


When substitutions are made from (1), (13) and (15), equation (14) becomes 


(16) Ad@- Bdu—-— Cdr (), 
where 

A Reos, 

B (Sf eosz% + 7 sinz)sin# eos @ 


(S sinz 7 COSZ) (COS 4 COS () sin ws + sin O eos wu) 


+> R(p cosz-- q sinz— v,) sin @ sin @ 
Rip sinz —gq cosz) (cos 4 sin @ sin ws — cos O cos w) 


+- Rr + #,) (cos @ sin @ cos w+ cos ® sin uw), 


and (' can be obtained from B by adding the subscript 1 to the translations 
and rotations and changing the subscript « into rv. Equation (16) can be 
made to assume the Riceati form by the substitution 4 2tan~'#. 

The necessary and sufficient condition for a congruence ( is. that 
equation (16) possess a solution 6(w, 7) involving an arbitrary parameter, 
or that the condition of integrability of (16), namely, 


= 0, 


nee 
a a ou 


at’ ap a4 at’ (eB aA | 
A| >) 4 Pe st emi € ; ; 


be identically satisfied. This condition assumes the form 


L sin f -t- M Cos4 aa: tad N 0, 
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where L, M, and N are independent of 6. The equation in 6 is satisfied 
hy not more than two values unless L M N = 0, when it is 
identically satisfied. The fundamental equations for the existence of 
a congruence C are accordingly 


(17) R(&p,—£,p) sinw cos w sin? x — R (Eq, — §,q) sin2 w sinz cosx 
— R(Er, — §, 1) cos® w sine + R(y gq, —41q) sin w cos W cos® x 
R(nr,— m7) cos* Ww cosx —(E R,— &, R,,) cos? O cosz 
(7 R, — 7, Ry) cos*® O sinz + R2( uO, — Wy, O,) 


h* (p@, —p, ®,) cosx + R*(qD, —q, O,) sinx 


R (Sz, —&, %,) cos* w sinx +- R(n%,— 74, %,) cos? Ww cosz = 0, 


(1x) (Sy, —§,y) sin ® cos ® cos W + R(Ep, — §, p) cos w sinz cosx 
R(Eq, -— £,4) cos U' cos 2%— Ry qi —%1q) cosy sin % COsz 
( Rh, é, RR.) cos* @ sin u! sin x — ( 7) Rh, —— Os R, ) cos* @M sinw cosz 
R(Eu,,— , u,) cos w sing + R(y uy — 7, Wy) COs UW cosz 
R* | p@, — p, ®,) sin w sin x + R* (q ,.— q, D,,) sin cosz 
h*(r®,—r,O,,) cos + R*(O, x, — O,7%,.) cos w (), 
(19) (Ey, —§, 9) cos? @ sinw + R®(qr,— qr) cos wv sine 
R* (rp, —r,p) cos w cos% + RF( pq, — pig) sin w 
(§R,.—&, R,) sin O cos @ cos u sinz 
(7 Bh. — 7, R,) sin ® cos O cos uw cosz— Re (py. — py Wty) Sin W' sin 
R* (qu, —qy Wy) sin W cos x + R?(r uy, — 7, U,) cos WY 
1 Fe (a,x, — Ur, x) cos u — R(ED, — §, O,,) cos w sine 
(yD, —n, D,,) cos Ww cosx + R* (px, — py %u) COS WU! COSz 


BR? (q%,. — qy %u) COS YW sin x 0. 


In discussing this system of equations we can without loss of generality 
put §, "=p gq, — 0. This amounts to taking the lines of curvature 
parametric on S and the codrdinate axes tangent to them. Since the 
equations can be solved for the « derivatives of three of the four quantities 
Ki, and x the following statements are true in general: 

(i) Any one of the functions 2, ®, uv and x, or one relation among them, 


can be chosen arbitrarily. Thus, choosing ® 0, we see that any sur- 
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(13) R(cos@cosx—sinésiny sinz), (cos @sinx ++ sin @ sin w cosx), 


PR sin 4 cos uw, 


where 6 denotes the angle made by the radius to P with the line LZ. The 
condition that P generate a surface S,, as defined in the introduction, js 


(14) lor + mody+noz 0), 


where 7, m, n are the direction cosines of the normal to S; and have the 


values 
sin 4 cos ® cosz + (sin ® cos u' + cos 6 cos @ sin w’) sin z, 


(15) sin 4 cos ® sinz—(sin ® cos uw + cos 4 cos ® sin W’) cos xz, 


| n sin @ sin v'— cos 4 cos @ cos ul, 
When substitutions are made from (1), (13) and (15), equation (14) becomes 


(16) Ad¢+ Bdu- Cdr 0), 
where 
A= Reos®, 
B (Scosz + 7 sinz)sin#@ cos 
-(Ssinz— 74 cosz) (cos 4 cos M sin w+ sin @ cos wv) 
-+- R(p cosz-- q sinz— v',) sin @ sin 
r R(p sin%— q COS Z) (COS 4 sin M sin ws—- cos @ cos u) 


+ Rr + #,) (cos 6 sin @ cos ut cos @ sin uw), 


and (' can be obtained from B by adding the subscript 1 to the translations 
and rotations and changing the subscript « into +. Equation (16) ean be 
made to assume the Rieeati form by the substitution 4 2tan'?. 

The necessary and sufficient condition for a congruence ( is that 
equation (16) possess a solution 6(w, 7) involving an arbitrary parameter, 
or that the condition of integrability of (16), namely, 


2B 


a... 
Ou ov 
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. 
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at’ Oke sel 


+4 50) 7 


be identically satisfied. This condition assumes the form 


Lsind+- Mecosa-- N Q), 
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where L, WM, and \ are independent of @. The equation in @ is satisfied 
by not more than two values unless L M N = 0, when it is 
identically satisfied. The fundamental equations for the existence of 
4 congruence C are accordingly 


(7) R(Sp,—§,p) sin cos y sin? x — R(€q, —£,q) sin2 w sinz cos 
R (Sr, —§,r) cos? w sinx + R(nq, —7,q) sin Ww cos w cos?x 
R(nr, —,7r) cos* w cosx — (SR, — §, I,) cos? O cosx 
(7 Ry — 4, Ru) cos? @ sing + R*(wW,.O,,— wW,,,) 


Rh? (p@, —p, D,) cosx + R*(q@, — q, D,) sinx 


R(E%, —§, %,) cos® Ww sinz + R(n%, — 4, %,) cos? W cosz = 0, 
(Is) (Sn, —£, 9) sin ® cos ® cos w+ R(Ep, — §,p) cos w sing cosz 

R(&q, — §&,q) cos uw cos 2x— R(yq, — 7, q) cos w sin x cosx 

(ER, §, hy) cos* M sin Ww sinz — (yf, — 9, Ry) cos* ® sin w cosx 

R(Su,,— &, w,) cos W sinz + R(y Uy, — 4, W,) Cos U cose 

R*( pO, — p, ®,) sin Ww sin x + RR? (q OD, —q, ®,,) sin w cos 

hR* (7° (D,. — ry MD, )cos us i R?* | D,. 44, ,, an )cos ul 0), 
(19) (Ey, —§, 9) eos? @® sin + R®(qr,— qr) cos wv sin 


R* (rp, —7r,p) cos W cos x 4- RFC pq; — pig) sin 

(SR. —§, R,) sin O cos @ cos yy sinz 

(yj R,.— 71 R,,) sin @ cos M cos Ui cos %— R* /’ uh, — ia Wn) sin Y’ sin 
+ RF (qg ly, —qy Wy) sin Ww cos x + Re (r wy, — 7, U,) Cos UY 

De? (#4 — Uy, *,) cos Ur — R(ED, — §, O,,) cos w sine 

R (yD, —n, O,) cos ws cos x + Re ( px, — py %u) COS UI COS 


Re? (q %) — qi *%u) COS U sin x Q, 


In discussing this system of equations we can without loss of generality 
put §, Y p qi 0. This amounts to taking the lines of curvature 
parametric on S and the codrdinate axes tangent to them. Since the 
equations can be solved for the x derivatives of three of the four quantities 
Rh, Ow and x the following statements are true in general: 

(i) Any one of the functions R, ®, uw and x, or one relation among them, 
can be chosen arbitrarily. Thus, choosing © 0, we see that any sur- 
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face can be the surface of centers of a cyclic system. Similarly the 
geometric property given by any one of equations (8), (9), (11), (27), ete. 
can be imposed without restricting S. 

(ii) The function x determines the family of curves /’ when the moving 
trihedral has been chosen. For any family of curves 7 on any surface § 
there exist functions 2, ® and wv which associate with S a congruence ( 

Equations (17), (18) and (19) become for z 0 


(20) R?( uy, O, — u, O,,) — RF (p O, — p, D,) — R cos? Wi (nr, — 9, 7) 


—R sin wv’ cos w(y gq, — 4, q) + cos* O(F Ry —§, Ry) 0, 


(21) R* sin wh (q DO, — gq, Dy) + Rh? cosw(r O, — r; Dy) 


+ Reosu(n uy. —n, Uy.) — R eos w (Eq, —§,¢q) 
+ sin ® cos ® cos wu (Er, —§, 7) —cos? sin Win Ry —n, R,) (), 


(22) RP sin wi (q Uy — qi Ua) + RF cos u(r Uy, — ry Uy, + BR? sin wp yy — pig) 
— R* cos (rp,— rp) + BR cos u(y OD, — n, O,,) 


+ cos* ® sin w(F7, —§, 7) —sin B cos O cos W(n R, —n, Ru) 0), 


If R, O and w are given functions, then functions §, 4, §,, 7, p,q 7 
Jas he 1 Satisfying (2), (20), (21), and (22) can be shown to exist in general. 
For equations (20), (21), (22) and the last of (2) ean be solved for §&, 4, 
p and q. If the results are substituted in equations (2), the latter can be 
solved for the w derivatives of p;. qm), 7. & and 7, leaving 7 arbitrary, 
and the results are in a form to which Cauchy's theorem* can be applied 
to show the existence of the functions involved. Hence solutions, and con- 
sequently surfaces 8, exist in general, but in particular cases a determinant 
involved in the solution may vanish and cause the method to fail. More- 
over, even when the functions exist the corresponding surfaces S may be 
degenerate as is seen below in § 5 when R, @ and wv are all taken constant. 

With x still equal to zero, we next find the curvature of the surfaces 4). 
If we take a point on the normal to S, at distance w from 7, and express 
the condition that it move in the direction given by equations (15), we 
get two equations in du: dv. Elimination of this derivative gives the follow- 
ing equation to determine w: 


(23) Put+ Quw+ T 0, 


* Jordan, Cours d’Analyse, (1896), t. III, p. 305. 
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where 
Pp — sind cos* O[O,§ — O, § 4- (WE — wr, §,) cos 
(Sq, — £,q) sin@ sin yy — (Ep, — £, p) cosd — (Er, - -§,r)sin6@ cos wy) 
cos D(sin ® cos Ww +- cos 6 cos M sin W) [On — Dyn, 
(Un — Wy h,) COS O— (Hp, — gp) COSA 


— (nq, ig) Sin 6 sin Ww — (nr, — 9,7) sin 4 cos W], 


T ~R* sin é sin wh [(y ty — gy W,) Sin 6 — (yp, — 4, p) sin 
(nqi—- % q) cos 6 sin uy! +- (yr; — 4,7) COS 4 COS w 
Ie? cos [(E uy, —§, Uy) sin @— (Ep, — §, p) sind 
(Sy, — §,q) cos @ sin w + (Sr, — §,r) cos 6 cos w] 
R(Sy,— §, 9) cos @ cos — R* sin d(u, Ry — Uy, Ry) 
Reos u(y Ry —q, Ru) — R* sin 9 (ph, — py Ry) 


R* cos@ sin w(q Rk, —q, Ru) + R* cos 4 cos wrk, —r; Ru), 


and ( does not contain w. The curvature A, of the surfaces S, is the 
reciprocal of the product of the roots of (23), that is 


(24) K, P/T. 


This expression is not in general independent of 6, but when w 90°, 
it reduces to 
kK, —cos? MD R?, 


and all of the transformed surfaces S, have the same total curvature as 
the original surface S.* The derivative of A, with respect to @ equated 
to zero yields an equation of the fourth degree in sin 6 and of the first 
in cos @ This equation gives the necessary condition for transformed 
surfaces of maximum or minimum curvature at a point. It is not satisfied 
by more than eight independent values of @ unless it is identically satisfied, 
in which ease the curvature is independent of 4. 

THEOREM 3. The curvature of the surfaces 8, cannot have more than eight 
‘rfreme values at a point of general position on 8. 

The direction cosines of the planes normal to S, and passing through 
one of the corresponding focal points of the congruence of axes are readily 
found to be proportional to 


"This result is given by Beal, loc., cit., p. 184. 
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f, cos 8 cos O — R sin 4 sin @, 
#; sin@ cos @ sin Ww — PR cos @ cos Uw +- RK cos 6 sin ® sin w), 
#; sin 8 cos @ cos U -- Reos® sinu'— Rh cos @ sin O cos wu, (7 1, 2), 


where the ¢s satisfy (10). The condition that the two planes be per- 
pendicular can be reduced to 


(25) tts + cos" @D Re? 


This condition remains the same whatever the value of * or Ww. By the 
use of (10), equation (22) can be written in the form (§, i ()) 


lf, 4, + cos? O R* cotu( R@O,— Rk, sin® cos @) FR’. 


The necessary and suificient condition that condition (25) be satistied by 
a congruence C is therefore 


(26) cotwi( RO, — Rk, sin D cos M) 
When cot is divided out* and the equation is integrated, (26) becomes 
(27) Reot @ ff 


where V is a function of + alone. Conversely, if (27) is satistied, (25) is 
also, unless w 0. In the exceptional ease one focal point is at the 
origin and ‘the other is the point at infinity on the y axis. It is readily 
seen geometrically that the two planes in question are still perpendicular. 
The solution @ 0 of (26) is not given by (27). It corresponds to 
a cyclic system, for which it is well known? that the joins of a point on 
the circle to the corresponding foeal points, and consequently the above 
normal planes to S,, are perpendicular. We have therefore 

THEOREM 4. For a congruence C which is not a cyclic system the necessary 


and sufficient condition for the perpendicularity of the two planes which 


are normal to S; and pass through the corresponding focal points of the 
congruence of axes is that R cot D be constant along each curve 1. 


*cot ¢ +0 for a congruence C. If ¢ = 90°, equation (25) is satisfied. Beal, loc. cit. 
p. 183, has remarked that an equivalent geometric property is possessed by his congruences (». 
7} Eisenhart, p. 437. 
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In the case of eyelie systems, the formulas (12) can be written in 
a compact form, Equations (20) and (21) become for ® — 0, &, = 10 


R,,/R (uy, — p) cot yy, R,/R = — n, cos (q sin w+ r cos w)/&, 


From (25) we have 
le —1/R’. 


Henee formulas (12) ean be written 


1 dh? | dk 1 dh ’ 
/ ’ / 0 —_— s Z -— ‘ 
( » ds Y 2 ds, 0 » ds, cot uv ’ 


where s and s, denote the are of the curves 7° and of their orthogonal 


trajectories respectively. 


tT. 


}, Congruences (’,9. A congruence C' for which & and ® are constant* 
will be denoted by Cg, the subseripts indicating the quantities which 


are kept constant. The fundamental equations for such a congruence are 


(s, y )) 

(DR) tan uw — FE 

(94) Uy, p + a&, 

{.9)) hn, Wot ry cot u', 


Where a and } are constants defined by 
(31) a sin DeosD Rh, 
(39) h corD kh. 


From (3) and (28) it is seen that vu ean be taken equal to w. Hence 
the circles lie in the oseulating planes of the curves 7. Equation (29) 
can be rewritten as 


! 
Mn poras. 


and R and @ are constant, 


"The case gf 90 is, of course, excluded. If ¢ 90 
Sis a pseudospherical surface, as is seen from (25). The surfaces S; are its Backlund 
transforms. Cf, Beal, loc. cit., p. 185. Also, Eisenhart, p. 284. 
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By use of the first of equations (3) we get 1/r = a. The torsion of the 
curves 7 is therefore an absolute constant. The geometric interpretation 
of (30) is given by (25) or by theorem 4. We have therefore 

THEOREM 5. The circles of a congruence Cro lie in the osculating planes 
of the curves T, all of which are of the same constant torsion and have the 
product of the distances to the focal points of their congruence of binormals 
constant, 

From (20) is readily proved 

THEOREM 6. The necessary and sufficient condition that the circles of 
a congruence Cg lie in the osculating planes of the curves T is that R he 
constant along each of their orthogonal trajectories. 

To show the existence of surfaces S with which are associated congruences 
Cpg, it is necessary to establish the existence of functions satisfying 
equations (2), (28), (29) and (30). To this end eliminate p, 7, q,; and 7, by 
means of (28), (29), (30) and the last of (2). The resulting equations can 
be combined so as to give an expression for q in which the only derivatives 
are Ww, and w,. When q is eliminated by this relation and the substitutions 


(33) vy 


are made, there results a system which can be solved for Sy. gins Pius 
and Wu, Moreover the expressions for these derivatives are of the form 
to which Cauchy's existence theorem* can be applied. Hence surfaces 8 
exist. They do not degenerate into curves since the linear element is in 
the orthogonal form. 

If we further impose the restriction that w be constant, introduce the 
new variables 


B 1/0, 7 1/T,, 


substitute from (3) in (2), (28), (29) and (30), and combine the resulting 
equations, we find that the conditions for the existence of the corresponding 
congruence are 


(34) &, = —&§mesiny, 
(35) miu — cS, 
(36) B sin oy, a 
(37) Oy ni(y +a), 


* Jordan, loc. cit. 
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(38) S(a-+b)@ sin — §cB cosa —(B coson)u = 0, 
(39) @, COS W 71 («* sin YW cos YW — 2ac—aB sinw COS @) ), 
(40) «, sin W ni (@* sin® w +c? —a® + a8 cos W cosa), 


» being a constant defined by the equation 


(41) c — (b—a)tanw, 
From (36) follows* 
(B COS w1 )u == cse* Win: 
and from (38) 
(42) Miu Ee sin w; COS @, — (a + b) $e sin Ww sin® @;/c. 


Multiplying (39) by sin yw, (40) by cosw and subtracting, we get 
(45) “8 COS @ —2ac sin w + (a*—c*) cos w k, 

where / is constant. Thus we have 

(44) « i: tan w,/¢, 

by the use of which equation (42) becomes 

(45) Win Ec sin w; COSw; —k(a + b)§ sin sin* @ tan @;/c*. 

lt we differentiate (44) and use (39) or (40), we get 

(46) a), milk sin® w; sin w/e —2ac® cos? wk cos u —c tan Uv’ cos a). 


Expressing the condition 
@Miuyv Mirus 


and using (34), (35), (44), (45) and (46), we find 


(47) En, cos® @ sin* w sin® @, 0. 
lt we have Sm 0, it is seen from (34) and (35) that the linear element 


of S assumes one of the forms 


ds* Udi or ds® Vide®, 


i a ee QO, then from (36) c = O and either a b. in which case @ = 90° and 
and its transforms become a plane; or ¢ = QO. We exclude ¢ = 0 for the present. 


S 
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where U and V are functions of « and 7 respectively, and that S is there- 
fore a curve. The congruence C degenerates into a single parameter family 
of circles. 

From (47) it is therefore seen that the only possible value for w js 
zero.* We have therefore proved 

THEOREM 7. Jn a congruence Crp the only possible constant value for w 
is Zero, 

Sinee (36) states that the curves u const. all have the same constant 
geodesic curvature, we can express the above result as follows: there exists 
no curved surface which is the locus of a single parameter family of curves 
all of which have the same constant torsion, all of whose principal normals 
make the same constant oblique angle with the corresponding normals to 
the surface, and whose orthogonal trajectories all have the same constant 
geodesic curvature. 

With w O and R and @ constant the fundamental equations become 


(48) r 0, 
(49) Ry, —7, sin Decos@ 


(50) ryp 


From (48) the curves J are geodesics. If from (50) we choose 7, 
S has an orthogonal system of geodesics and is therefore developable. 
tundamental quantities for S are then 


if a 7 r ry v, 


aky, —auk, ay, 


where U and V are arbitrary functions of « and rv respectively, / is an 
arbitrary constant, and a is detined by (31). 

Choosing p 0, we get from the last equation in (2) q 0. The 
curves 7 are therefore lines of curvature and, being also geodesics, are 
plane. S is a surface of Monge.’ Finally (49) forces us to choose o=¢ 
The system is therefore evelic. 

THEOREM 8, If in a CONGTUENECE Cr whose surface of centers Sis nol 


developable the plane of each circle passes through the corresponding normal 


to S, the circles form a cyclic system and S is a surface of Monge on which 
the curves T° are plane geodesics. 


*See preceding foot-note. 
7 Eisenhart, p. 506. 
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A particular example of this last type of congruence is furnished by the 
pseudospherical suriace of Monge for which the fundamental quantities are 


1 yp 4 0, s a COS @, m1 (Sin ©), 


tre 


fh COS @, q sin @, r 0), 0, ry O, = sino, 


The normal to S, is the tangent to the cirele at P. Analysis similar to that 
employed above in obtaining the total curvature of the surfaces S, leads 
to the following values for w, and wy, the principal radii of curvature of S,, 


Wy -f cota, Ws Rtan(o 4)—«asinw sec (w—A@), 


It is easy to give geometric constructions for the principal centers of 
curvature: the normal to S, meets the z axis in the first and the line 


(1) y 0, Z (r+ a) tana 


in the second. Hence for a given point the principal centers of curvature 
tor all the transformed surfaces §, lie on a pair of lines making an angle 
“) —w with each other. This line (51) is the characteristic of the plane 
ot the circle, and the point of contact of this plane with its envelope is 
the intersection of (51) with the w axis. If from the intersection of (51) 
with the z axis, we draw tangents to the circle, we get the normals to two 
transformed surfaces which have the points of contact for umbilical points. 

5. Sis a curve. If the surface of centers reduces to a curve, we can 
take tor the moving triedral the tangent, principal normal and binormal 
ot the curve and for parameter wits are. With this choice, the translations 
aud rotations have the following values: 


G2) F=f, 


tee 


/ Ni qh 1 ry O. p «te, £ lio. 
From the fundamental equations for a congruence C’ we see as betore 
that in reneral we can choose a relation between R. (D, uw and x. or any 
me of them, without restricting the curve of centers. With ® 0. 
however, the equations become 


(72 9 . 
vv) R, cosz-+ Rx, cos* uv sinz 0, 


(D4) sin x (22, sin us — Ruy, eos u') 0, 


(OF +7 
vo} PU Wy Uy ty pk COS % — put, tan ut sin % 0. 








a 


oJ 


SST ay, 


et ee ee 


ee ae 
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One set of solutions of these equations is sinw = cosx = 0, The 
circles are then in the normal planes to the curve of centers. R js 
unrestricted. 

If sin x equals zero, it follows from (53) and (55) either that we have 
R. = UW — 0, in which ease there is only a single infinity of circles: 
or that ry is zero, in which case the curve of centers is a straight line. 
It we have z, 0, sinx | O and cosx ¢ 0, (53) and (54) show that 
there is only a single infinity of circles. 

It x, and r do not vanish, then Ww is zero. For assuming wv + 0, we 
get trom (53) 


(D6) tan wu Ll’ cosz. 
Substitution in (55) gives 


z [(p pl? —U')cosx—r Using] 


This gives under the assumptions U O and hence trom (56), wu 
Equations (53), (54) and (55) can be replaced tor uw 0 by 


(O70) R U7 cosz. 
(5&8) iL 0. 


From (58) and (52), it tollows that the curve of centers is plane. 

We can state therefore 

THEOREM 9. Jf the centers of the circles of a cyclic system le on « 
curve, then 

(i) The circles lie in the normal planes to the curve of centers and thea 
radu are gwen by an arbitrary functions or 

(ii) The center locus is a straight line; or 

(iii) The curve of centers is plane and the circles lie in planes through 
the binormals. 

A cyclic system with a given plane curve for locus of centers can be 
constructed in the following way. Choose an arbitrary function U’ of the 
arc. At each point of the curve construet the circles 


(59) gg? t+ y" + Us. z (). 


Any circle which lies in a plane perpendicular to the plane of the give 
curve and which has for diameter a line segment passing through the origi 
and terminating in the two circles (59) is a cirele of the congruence. 
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When combined with (52), the fundamental equations (20), (21) and (22) 
become, # being zero, 


(HU) RR? ( U),. @,, Uy @,.) Rh, cos® Dp + hp D.. 0, 
BL) r@, cos uw 0, 
(62) ruy cos wy VU. 
The assumption r — O leads to a straight line. The choice ®, = uw, = 0 
vives Ry 0 from (60). Hence if there is a double infinity of circles 


and the center locus is not a straight line, w is 90° and the circles lie 
in the osculating planes. Equation (60) when integrated for this value 
of Ww becomes 


(63) 1 + ptan@®@ U, 


where U is an arbitrary function of wu. 

i, S is a point. The triehedral for the surface is indeterminate, so 
wv can be taken equal to 90°.) Moreover, the translations all vanish. Hence 
the fundamental equations are 


|’ (—. lh ),, (), q ().. \ (p,, Q, Pa 1N4 0. 


The last equation states that the circles lie in a single infinity of planes. 
The above system can be replaced by 


(H4) @,, eS p, 
(65) @.. eS ny. 
(H6) pn hd 0, 


The condition D,,,. D,., gives 
(H7) Su (qn—mrtphe) jn 


Equation (66) is satisfied by the rotations for any developable surface. 
With such a choice of p, p,q and gq, there exists a solution of (67) which 
When substituted in (64) and (65) gives ®. There is no restriction on the 
radius. If @ is constant. the only condition is (66). 
UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, PENNSYLVANIA. 
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ON NEUMANN'S EXISTENCE PROOF. 


3y Wititam F. Osaoon. 


In his proof of the existence theorem for the Abelian integrals connected 
with a given algebraic manifold, Neumann* requires one lemma, the proot 
of which, although based on a simple, geometric interpretation of a line 
integral, nevertheless demands some ingenuity. It is the purpose of this 
note to give a direct proot by means of the methods of analysis whieh, 
since that time, have become the common property of mathematicians. 

Let a function f be continuous along the circumference of a circle C 
and let its maximum and minimum values on C’ be denoted respectivel 
by G and K: 

K<f G, 


each lower sign holding in at least one point of C. Then the difference, 
4 G— Kk, 


shall be called the osed/ation of f on C, and shall be denoted as follows: 


THE Lemma. Let a lhe harmonic throughout the imterior of a circle C 
and contiNUOUS On the houndary. Let Tr he ad concentric circle of smaller 
radius. Then there erists a positive constant q less than unity, dep nding 
on the chowe of VT. but not on the choice of u, such that 


(1) Du q Du 
i ( 


Suppose the theorem false. Then there would exist a sequence of fune- 
tions w%, wy, .... each harmonic in ( and continuous on the circumference. 
and such that 
(2) Du, - Ditn 

/ ( 
where 
Yn° Yn+ls lim dn 


n rt. 


* Abelsche Integrale, 1884. p. 417. 
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Moreover, these functions may obviously be so taken as to have all the 
same maximum value G and the same minimum value K on C: 


K<= um S G. Thus Du! = G—K. 


Denote the maximum and the minimum values of , on I respectively by 


Mam Nt, 
! / 
Then (2) becomes: 
3) We Uy r ™ nt Un r » qn G ac dn K. 


since Wea, 


and mvp, ‘ both lie between G and K, it follows at once 


from (3) that: 


(7—-m in r Yn Gy “Yn kK, 


(4) nl My r Yn K : (] — qn) G Kk ( | qu) (@ — AK). 


Similarly, 
A) (i —(1 qn) (G — KK) ~ Ma, 


Let the point A be chosen on /’and held fast. It is clear that “, may 
be so taken that it attains the value Mo, Pa the point A. Thus 


lim 1, G in A, 
n x 

On the other hand, let S be any closed region lying within C and con- 
taining Tin its interior,—for example, the interior and circumference of 
a circle 4 concentric with C and J’ and lying between them. Then we can 


select from the sequence 1, %,... a sub-set, 


Urry. Min, se ee 


Which will converge uniformly throughout S and thus define a function w: 


" LIM tings 
n x 
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harmonic within S and continuous on the boundary.* Moreover, since 


K - ln »=%: 


it follows that 
k 


But w attains the value @ in A. —— an interior point of -4. Hence w js 
constant throughout -/, 
G. 


This result contradicts the fact that w», converges uniformly along I 
and, because of (4). falls below the value 


K+ (1 —qy,)(G— K) 


at some point ot 7. Hence the proof. 

It may be remarked that the foregoing proof also establishes the lemma 
for the region consisting of an arbitrary algebraic Riemann’s surface, from 
which the interior of a circle C has been removed, provided C contains at 
most one branch-point. / is then any closed curve lying in the surface 
and not meeting (. 

*For the proof of this theorem and the citation of the literature cf. the author's paper: 
“On the Uniformization of Algebraic Functions”, these Annals (2) 14 (1913), p. 152. 


HARVARD UNIVERSITY. 
January 29, 1924. 








ON THE AUTOMORPHIC FUNCTIONS 
OF THE GROUP (0, 3; 2, 4,6). 


By H. H. DALAKER. 


Introduction. The infinite discontinuous groups of sign (0, 3; /,, ls, 7,)* 
have been discussed by Morris in his dissertation.+ He there shows that, 
of the possible groups of this character whose uniferm automorphic functions 
are expressible in theta series, the group (0,3; 2,4,6) is the only one 
which has not been studied in detail. The associated Riemann surface 


7 | € 
wt (2 — a)(z — by"! (z —)"* (2 —dy"® 


is of genus 23. The methods emploved in the detailed study of the other 
eroups of this character are too cumbersome to be available for this group. 

Accordingly, following a method suggested by Hilbert, a simple table 
ot hyperelliptic moduli is assumed and its group is investigated. 
group is of sign (0,3; 2,4, 6); its functions and those of some of its sub- 
groups are uniformized. No attempt has been made to show that the group 
here studied coincides with that of the above surface, but it is hoped that 


this Investigation may throw light upon the general group. 


This paper consists of five parts. In parts one and fwo the arithmetic 
character of the group, and some of its subgroups are discussed, 
‘hird part the Poinearé series for the group and one of its subgroups are 
determined. Part fowr deals with the theta transformations and the uni- 
formization of the functions of the main group. In the last part the uni- 
lormization of the functions belonging to some of the subgroups is discussed. 

| wish to acknowledge my indebtedness to Prof. J. 1. Hutchinson, who 
suggested the problem and directed the earlier part of the work, and to 


Prof. C. F. Craig, who assisted in its completion. 


$1. The group (0, 3; 2, 4, 6). Following a method suggested by 


Hilbert? we assume the table 


"See Fricke u. Klein, Automorphe Functionen, vol. 1, p. 353, for this notation. 


work will he referred to as Fricke-Klein. 


TOn the automorphic functions of the group (0,3; 1, ls, ls), Trans. Amer. Math. Soc., 
Vol. 7, 1906, pp. 425-448. In his introduction there are sufficient indications of the 


bibliography to suggest what has been done. 


tSee 0. Blumenthal, Jahresb. der Deutschen Math.-Ver., vol. 13, 1904, pp. 121-123. 
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(ty (ly hb, hy : 
(1 ) ty } 2 hs hs l 2 A, 2? Ay 
Us —V 2a, we —V2m, 2p, 





as a table of moduli of a pair of hyperelliptic integrals 1, #. of the first 
kind. Reducing the above to the canonic form, the Weierstrass moduli are 


A+ ou A—u 


35 = . Tig Ty 9? Tee A+, 


in which 4 Aide. fe Hy My and dy, Ag, fy. Me are independent variables. 
It will be observed that the moduli satisfy 

(2) 2111; — Tee 0. 

We now assume that they satisfy the further relation 

(2’) 


») - » 
=U 7 “ie Tay 1 Tye) ~ 0, 


thus making the corresponding hyperelliptie theta functions doubly singular.’ 
In order that (2’) shall be satisfied we must have 


(3) A+p—2Zip —2 = O. 


This relation may be expressed in the form 


A—eé je —eé 1+V—3 
- « 7 . = i. é 
Ate ate A 
Hence, writing 
- 9 - i uo 
4; — & 41 7 € M2, Ae — MT MNes by —eée Mm t+ é ne, fle 11 Ne 
table (1) becomes 
Mt; ‘Ie h, he 
~») a . 2 2 
(44) 4) V2(—mtqs) —mty V2(mtem) 2m +e) 
M2 —V2 (m+ye) mtye V2 (68g, —e qs) —2(e?q — ns) 


in which 7, 472: are independent variables. 


* See G. Humbert, Liouville, Ser. 5, vol. 9, 1903, p. 65 and following. 
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The Weierstrass moduli which satisfy (2) and (2’) are now 
2 ’ Tey 2011, 


where 4 m, ny» The condition for the convergence of the corresponding 
theta series takes the particularly simple form 1— 44 >> 0. 


We next apply the transformations 


- y. an. -+- bn 7 cn, -+-dy 
(0) ‘1 4] 2° 42 ‘1 ie \ 


whe Ke 


ty the variables ,.q in table (4). Furthermore we assume that the same 
result is obtained by applying the transformation of integers 


to (4) or to (4) with the signs of all the elements in the last row changed. 
This leads to the two types of transformations on* 4, 


os Ze (ly | 4 (hy, é hg) | » (h, —€é he) i 9 ¢ (ly ' 
= , (B) | 
‘ 


b?2i+ePh) =a tea a +2ea V2(b,+8h,) 


Where a)... 4). hy are integers satisfying 


- -Pay ey +- 45 - 2(h; ae hy bh. r hs) == ®s 

The corresponding transformations of integers are 
a 

4 

a 2 a Ph, 4 (ly hb, — 2 bh, ce Sas bs F 

h, ay ? as bh, (ly bh, b. iy by (ls i 

(i ) - (p) ’ ° i | 

2a, —2b,+2b.| a, b, —a,-+2as 2 by a by 1 | 

b 

24, +2h, - 4a, 2h, a —2b, —2a,+4h, hh Fa 

an+h 


J 
stands for 7 
d Cy i. d if 


"In conformity with usage 
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From the relation 


2 2 2 

~ ’ 7 Y 7 

Yr le, at ee Y Pees 
de fh dd KA A vis ded VA Oh 
2=1 A=1 A=} 


where z,, is the transform of 7,, under (5), other transformations of the 
group may be determined. It is found that the transformation 


belongs to the group. Its transformation of integers is 


1 O 1 O 
QO O OU 
1 oO 0 OU 
0 vO oO. J 
By applying S” ( 1,2, .... 6) to (@) and (8) there result twelve 


classes of transformations which reduce to the four distinct types 


I I] 
a pe V 2(y+ de) lb P(@+ Be) y+oe 
V 2 (y—e*) a — Bée* y—oe* V 2(a—Be*) 
Ill IV 
a+ Be V 2(y+ de) V 2(«-+ Be) yt+0¢e 
—V2(y—de*?) —(a— fe?) —(y—de*?) —V 2(a—Be*) 


where «, 8, 7, 0 are integers such that for I and II] 
(6) a*? + af -+ pg? —2(y*4-76 + 6*) iy 
and tor If and IV 
2(a4* + a¢f8+ £*) — (y? +764 6°) Es 
That the totality of transformations of the above types forms a group 
having for its fixed circle 


(7 r—ty) 
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is readily verified. These four types of transformations define the group 
which we will call G. 

Determination of the fundamental region. Following the method of 
Hutchinson’ we Observe that for the cirelest 


(«7 1) (*) ] = 
Bip 33 
: ° . wy 
nearest to the center of qq —- 1 0 and enclosing a region the expression “es 


ii-~ dd wust be a minimum. For the types I and I 44 — @*§+«¢p-+ 2, b, 
tor Hand IV aa 2(«a* -+- « B+ B*), whence in ali cases «@*? + « 2 + B® must s 
be as small as possible. 
It is tound that the boundary circles cutting nearest the center of the 
fixed circle are obtained from either of the types Il, IV. Taking the 4 
least possible value for 44, 
“* + «B+ p* i. 
whenee 
+y7d+ 6 


there result the six cireles, and no others. 





which enclose a region /? whose vertices are designated in Fig. 1 by 
Bis: Aas oss Age 


PETS CT 








“Sve Trans. Amer. Math. Soe., vol. 8, 1907, pp. 261 269. 
The notation is (*) (c 7, +d). , 


‘ 
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If larger values of 44 are taken, or if the same process is applied to 
types I, I]. other circles are found, but none of these cut inside of Rp: 
at most they pass only through its vertices. 
The transformation 
_ iV2— 1 
r: ; 
1—V2 


belongs to the group. Moreover 7 pairs Ap Ag with Ag A,, and S pairs 
OA, with O.A,; it follows that we may take the quadrilateral 0.4, Ay A, 
as the fundamental region AR. The cycles of vertices are ¢ = 3. the 
number of sides 2% 4, whence the genus p is O since* p (1+ n—q)2. 

The transtormation leaving the vertex 1; unaltered, pairing the are A, 4, 
With the are A. A, is 


(ST) * = U: 


Since 7™ . 1, S*== 1, we have a group of genus 0 with flr 
eveles of vertices for /2 and transformations of periods 2, 4, 6, leaving 
respectively the noncongruent vertices fixed. Hence the symbol (0, 3; 2. 4, 6) 
characterizes the group and may be used to represent it. 


' . . . . is J 7 i h 
Periods of th transformations of (, A transformation } Is ol 
e ( 
-» 2 (a+)? , al 
period nx providedy a 4 cos? where / is an integer and Q- /<n. 
GE@-~ of M 


Applying this criterion we tind that the transformations are hyperbolic or 
elliptie of periods 2. 3, 4 and 6. There are no parabolic transformations. 

$ 2. Subgroups of (0, 3; 2, 4, 6). In the investigation of the subgroups 
of G those whose genus is less than fwo have in general been discarded 
since illustrations of their oecurrence in the problem of uniformization 
are fairly frequent. Thus those obtained by pairing the sides of the 
hexagon A,, As. .... A, have all been investigated and found to be ot 
genus zero or one. Many others have been examined: the following have 
been retained as of special interest. Apparently the genus may be extended 
beyond the limit here found. 

The subgroup (0, 3; 2,6, 6). The totality of transformations of types | 
and II form a subgroup G,, whose boundary circles are 


te 


[V2_9—o0(1+e)j [*] = 1, y a a eS 


"See Forsyth, A. R.. Theory of functions, § 293. 


7 See Forsyth. |. ¢.. § 258. 
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4, dues... Aye The transformations S and 


These enclose the region A;, As, .... -fi2, 4; and pass through the vertices 


ete? —] ve 
(Tay Zz: | ; 


” 


V2—e —(e+e*) 
belong to this group; S pairs O.A; with O.A,, while 7 pairs A, A; with A, Ax. 
Furthermore U, S~! 7, leaves A; invariant, and hence 0.4: 4, Ay is the 
fundamental region, the group sign being (0, 3; 2, 6,6). 

The subgroup (@). It will be observed that the transformations of type (&), 
S$] torm a subgroup of G, whose fundamental region is A; Ay+++ Ayy A; . 


The generating transformations are 
fi ° S i S 1 S? T, S = eevee So 7 Pe Ds 


they are all of period fwo, and leave the points A,, A,......4, invariant. 
Bach cirele is paired with itself. The group sign is (0.7; 2,2,2.2,2,2). 


Subgroups of genus 2. The transtormations 


1-AC—«e*) V2 BA—e?*) 1+ A(d—e*) b2Bu—e*) 
, . and . 
beBpaite) 14+A401+¢8) —br2 Bite) —1—A+28) 
form a subgroup of G. Here A= a, + az, Bobb hs dehy le 


integers) satisty 
{1 -+ A(1 — e*)] [*] - 6a = I. 
The boundary circles are 
[P21 ey — (2 — &°)] "| 1, (V20+5_q—0e@+5]l*] = 1, 
4 Hdl, te, te’. 

In the figure these are | ete. The total group may be 
generated by S and (S7'S)*, 

All the subgroups belonging to this new polygon have been investigated. 


It is tound that there are eight of genus fro and none of higher genus. 
Oe of these is the subgroup g,. The sides are paired as tollows 


T, — S T; S ' i pairs As Ajs with Ag Ais, 


STIS ' - Ag Ay, - Asoedis. 





a es 
> pia a 


e 


oe oe 


oT 
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> 


while S* 787°, 
other seven subgroups of genus 2 obtained trom the same polygon by 
different methods of pairing the sides are identical with y, since the 
renerating transformations are hyperbolic in each case.* 

Subgroup of genus d. The transtormations 


SST, 88, 892 7T,8°, 87) T.S pair the remaining ones. The 


1+ At? —-*) I 
and 


V2 B(2-6«) -~ 4(2- —V 2 B(2 -+-«) 


form a subgroup of G. Here 1 and B are detined as above and satisty 
the relation 
{1 --A(2 — &)] [*]—14 BB 
The circles 
[} 24469-0072] ] . (20 -4e)n74+6(7e—6)] 


[2V 2(2+2),7+ 0(8— 72) [*] . 2b 22-874 604 Te) 


where 4 —~], +e, + 6° are the exterior boundary of the fundamental 
region. Consider now the pairing of the sides as was done in the preceding 
case. Since the circles are not all of the same radii, there is necessaril\ 
less treedom of choice in the modes of pairing. One such is (see Fig. 2): 
r STS TS TST, pairs Ay, Assy with 
f. STS TS TS TS, . AgwAn 


Th. ie 


Fig. 2. 


See Fricke-Klein. vol. 1, p. 261 and following. 
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while 
g. S” t, S-’, r we y * ee 
pair the remaining sides, There are 3 cycles of vertices and since n = 12, 


the genus Is 9. 
$3, Poincaré series for @ and G,. In order to determine the auto- 
norphic functions belonging to the group, it will first be necessary to 
construct certain Poincaré series.* 

\ tunction of the form 


p So AG) aint hh, 
i 


7 HG YG + d;)™ ‘ Gan di 


where //(y,) is a rational funetion of 4; and the summation is extended 
to all the substitutions of the group, is a generalized Poinearé series of 
degree im, The series P(q) converges absolutely for m > 2, and. satisfies 
the relation 

1) Pn) Milan t+ dj)" Pl). 

\t the vertices A, the fixed points of elliptie substitutions of period /, 
ot a tundamental region A, every function P(y) of degree m has certain 
fixed zeros in number x; In addition to these there are simple zeros 
ot Pin) inside of Rh. or on its boundary. which change position when the 


! 


constants In H(,) are altered. These movable zeros are V in number wherei 


, sy 2vzgtm 
2) N 4 m(n—1) > :, 


2n being the number of sides of A. with the summation extending to all 
the eveles of vertices, 

The number of linearly independent funetions 7?;(7,) of the same multipliers 4 
and of degree m is N-+-1, henee a linear relation exists among +2 such 
Mnetions, Also P(n) St; Pi(y). where A; are constants. will be 
| Poinearé series of order m and multipliers if each Py(y) is such 
series. Finally we havet 


") 

| ° 

>) et mba m 
uy c ’ 


“ “See, for instance, Hutchinson, On the automorphic functions of the group (0,3; 2, 6, 6). 
Frans Amer. Math. Soe., vol. 5, 1904, pp. 447-460. In particular see § 2. 

r(f. Forsvth. Theory of functions, § 307. 

See Hutchinson, 1. ¢.. § 9. 


— 
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Determination of Uy (y), Ws (n). Ws (y). It is necessary to determine the 
Poinearé series of lowest degree which vanish to the first order at the 
noncongruent vertices of the fundamental region. For the group @ there 
are three cycles of vertices in A, and accordingly three such series will 
be constructed, vanishing to the first order respectively at the vertices 
A,.O. Ap. and nowhere else in A. Formula (3) requires that the deter- 
minant of the substitution be unity. Consequently S, 7, U must be written 
in the unimodular torms 


ie? 0 _ iV2i —i  |Vae —e# 
(4) S: ; rT: tae, “MRS 


) je i —V?i e—V2. 


7 | ¥s et | <a ts oa 
nl 37 6 2 tir ° aos XS { 


Hs =e p> (tere + My =e 


Since, however, (S7) '- U, there must exist the relation (u@gf@p) ) = Hy. 
As m can only be even for the group” the simplest cases are 


(a) m= 4, vo =1, vrp=ryp=0; HWg=—1,ep=—1, By=—!): 
(D)(b) am 6, i, % Vn = 0; #o=—1, fn —1, Py : 

° - . : ’ : : 

(Le) m= Ts, Vir L Ve Vir (): Hey - Ir —1, hy* —J], 


We denote the functions corresponding to these by u(y), We(y), Us) 
respectively. These functions satisfy 


; V 2in—i mit 
(a) Wy (en) =e, (nm), wy, 4 — (in—lI 27)* wu, (n); 
in—il 2 
re : : Ll 2Q2ing—: ‘ 
(6) (b) wy len) W(n), My ‘ —(in—V 2i)* We (y); 
aH - ive 
(Cc) We (é I, ( / atq J 27)'* w 
) 3 7) Ure "), We : : ~—it@- -| Zz 2) Ws (H). 
in—il Z 


“Hutchinson, 1. ¢., p. 454. 
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The function ; (y) vanishes to the first order at n = 0, but since S is of 
period six there are at this fixed point six congruent regions to R sharing 
eis same zero. Now (my) is an absolutely convergent Poincaré series 
vanishing to the 6th order at 4 = 0, and we may say that it vanishes to the 
jirst order at this point as regards 2. Similarly the functions y4(q), w2(y) 
yanish to the first order at the fixed points of U and 7 respectively. The 
three functions U*(q). US(y), UE(m) are Poincaré series having the same 
multipliers 4 1 and degree m = 24. Each has a single movable zero 
belonging to # at the respective fixed points. For the multipliers are 
unity, and henee (2”-+m)// is an even integer, or which is the same, 
»-m?  O(mod./7). We have then vgs+ 12 0 (mod.6), vy +12 0 
(mod.4), wr +12 0 (mod.2), whence taking vs, vv, v7 the least positive 
residues, there result vs = vr ve = 0. Substituting these values in 
formula (2) we get NV . 

To sum up, the three functions U4 (yn), Us(_), UE(y) are Poincaré series 
tthe same degree and multipliers. Each has a single movable zero at 
the fixed points of S, 0 7’ respectively and vanishes nowhere else in R. 
Henee the three series are linearly dependent. We may therefore write 


(7) Aut (n) + Bud(n) + Cur (n) 0, 


where 1, 2 and (' are constants. 

It will be the object of the next section to show that these series do 
not vanish identically. It will then follow that the ratios of the constants 
cin be determined. Any other Poinearé series which belongs to the group 
cin be expressed as a product of (7). U's(y), Wy(y) and functions of 
the form A UO (n) + B ui (n). 

Ihtermination of gy (9), ge(). gs(m). The Poinearé series of the sub- 
croup (0, 3: 2, 6, 6) are of special importance in the uniformizing of the 
‘uictions of the subgroups of genus 2. The simplest cases are* 


“m=2, vs = 1, »7,=7v,=9; Ms e*, PU, & on =——t; 
"m2, vy, l, ws Ve, 0; #s= & MY, eT, —1; 
Jm—6, ry,=1, vgs = 97, =0; ws=——1, wy,=——1, #7 I. 


We denote the corresponding funetions by ®, (7), Ms). Ms (y) respectively. 
TMs gab? bac . ° ry 
lhey satisfy the functional relations 


”» 


See Hutchinson, |. ¢., for convergence when m= 2 
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(e+<6*)g7—V 2e* 


(a) Dien) = €D,(n), 0,( 2en—(e+e?)|° D,(1): 


—(é + ¢%)|? (9): 


(Rh) Den) = Dye), 0,(' 


é-j 
(e+ e*)n —| 2e* | ! 9, \6 
a. 2&9 —(&--€*)| Dir), 


! uv 
b 2en—(e+e*) 


(ir) Dglen) - @5(7). 0,( 


$4. The theta transformations. To the transformation S on » there 
is the corresponding one of integers on the theta moduli 


Where the signs of the radicals are alike when 9’ = 4 — 0. Similarly. 
corresponding to the transformation 7’ on 7 there is the transformation of 


d 
integers 


O-—2 


"Kratzer-Prym, Neue Grundlagen einer Theorie der allgemeinen Thetafunctionen. 
pp. 121, 122. 
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on the theta moduli, and hence the relation 


| 4 q+ 2% —= Fi —— Fe (0) 
' 1 ' 
2 —g—h +h. 2qe—2h, + hel, 
| | Di 2 Nn . : I ’ "21, 
(?)) 
pA ne » 
7) V ~ _ p—RUGE+AGI92 + 293-292-941) 4 I fe (Q) 
| 1 - n* h, hs % 


where the signs of the radicals are taken opposite when 4! =. Again, 
to the transformation 7 on 9 corresponds the transformation 


— | 2 2—] 

1—1 —] I 
—? ] l 

QO -4 -2 | 

whence the relation 
/ dy e - 9 an lw ( ( h, om 
I ¥ \ V2 ly th. qY ! hy (()) 
| | i > a hy = his 4, = 2h, h. Yr 


ree ee 
(i i ; miE oY J 42 (()) 
7 
kK 2 Wy- — Si, 4, ' 47° + Si, h, 44), hi, Sy, h, 
+ 89, h, + 4h? — 6h, h, + 2hj— 3. 


The signs of the radicals are alike when 7 
ty the identical substitution 4'-— » there exists the unique table of integers 


1 O 
7) 
) | 
1 0 
0 
0 | 
We introduce for brevity the notation 
, d | g{7] (0) 
Lh Vi-—g? Woy 


7’. Finally, corresponding 


. a kt 
2. 
etc es > 

- 


TH 


& 


Re ee 


gee ee 
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and construct by the aid of (1), (2), (5) the tables (. on] 


























0 0 ' 0 0 , 3 |: | | | 
1 1 1 1 1 2 
0 ; 0) - 2 2 2 2 6 3 ; : 
0 »f0 0 JO 0 Ae 3 a . 2 
’ 14 ” 2 2 6 4 6 ' 
* 1s tor! “iE uy? to dl’ i Ps ; 3 
i 00 afi 3 0 0 sit © 
‘| fa Be & | 7: 
‘ al: < 0 0 [2 0 00 ci-! — 
i es ed ee ee ee ies ce bees (ee 
0 0 0 : > © - = 0 0 2 
0 0 0 0 0 0 0 0 ' 0 ' 0 
' 0 afi 3 »fO 0 iQ = _,J0 0 80 3 
y i —1} : 2 2 2 2 1 1 2 
Ss lool’ loop “te of 4]: of 2 Joop 4% foo 
r 0 0 lO 3 hs = of) 0 00 | 
f . 0 lt: of 4 Joo 710 0 00} 4 100 
00 iQ at. = : @ geo = fo 0 
4 —6 6 a 12} 2 2 , 6 p) : 
Ph I oof “fo 6p ]6 6 00f\/ [2 Of.’ [20 






































. . . ‘ . . = . 
In the first line of each is written z ||. and in the other lines the values 
i 


when operated upon by the transformations S, 7, 7,. For line three the 
factor 7’—V 2 is understood, for line four the factor V 2én!- 
It is necessary to show that the theta constants do not vanish identically. 


- (e +’), 


Let 4 = (e++?—)/V 2%, the point A,. The moduli become 7, ‘, 
Tx. = 22, Ty = TT, = (1 — 7). Substituting these values in |: | we 
2 3 


have after a simple reduction 


1 ’ ~ CO, . Ame 
« 22 - ~™\Y mony Na +1)? + (at 98 
|; | = e : 
2 32 Ny," 


This result does not vanish since each term under the summation is positive: 
moreover, four thetas are completely interchanged by (1) and (2), and 
therefore none of them can vanish identically. 
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Let ¢ 0 and the moduli become 7,, & Tis Vo; O, ta, = Ze, 
0 0 


we have after reductis 
0 | Juction 


Substituting these values In 0| 


Oo 0 < - nj > ns n i. ny Ze) 

fo 1. saad 
Ov 

Replacing , by 2m and 2n,-+ 1 and adding the results, the expression 


becomes 

Replacing now nw. by 2m, and 2n,-+ 1 and combining results, we have finally 
Sol B8OnFz S403 5 1 .—xV/ 84s 1) + 1 s,—nrV3(2n, 

lt is clear that all the terms in the expansion are positive, whence the 

function does not vanish. Sinee six thetas are completely interchanged 


by (1), (2), it follows that none of them vanish identically. 
By a similar process it may be shown that 


do not vanish. identically. 
From the above tables, and what has just been proved, it is clear that 


F "| je I , ° A 5 | 
cr. t 5 T 
00 00 ' 00 


oO © 
Pir) | 


satisfy the relations 


G2 ‘ 
! a i wed -\4 
A(ér) éA(n), A | . | lan - V 2i) Aig); 
iy; il 2 
(4) 
, > j 279 i “ | 9;)° B ) 
(ey) By). Bl "| (77 ae r()), 
i” 1 2) 


and do not vanish identically. But (4) are exactly the functional equations 


a), (b) of (6), $3. Henee the functions u(y), Y’2(j) are constant multiples 


Ol A(n), Bi»), being relative invariants under @. 





PLT SSE 


warts 


~ 


SOT 


eae 
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The function u;(7) of $3 cannot be expressed as a product of thet, 
functions with zero arguments. This function is of order 12, and has its 
separate theta constants invariant or interchanged in pairs under 7’ since 
ne . ny . : Gy Ye 
T= —1. Under 7’ the function 7 |: } | becomes 

‘) ly 


Wy . » TE 


. as hi 2 = | a 2 Zh, he 


The only solutions of either of these sets of congruences whieh do not 


a sais 00 Oo; | 
give identically vanishing theta eonstants are go of andy, tf. For eae! 


/ 


: ae 0 0 00 
of these & 0. Thus 7 /| transtorms into i »f. and 
() ign —V 9; yo 2 
‘ 


1 


a . 00 
similarly for the other function rf, ; 


For a general characteristic 


C4 
tl “7 
h, he ‘. 


transforms into 


ine ] Nh; If» ; - ? tf 
. — % ‘ ; xa Je 
(Gjn—Vaiy th, hy 1 — 4, — hy + he 


( 


A product of twelve such theta constants whieh is relatively invariant 
, 00 0 0 
under G must be made up of powers of | ‘|. r|' ‘| and products 0! 
() 

* . e =— 2 2 2 
two thetas relatively invariant under 7. In any case the product of fer 
will be reproduced multiplied by (ay V2i) ™, whereas u(y) has its 
multiplier under 7’ minus this same expression. 








THE AUTOMORPHIC FUNCTIONS. 257 


Referring to equation (7) of § 3 we observe that C40. For if C—0 
oii) O then v#(_)) ¢s(q) is constant. This is impossible since wy (y) 
vanishes at 7 0 and nowhere else in A, and w.(y) vanishes in R only 


ary | 2—1. Henee, take C — —1, and we may determine A and B 
placing in succession 7 Q and 7 b 2—-1. recalling at the same time 


that “(,) Vanishes at neither point. This gives an explicit form for wr (y), 
From their definition it is now clear that 


16 16 frt i Ps fyi 
ety) un) un (Q) aunty) hus(y) 


fA ? Te ’ py2 ’ yi) | 4 ° 
ud(a) we (H) wr (H) curly) due (y) 


_¢, ¢ being constants, are automorphic functions of (0,3: 2. 4. 6). 


They are the simplest of such functions for the group. Moreover. every 
diomerphic tunetion for the given group can be expressed in the form 


nm 


a8 | LP afr 
| oe Bb »(h) 


r 91 J tyh 
Cun (y) Di uhy) 


where wt. 2. ©, D; are constants. 
:5, Uniformization. In this seetion the problem of wmiformizing the 
automorphic functions of the subgroups emphasized in 2 will now be studied. 
he subgroup \O. 3; 2,6, 6)" From the tables of § 4 and the functional 
mation (S) of $3 its is evident that 


’ 1 1 1 
o 8 é ; 
(D. (4) | {of ‘|. 
/ I 
Do l4) DM, (a) un (ya). (D(a) uty (n), 


‘ere Uy). Ue) are the funetions defined in § 4. The funetion @,(y) 
iis been shown not to vanish identically, and hence @,(,) does not. 
Kedsoning as on p. 4 we deduce that a relation of the form 


~— 


? A, Dy ) Besa A Lt r) 0) 


nitist exist. Sinee only one of the three functions @,(y), Ms(z). Ms (y) 
Vanishes af the vertex of the fundamental region. it follows that none ol 
the constants 4,. B). (’; vanish. 


"For additional facts regarding this subgroup see Hutchinson, |. ¢.. $4. 
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The results of applying the transformations S, 7; are as follows: 


Ss @ (1) 6D,(y), Dy!) Ds(n), Ds (1) ; (4): 
(3) 
Ty: Oy) = — EO (yn). Dey) ED s(y), Dy) — A Dg (y) 


where ¢/ } 2eqn—e—e’. It is evident that 


WD; (7) (Ds, | y) 


6 ? ‘ 6 
(Do\y) (Do(7) 


are the simplest aufomorphi tunctions belonging to the subgroup. We 
may now write equation (2) in the linear form 


A,rt+By+, 0), 


which is a curve of genus zero, the codrdinates 1, y being expressed as 
uniform automorphic tunetions of 7. 
The subgroup (a@). The simplest automorphie functions of this subgroup 
are the same as in the preceding case since 7, enters once in each 
generating transformation. This leads to the same linear relation. 
The subgroup gy. We now build the quotients 


MD (7) M (4) 


(DP (7)? ae oe 
2 ‘ ‘ 


Operating with S and 7, in turn on y and « we have 
(29) 


sy referring to (3) $3 it is seen that 7, enters fice in each oenerating 
transformation; it follows from (5) that y is an automorphic function 0! 
the subgroup. Moreover, S enters a sufficient number of times in each 
generating transformation to make « absolutely invariant. To prove this 
statement for the transformation 7,S 17,8 we notice that S introduces 
the factor ¢, giving the result e; 7 leaves this unaltered, while S’! s? 
introduces the factor ¢°, making the result 6°. «. r, 
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The function @,(y) vanishes to the first order at the fixed point A, of 7, 
and congruent points, and therefore it vanishes six times inside the 
fundamental region 2’. Now @,(y) vanishes to the first order at the 
fixed point .1; of (7, and the congruent points Ax, Ay, ..., Aye, all on the 
boundary of #’; but at each of these points there are three fundamental 
regious sharing this same zero, therefore at each such point @,(y) has 
a zero of order 4, and hence ®,(y) vanishes twice in R’. Finally, ®, (n) 
vanishes to the first order at the origin and the congruent points Ais, 
Avy... Ayy on the boundary of #’; but at each of the latter points there 
re sve tundamental regions sharing this same zero, whence at each such 
point @(y) has a zero of order ¢, so that altogether @, (7) vanishes 
rive in BR. 

It tollows from the results under S in (5) that y takes the same value y, at 
J, different congruent points in /?’; and that v takes the same value z,. at 
me point only, exeept when .r, 0, when this value is taken at O and 
at six points on the boundary of the fundamental region. 

Let the values of » at the fixed points ot 


ma aan: £3.80 «i. Re 


Hor Mie Nos 
md the corresponding ones for v7. 
an Beg Bog secs Whe 
Then we may put 
iD y ely fe) (2—2,)(2— ry) (1 — 13) (79 — 24) (2 — 175), 


\here «is a constant, for the two members are automorphic function of 7 
having the same zero and poles in /?’. That the poles are the same for 
ihe two members is at onee evident from the forms of y and . in (4). 
To show that the zeros are the same we observe that 7) ean be written 
iN the form 


7 ~~ % ne 
U , , 
q No _ apane qo 


Where / is the other fixed point. Thus in applying 7, to the point gp 


, D No n—T - , te . 
the eXpression ‘ +: becomes oe . — is and since wv Is unaltere d by 
Ui] Vo q] qo 


this operation «—.1, must be O° at i No. 


uA 


Te 


RIS 


Ee 


PET PPT SE, 
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The values of .r;), 2, .... 7; can be expressed in forms which enable us 
to write (6) in a more compact form. Apply to . the transformation s 
and we have «(éq) = €.°(y). Put y no and this becomes .r (ey) = e.(ny), 


and in general .r(é'7) é'r(m), whence (én) é'r(m). That is 


» 


Cy = Mme, 4 1.2.3. 4.5. Hence (6) becomes 


. a 
eda Ty) 


We have thus the codrdinates », y of the hypercliptic curve (7) expressed 


as automorphic functions of 7. The constant + may be determined by 


putting » — 0. This gives ¢ Where y is the value of y at 7 = 0. 


i 

The equivalent of relation (7) can at once be obtained from (2), but 
the above method is given in detail since it offers a means of uniformizing 
the functions when the zeros and poles are known in the fundamental region. 

Since the subgroups g......g, are equivalent to g, the same relation (7) 
holds for each of them. 

The subgroup of genus 5. Several methods have been tried in an endeavor 
to uniformize the functions belonging to this group, but none so tar have 
proved suecesstul, It would seem that the codrdinates of the curve of genus 5, 


. { 
: (C(r- Le IE Leys + AT ry) 


are automorphic functions of this sub-group. 





NOTE ON DIRICHLET’S SERIES WITH 
COMPLEX EXPONENTS.* 


By Einar HI.we. 


1. Introduction. In the present paper we shall be chiefly concerned 
with Dirichlet’s series with complex exponents, i. e. series of the form 


(1) D(s) = pa e dns 


where s iy a complex variable and (/,) as well as (a,) are sequences of 
complex numbers. We shall make various assumptions with regard to the 
absolute values of A,, but none whatever with regard to their arguments.7 
We shall be coneerned chiefly with absolutely convergent series, and we gene- 
rally assume S* a, to be convergent, thus ensuring absolute convergence 
of (1) at one point at least, namely the origin.? 


Presented to the American Mathematical Society, April 28th, 1923. 

+The literature on Dirichlet’s series with complex exponents appears to be rather 
weager. The following publications bear on the subject: 

Schnee, Cher irregulare Potenzreihen und Dirichletsche Reilen, (Thesis, Berlin, 1908). 

Pincherle, Sulla serie fattoriale generalizzate, Rendiconti del Cire. Mat. di Palermo, 
vol. 37, (1914), pp. 379-390. 

Ritt, On a general class of linear homogeneous differential equations of infinite order 
with constant coefficients, (Thesis, Columbia, 1916), Transactions Amer. Math. Soc., 
vol. 18 (1917), pp. 27-49. 

Vaisala, Verallgemeinerung des Begriffes der Dirichletschen Reihen, Acta Universitatis 
Dorpatensis, A 1:2, (1921), pp. 1-32. 

Ritt makes the restriction that >1 4, is to be absolutely convergent but does not put 
uly restrictions on the arguments of 4. which the other writers on the field do. So for 
instance does Schnee assume the existence of lim arg 2 whereas Pincherle assumes 4 << 
arg 4, % + for some fixed value of # On the other hand, these authors study simple 
convergence whereas in the present paper we have to restrict ourselves in general to the 
stuly of absolute convergence. 

Vaisila assumes lim arg 4, — 0 when studying simple convergence but has also some 
results concerning absolutely convergent series where no restriction is put on arg dn. The 
present writer was in possession of these and also more general results before the in- 
vestigation of Vaisala appeared in print. The results in question have been incorporated 
with the present paper, forming $$ 3 and 6 and part of $5. The proofs here given are 
soluewhat simpler than those of Vaisiila. 

‘It is worth noticing that an ordinary Dirichlet’s series (An real, An < Ans, dn —> + 00) 


is absolutely convergent at one point at least, namely s = + %. 
261 18 











ie Se cone 


SSE PRY TEE 


ET 











262 E. HILLE. 

We prove that the region of absolute convergence of (1) is a conver region. 
We attempt to determine this region in terms of (a) and (4,) under vations 
assumptions regarding the rate of increase of | dn’. If dn log n> & with n, 
then we can determine the precise region. In any case we ean find a marinal 
region and a minimal one. It is necessary for a point to remain in the former 
in order to make the series convergent and it is. sufficient for absolute 
convergence that it stays in the latter. To any given convex region we ean 
determine infinitely many Dirichlet’s series which will admit of that region 
as their region of absolute convergence. We also give a comparison theorem 
for Dirichlet’s series which allows certain interesting conclusions regarding 
the singular points of the analytic function represented by the series. 

Further we extend some of the results to Dérichlet’s integrals. Finally 
we take up the connections between generalisations of Derichlet’s series, 
binomial series and factorial serves. 

The methods used in the paper are essentially elementary in character 
and the results can certainly be extended considerably. 

”», Auxiliary theorems. In this paragraph we collect a few lemmas 
and definitions which we shall use in the paper proper. The proofs are 
in general omitted but references are made to the literature when necessary. 

DEFINITION: A region is said to he conver if, whenever it contains tivo points LP’, 
and P,, it also contains all the points of the linear segment P, Ps. 

LEMMA 1: If aand hb are real posctive numbers and 0 <4 1. then 


av. td; r reat+(l r)-b- ath, 


where the equality sign holds always when a h, otherwise only for « = 0 
or 1. ° 


The proof follows from the fact that , [a7 b'~7]>- 0. From this lemma 
we obtain 


da* 
. . ’ ’ 
LEMMA 2: I} the series ts and ba are convergent, where Ane dn )), 
then the SPrUS 


’ r 1 
> dnbh (O xz = 1) 


are also convergent, and uniformly with respect to x. 

LEMMA 3: Lf (by) and (en) are two sets of compler numbers and thi 
serves !n and 2 (nin are convergent, then the series nen con- 
Verges. ” 


* For a proof of this lemma see e.g. Landau, Uber die Grundlagen der Theorie der 
Fakultitenreihen, Minchener Sitzungsberichte, Math.-Phys. Klasse, vol. 36 (1906), p. 19. 








DIRICHLET’S SERIES WITH COMPLEX EXPONENTS. 263 


, v , a ; 
LEMMA 4: I} the Sevres > with positive terms is convergent and of 
wa 


’ . 
R, Dan then the series 
a 
4" Un 
— h —= 
by 


is CONLENYE nt provided « a 
A similar theorem holds for definite integrals, namely 
Lemma 5: Let a(t) be a real positive integrable Junction such that the 


se zx 
aifeqral Ja) dt exists and put R(t) fat du, then the integral 


Pi 
| a(ty)dt 
J, (Rp « 


vists, prot ided the real number @ is positive. 

This lemma can of course be proved by merely making the substitution 

Rit) in the integral in question. 

3}. The region of absolute convergence. Using Lemma 2 we shall 
prove the following 

THEOKEM 1: The reqoomn of absolut CONVEFGENCE of a Dirichlet’s series is a 
conven region BR. The series is uniformly convergent inv every interior part 
uf he. If Ris a two-dimensional reqion the series represents a single-valued 
und analytic function of s in R. 

Suppose that the series is absolutely convergent for two values of s, 
namely s, and sy, and let us put 


4a Ss 


a An 8 > 
An ¢ = An, “eo By. 


Any point on the line segment s,; sy can be represented in the form 


s as, + (1— @)xy. (O<eae< 1), 


Then we have 


} @ -zl-—«a 
fine ans == Ap By 


Which shows that the series is absolutely convergent at every point ot the 
line segment s, ss, and, moreover, that the convergence is uniform with respect 
tos, The rest of the theorem follows by elassieal arguments.+ 

(ft. P.du Bois-Reymond, Eine neue Theorie der Convergenz und Divergenz von Reihen 
mit positiven Gliedern, Journ. f. Math., vol. 76 (1873), p. 85. 

‘When this paper was presented to the Society, Professor Ritt pointed out to me that 
le had used the same argument to prove practically the same question in his thesis, 
doted above. T was previously unaware of the existence of his paper. The theorem and 
‘he proof had been in my possession since 1918. 
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It is worth noticing that the statement: The region of convergence of 4 
Dirichlet’s series is a convex region, would be fa/se. A simple example will 
show that. According to our definition, an ordinary trigonometric series is a 
Dirichlet’s series. The region of convergence of such a series may reduce to 
a set of points of measure zero on the real axis.* As a matter of fact, Schnee 
pointed out? that it was necessary to restrict the problem and gaye an 
example of a Dirichlet’s series which had an isolated point of convergence in 
addition to the ordinary half-plane. The restrictions he laid on the problem 
were to limit the variability of arg 4, whereas we have taken the more 
elementary point of view of studying absolute convergence only. 

4, The maximal region. In this paragraph we shall assume ™ a, to be 
convergent, 7. e. We assume the series (1) to be convergent at the origin. 
With this assumption we shall determine a necessary condition to be fulfilled 
by s in order that the series may be convergent for that value. In the case 
of an ordinary Dirichlet’s series with real exponents, dn ~~ Ansa, An > + 2% 
we get such a condition in the following manner.t Let us put 


log An 
(2) Tp 
An 


and let a’ be the upper limit of the ,, 
(3) a’ lim ,. 


Then in order that the series be convergent it is necessary that R(s) ~ a’, or 
if we assume a’ ~— 0, 


(4) Ri) <1. 


it 


If 4, log n>+ x, the condition | =}. 1 is sufficient for absolute con- 
ad 


vergences, if d, log 2 the abscissa of absolute convergence, o satisfies 
the inequalitiy a’ ~~ 6 < a’ +1, 

In the case when the 4, are complex numbers we proceed as follows. 
Let the set (,) be defined by (2) and let (a’) be the set of its limit 

* See, e. g. Kolmagoroff, Une série de Fourier-Lebesgue divergent presque partout, 
Fundamenta Mathematicae, vol. 4 (1923), pp. 324 328. 

7 Loc. cit., pp. 18-19. 

; Cf. Landau, loc. cit. pp. 177 178 for fuller references. 

§ Cf. Szisz, Cher Singularitaten von Potenzreihen und Dirichletschen Reihen am Rande 
des Konvergenzbereiches, Math. Annalen, vol. $5 (1922), p. 108. 
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points.” Take any point, a’ +0, of the latter set and draw a straight 
line through the point perpendicular to the line joining 0 with a’. This 
line divides the plane into two parts, let the part containing the origin 
be denoted by AC’). It is defined by the inequality 


We repeat this construction for all the points of (a’). If the origin happens 
ty be a point of (a) we obtain the corresponding region or regions A(0) 
by a limiting process. There exists in that case a set of points in (zy), 
ay, Toettt,y Amiyess Such that lim an, = 0. Form the corresponding 


m > 
half-planes 4(mi). This set of half-planes may or may not have a defi- 
nite limit. In the former case we adjoin this limit 4(0) to the set of half- 
planes 4(a') defined above. In the latter case we can pick out a sub-set 
that will have a definite limit which we adjoin instead. Then we pick 
out all possible sub-sets from the given set, adjoining the corresponding 
limiting halt-planes. Likewise we exhaust all possible sets (2,3) such that 
iM nx 0, adjoining all the corresponding half-planes 4(0). In this 


i-- x 
fashion we obtain a set of half-planes 4(a') namely one and only one, 
containing the origin as an énferior point, for each of the points of {1’] 
different from zero, and, eventually, in addition a sub-set, which may have 
the power of the continuum, having zero as a boundary point. Let 4 be 
the set of all points common to all half-planes of the set {4(-)}. This 
region 4 will contain one point at least, namely the origin, and may reduce 
to that point: at any rate, from its construction, it will be a closed convea 
region. We designate J as the marimal region of convergence; the reason 
for the hame appears from the following 

TukoreM 2: The series (1) is divergent for every value of s not m J. 


As matter of faet, if s is not a point in 4 the inequality 
R (|) —~1 
| ai 


is fulfilled for at least some point of (a'). In other words, there exists 
a sub-set of points in (7). Wat. Wnts +s Tames? such that 


XN SA am 
x{—_} = &{,_—- 4. 
nm log nm 


x» for infinitely many values of x. 


"We include in (’) any point x) such that tn 


ee ae 





an 
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. . ’ . 
Since the series > an is convergent we know that a,—>0. Hence the in- 
equality 
Ks dy) - log An | 


is fulfilled for values of » beyond every limit. This implies 


K (log Un — shy] > 0, 
or 


1 An e ail >] 


for arbitrarily large values of x. Hence the series is divergent outside of 4. 
5. Special cases. We notice that the region of convergence FP of (1) as 
well as the region of absolute convergence # form parts of 4, or symbolically 


(6) <. FC. A 


There is one case, however, in which we can give a much more precise 
statement, namely. that in which the absolute values of the 4, increase more 
rapidly than log x. Denoting the boundary of the closed region 4 by I 
we have the following theorem. 

THEOREM 3: Jf 4, log n > x as n becomes infinite then the series (NV) is 
absolutely convergent in the open reqim A—T. The series may or may not |i 
convergent or absolutely convergent on Toor on parts of 1. 

The theorem is of interest only if 4 is a two-dimensional region since 
otherwise the region 4 —/'is empty. Then we can assume that 0 is a point 
ot 4—/ without restricting the generality of the argument. Hence 


Ty — (), dL " Ny. 
Further 
log 
An 
An 
7Tn 
when a, < 1. or 
| : : 
log ; = An Un "FF hn}. 
{ 


Since 4, /log n>x we can make 


~) 


An log My Ut > Me,” 


£0 


“The factor 2 is of course arbitrary: any fixed positive number greater than 1 would 
do just as well. 
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no matter how small a positive number 6 may be, provided we make N large 


enough. Hence 
c 


log — : log n, 


An 


Ifs is a point in 4— J, we ean find a positive 6 such that 


1—R(——} 


Ty 


when 2 no. Thus 


r—a(F) 


An i 


which shows that the series is absolutely convergent in 4—V. 
Let us make the less restrictive assumption that 


An ~~ C log n. 


Then as above we find 


Ay en An 


Hence, if we require s to satisfy all the conditions 


1+ 97 
-. >, 
('é 2 


the series will be absolutely convergent for such a value of s. This result 
is of interest only when Ce>> 1. If this condition is fulfilled we can de- 
terme a set of half-planes A(a’) by the inequality 


gj | 
HA) <1-5 
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Let A be the set of all points common to all the half-planes A(x’). This 
is an open convex region interior to A. 

THEOREM 4: Jf 4, > C log n and the minimum distance of T’ to the 
origin, é, is so lary that Ce 1, then the series (1) is necessarily absolutely 
convergent in the open conver region A defined above. 

This is the best result we can expect to obtain in view of the situation 
in which 4, = log n. mentioned above in § 4. 

6. Preassigned region of absolute convergence. The boundary 
Tr of A is a continuous curve. Sometimes the set (a’) also makes up a 
continuous curve Z7 which is the pedal of 7. By extension we shall always 
refer to the set (a’) as the pedal of the boundary. This observation to- 
gether with Theorem 3 enables us to solve the following problem: 

Given an arhitrary open convex region, find a Dirichlet’s series which will 
admit of this region as its region of absolute convergence. 

We assume the region in question, 4, to be two-dimensional (the one- 
dimensional case being trivial) and that O is a point of it. Further we 
shall restrict the boundary curve T° to be of finite length, L. The case 
when that is not so, can be dealt with by a method similar to the one 
which we are going to develop. For the sake of brevity we shall exclude 
this case, however. Let / denote the length of are of the curve measured 
from a fixed point in positive sense to a variable point, and put 


(8) ] L , 
Suppose that the equation of 7 is given in the form 
(9) s = f(a), FO) J). 


This continuous function of @ can be defined for all values of @ as a 
periodic function with period 1. The curve J’ has a unique tangent @/most 
everywhere, i.e. excepting at most a point set of measure zero, and the 
function f(@) has a derivative almost everywhere. The equation of the 
pedal /7 of this curve 7° becomes 


(10) g=2 Fie) = - oe f' (a) X [f'(a) f(a) | 


where f(@) is the conjugate of f(a). 

This function F’(@) is continuous almost everywhere and the discontinuities 
are of the first kind only, 7. ¢. the limits lim F(a + ¢) and lim F(a —e) exist 
and are finite. Now let @ be an irrational number and put 


(11) Tn F(n 94). 
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If this expression should be indeterminate for some particular value of n, 
we take lim F’'(n@—e) which does exist. 

Given any particular point a’ on the pedal 7 we can find a sequence of 
values of 2, m», such that F’(n, 4) > 2’ when vy + %, This depends upon the 
fact that given any number g, 0 ~— 4 — 1, we can find integers ,, ns, «++ my, +++ 
such that 

(y—ny 4) > O 


when» ~ 2%. Here (7) stands for the difference between x and the nearest 
integer. We notice that 


min f(a) Tn max f(a) 
Now let us take 
; n 
(12) a oo 4 ae aes ; 
7 . F (n@) 


The resulting series will have the given region 4 as region of absolute 
convergence as evidently 4, /log n — x. This is of course not the only such 
series. As a matter of fact. we have a great latitude of choice in a, and 
also IN Ay. 

7. The minimal region. In § 4 we found necessary conditions for the 
convergence of the series (1) assuming the convergence of S'a,. The 
conditions were found to be sufficient to ensure even absolute convergence 
provided we added a rather restrictive assumption on the rate of increase 
of 4, . Since we are not able to give necessary and sufficient conditions 
which will work in every case, it remains for us to give at least suffczent 
cmiitions for absolute convergence of (1) which do not involve restrictions 
on dn. We can give such conditions if we assume the convergence of S’ an , 
iv. in the case in which the series (1) is known a@ prior’ to be absolutely 
convergent at one point, namely the origin. 


Putting 
< 
(13) Rn pa Ams 
n 


we know that R, > O when n>. Let us form 


log Rn 


(14) Pn = “s 


This set has a set of limiting points (p’) on which we build the set of 
half-planes {D(p’)} in a manner similar to that in which the set of half- 





» 
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planes {[4(2’)} was formed on the point set (a’) above in § 4; the only 
difference being that the half-plane J)(p’) is defined by 


(15) R | “1, 


whereas in equation (5) we allowed 1. The set of points common to all 
the half-planes D(p’) forms an open convex region D. We designate D as 
the minimal region of absolute convergence of the series (1). It is evident 
that D is a part of 4: 


(16) DCA. 
As a matter of fact, Ry, ~- a, from which it follows that 
arg Dn = arg Tins })n " Ty, 


Further, we can group the half-planes in the set {)(p’)} in subsets D,. where 
the half-planes in JJ, are characterized by 


arg pp = 86, (—a-_. 0 + 7). 


We can arrange the half-planes {4(7’)} in the same manner. <A simple 
consideration shows that we ean establish a one-to-one correspondence 
between these two sets of sub-sets by letting D, correspond to 4g; moreover, 
the half-plane in 4, which has the least distanee from the origin will not be 
nearer to the origin than the half-plane in J), which has minimum distance. 
This shows that the region D) is obtained from 4 by a certain contraction 
with the origin as a fixed point. 

THEOREM 5: Tf S ay is convergent the series (1) is absolutely convergent 
mm the open convex region D defined above. 

If s is a point in DY then the inequality 


oti < 6.8 I~ 0, 
a ( ( 


is fulfilled from a certain value of » on. In view of (14) this inequality 
can be written 
i sh 
et.) < ped, 
log R,, | 
or 


—R(sd,) <— —(1—4) log Rp. 
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Henee 
dns I 
P 
FR 7) 
n 
or 
) ad 
| An € iad : 


— 1—d° 
I, 


Thus by Lemma 4 the series (1) is absolutely convergent in D. 
Sometimes this region J will coincide with 4—J/. This will be the 

ease if for instance 

17) Ry, _ Ayn [1 -+ o(1)). 


A much less stringent condition is furnished by 


(1s) log Ry = log a, + 0( an). 

This latter condition is fulfilled e.g. when a, is a steadily decreasing 
logarithmieco-exponential function of nm and 4, /logn—->x. One might 
fee] inelined to believe that in the case in which 4, /log n—+<«, the region D 
would be the precise region of absolute convergence, at any rate if the 4, are 
ordered according to increasing absolute values. This is however not the 
ease as is shown by the following example. 

We define a, and 4, in the following manner: 
lt 


ni i An 2-8. An +n log 2; 
n k?. Sa = 2, An = —n log?2. 
Thus we are dealing with the sum 
(19) SY 9—n—ns |. SSo—k+ B's 
inf © | ff? 


Where the prime on the first summation sign indicates that » is different 
rom a square number. By inspection we find that the first series is con- 


vergent if Ris)>-—1, and the second series is always convergent. Thus 
the sum is convergent if # (s)>>—1. The same result we get by apply- 


ing Theorem 3. Let us now determine the region D. A simple calculation 
Shows that Rp 2-"ky, where }~<k,—2, for every value of n. If 
vk, running through the square numbers, p,—>-+1; the only other 
limiting value of jn is of course —1. Hence J consists of merely the 








iad 
5 





212 E. HILLE. 
infinite strip —1—R(s)—+1. It is evidently the irregular decrease of 
the a,-sequence which accounts for this poor result. 

8. A comparison theorem. In his thesis* Harald Cramér gaye aq 
theorem which involves a comparison of the region of holomorphism of 
two Dirichlet’s series related in a particular fashion. We shall extend 
this theorem to hold for absolutely convergent Dirichlet’s series with com- 
plex exponents. As a matter of fact, it is not necessary to assume abso- 
lute convergence of the series, uniform convergence in any finite closed 
part of the region under consideration is all we require for the proof. 

x 
THEOREM 6: Let D(s) Dane *** be a Dirichlet’s series which is ab- 
ae 
solutely convergent in a certain open region R containing the circular do- 
main ios ad, 

Take the entire function Elz) = Pa satisfying the condition 

E(z) <e*® ©)? when 2 > for any positive €, where k~<d, and form 
the composed series 

x 


2 
(20) Dg(s) = > an Bahn) € 


n 0 


Ans 


Let Ri be the set of points in RB whose distance from the boundary of RP is 
greater than k. Then the series De(s) is absolutely convergent in Ry at least. 

Suppose that the function represented by the series D(s) is holomorphic mm 
a certain region D, containing R. This region may be in the plane or on 
a Riemann surface. Let Dy he the region formed by all points in D whos: 
distance from the houndary of D is qre ater than k. If Di. should consist 
of several disconnected pieces, let 2D; he the piece which contains Ry. 

Then the Junction represented hy Dells) is holomorphic in De. If, in 
particular, |e O, as is the case when E(z) is of genus zero or af genus 
one and of minimal type (in Pringsheim’s notation) the function Dg(s) will 
have no other singular points than those of D(s). 

The condition that the circles d shall be contained in # ensures 
the existence of points in Jt, and can, of course, be modified. The proo! 


*Sur une classe de séries de Dirichlet, Uppsala (1917) pp. 30.34, where the theorem 
is proved for absolutely convergent series. Extension to simply convergent series and 
various interesting applications are given in Un théoreme sur les séries de Dirichlet et 
son application, Arkiv for Matematik etc., vol. 13, No. 22 (1918). These papers will be 
referred to by (1 and C2 respectively in this paragraph. A simpler proof has been given 
by Ostrowski in Einige Bemerkungen iiber Singularitiaten Taylorscher und Dirichletscher 
teihen, Berl. Sitz.-Ber., Phys.-Math. Klasse, 1923, pp. 39-44. 
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given by Ostrowski for the case in which the exponents are real numbers 
applies without any changes to the case of complex exponents. For the 
sake of completeness we shall reproduce the proof, however. 

From the assumption on the rate of increase of E(z) it follows that 


n 
- Y 
lim ] Cn . kk. 
Hence the power series 


Cn 
n> 1 


LK 
E* (z) — > (—1)" 3 


n—0 
converges When z >-k. Let us form the integral 


l y ! vs 
21) | Dis+u) E(w du, 


2a 


where s lies in Jj; and we integrate along the circle «= = k-+e with such 
a small positive value for ¢ that s+ u will always stay in DV. This integral 
represents a funetion which is holomorphic in Dj. In order to represent 
it in Yi we use the series for #*(z) and integrate term-wise. By Cauchy's 
theorem the value of the integral is 


x 
‘NY _ Cy 
2 (—1)" ~ D”(s). 
vv Vv. 
It on the other hand we use the Dirichlet’s series for D(s-++ w) for a value 
ots in dt, and integrate term-wise we have 


l . oO. a m ‘ 
(22) aes | Dis+u E*(w du = > an E\(an) @ Dg(s). 
~El, 0 


n= 


Which completes the proof of the theorem. 

In C2 Cramér gives various applications of his comparison theorem, some 
ot Which can be carried over to Dirichlet’s series with complex exponents. 
We shall take up a few of these applications. Cramer's leading idea can 
be expressed as follows (ef. C2, pp. 8-9). Suppose that /)(s) can be expanded 
ina Laurent series, convergent for 0 <r; < |s—s | ~ rs, Which contains 


at least one negative power of (s—so), and suppose that # has a part A 
incommon with this cireular ring. Then if the number / is so chosen that 
i) k-~ 3 (ry—9,), and (ii) A has a part A, in common with Ry, then the 
cireular ring r, +k < |s—sp| < ry—k forms a part of the region Dj and, 
moreover, the Junction Dg(s) has at least one singular point on or within 








eae sali ta tegiin & 
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the circle | s—sy' = 7, +h. This depends upon the fact that De(s) ean also 
be expanded in a convergent Laurent series which contains at least one 
negative power of (s—so). 

This observation can evidently be extended in various directions. The 
following extension will be of importance to us later. Instead of taking 
a circular ring we may take the region between two simple closed non- 
intersecting Jordan curves (; (interior) and (y (exterior). Let sy be any point 
inside of (,. Then we ean find an analytie funetion w == f(s) = Sh, (s —g,)", 
b, > 0, which maps the interior of Cy conformally on the iusnrier of the 
unit-cirele in the w-plane. Any function D(s), single-valued and analytic in 
the annular ring between (, and C, can be expanded in a convergent Laurent 
series in w == f(s) which will contain negative powers if J)(s) admits of 
a singular point on or within (;. We identify this function /)(s) with the 
tunction represented by the Dirichlet’s series (1) and compose this series 
with an entire function #2), If the number f/ is sufficiently small the 
resulting series g(x) will be represented by a Laurent series in w convergent 
in some annular ring tormed by two curves /; and 7, between (; and (%, 
and De(s) will have at least one singular point on or within 7). 

As a first application of this principle we find (cf. C2, pp. 10-11): Given 


a set of complex numbers 4,, 4z.-++. Anette. An” An+1., and suppose 


F. ; 
that we can form a Dirichlet’s series D(s) Sanre “* such that the 
nl 


function D(s) has a singular point so on the boundary of the region of 
convergence, in the neighborhood of which D(s) can be expanded in a 
Laurent series convergent for0-— s-—sy ~—r. Then every entire function Elz) 
such that’ E(z) <A * where k << dr, which vanishes for z= dn (n= 1,2...) 
will vanish identically. 

This result has a direct application to the theory of Dirichlet’s series such 
that “1, 4, is convergent. Such series were the object of Ritt’s paper 
quoted above.* He showed that such a series represents a function single- 
valued and analytic, together with all its integrals, throughout its region of 
existence, and, moreover, that the analyticity of the function along ty 
circumference of any circle in the plane requires its analyticity inside the 
circle. Weean go one step further, namely the circle can be replaced by 
any simple closed Jordan curve; in other words, the region of existence, 
W, of the function represented hy the series is a simply-connected region. 

This follows easily from the extension of Cramér’s fundamental idea 
mentioned above. If we suppose the region W to be multiply-connected, 


* Loc. cit. p. 38, theorems XI and XII. Also consult Cramér, (2, p. 11, who restricts 
himself to real values of Jn. 
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there exist simple closed Jordan curves in W which cannot be contracted 
ty a point without leaving the region. ‘Take two such curves C, and (4, 
one interior to the other, Then if )(s) is composed with an entire function E(z) 
of genus zero the resulting series Dg(s) will necessarily have a singular point 
nm [ y 
. ' 4 , . . 7 ob bd \ « ° 
inside QO] a If, however, we take E(2) : I] (1 —— |, the resulting 
n-—1 


vn 





series Dels) is identically zero Which involves a contradiction. The boundary i‘. 
i Womay of course reduce to the point at infinity. Examples of this * 
possibility are given by Ritt and Cramér in their papers. ' 

4, Dirichlet’s integrals. The theorems we have proved for generalized 
Dirichlet’s series can be extended to generalized Dirichlet’s integrals. We 
sliall only give the necessary definitions and indicate some of the extensions. 

We detine two single-valued complex functions a(f) and 4(?) of the real 
variable ¢ on the range (O,-+ «). We assume these functions to be bounded ¥ 


in absolute value on every finite interval (O,). The integral | a(t) dt 
JV 


shall exist for every finite value of ». Further we assume that 4(/) > «x 
When f-»* %. Consider the integrals 


ox 


oa Tis) | attye AWS DY. 
e/V 

(D4) J(s, @) | a(t) & 4 | dat, 
e/ WU 


lt lim .J(s,@) is finite for a definite value s, of s, the integral /(s) is 


7 
sald to be absolutely convergent for s = s,, otherwise absolutely divergent. 
Then we have 

THEOREM 7: The points of the s-plane for which the integral I(s) és 
uhsolutely convergent form a conver domain. 

This theorem is an immediate consequence of Lemma 1. In fact, 





0° «-— 1 we have 
Jas, + (1—e@)sy, o} a.) (s,,@) + (1 — @) J (sy, @). 
. . bd i j 1 : | 
Hence it lim J(s,) exists for » s, and xy, it will also exist’ for 
» St. 


x; }-(1—~e)sy, which is all we have to show. 
In theorem 2 we merely used the fact that the general term of a con- 
vergent series approaches zero. There is no analogue in the theory ot 
convergent integrals; quite the contrary, the integrand may show arbitra- 


’ 





see 
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rily high peaks without jeopardizing the convergence. We can obtain an 
analogue of theorem 2, but only by making rather restrictive assumptions 
which considerably reduce the interest of the result. The only theorem 
which extends easily to Dirichlet’s integrals is Theorem 5 concerning the 
minimal region of absolute convergence. 


ce 
Let us suppose the integral a(t), dt to be convergent and put 
0 


3s 


(25) R(w) = | a(t) dt, 
forming 
(26) ae Jog R(@) 


Let P(2) be the set of values taken on by p(@) when @ > 2 and let 
further (p) be the set of values common to all the sets P(2). Finally, 
if the set (p) is not closed, add to it the missing limiting values; let (’) 
be the closed set so formed. On the set (p’) we form an open convex 
region D) by exactly the same process as in § 7. Then we have: 
THEOREM 8: If the integral {- a(t) dt is convergent, the integral I(s) 
0 


is absolutely convergent in the open CONVEL region D defined above. 

The proof is the same as that of theorem 5, except that Lemma 5 takes 
the place of Lemma 4. 

10. Factorial series and binomial series. It is well known that 
there exists an intimate relation between Dirichlet’s series, factorial series 
and /inomial series. Let us put 

(l; Ug +++ Oy 


(27) Fis) = tn — a | _ 
(s 4- @,) (8 + @y) +++ (84 @y) 


¢ ’ \S-— @,) (8 — Gq) ++ (8 — 
(28) Bs) = Px — | "tn 1) 5 2 (s n) ' 
@, Uy-++ ay 


_—=" 
Where the «, are complex numbers such that the series » is divergent 
ay 
1 
a . ss . ‘ e : ‘ » . , 
Whereas the series » 2 converges. We put 


n 1 
(29) s' 


m=18m 


’ 
tn C An 7 


4, and D(s) 


THEOREM 9: The series B(s), D(s) and F(s) are convergent (absolutely 
convergent) for the same values of s. The only points for which this state- 
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ment may fail are the values = @y, the reason being that B(s) is always 
convergent for s ~ ny and F(s) may become mfinite Sor $s = —&y,. 
Let us form the entire function of genus one 


30) H (s) = II (1 * | «al 


m i | 
and put 


(31) i,{s) = I }( renee emt, 
m1 


hm 


n 
(32) bn(s) I] (1 - Z |, 


m-—1 
n 
33) fats) =[]—! . 
m1 1 + s 
Om 
(34) dn(s) = e7 **%, 
Then 
ad dy(s) gee 
oe) hy(s) — Hy (s) dns); fn(s) = “4 h,(s) oom H,,(s) H,,( —s) fn(s), 
H, | —= 8) 
and 
(3b) Bis) Sanbnals); Fs) an Jn(s); Ds) Sands). 


The proof is based upon Lemma 3 and depends upon the convergence 
of the following four series 


(37) Ants) — Hn srs) 
(36) bs l I 
— His)  Hnzrls) 
(38) > | Hn(s) Hn(—s) — Hails) Hn+a(—s) 
(40) \ = 


— Hy(s) Ha(—s) Hy3(s) Hysi(—s) 


It is enough to show the convergence of the first series, the proof for 
the other three is similar. We have 
, K,|s? 
s , n 
Hy(s)— Hy + 1(s) H,(s)! 1 -(1 : Jesene —< | Hy(s) 
ay 


a | Cn +1 


te 
- 














~- 


oe 
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where A, is uniformly bounded in every finite region of the s-plane. The 
factor H,(s) is also bounded in such a region since it approaches H(s) 
uniformly. According to our assumptions the series \ . , is convergent 
which completes the proof. “ 
Now let us prove that the convergence of (s) implies that of B(s) 

> 


and rive versa. Lemma 3 states the convergence of the series “dye, pro- 
vided the series Nh, and NS ¢n.1—en) are convergent. Let us first put 


hy, ly dls). Cpa = Has). 


The series (37) is convergent, hence the convergence of D(s) implies that 
of Bis) Seeondly put 
l 
Cn . 
H,,(s) 


h,, a, hyls . 


The series (38) being convergent, provided s } @,, we conclude that the 
convergence of B(s) implies that of Dts), 

The part of the theorem which is concerned with J(s) and F's) has 
already been proved by Pincherle.* The proof given above follows the 
same lines as Pincherle’s proof. 

In view of theorem 9 we conclude that the theorems 1—6 hold, mofati 
mutandis, for tactorial und binomial series. 

* Loc. cit. pp. 384-385. Cf. I. Bendixson, Sur une extension a Ilinfini de la formule 


(interpolation de Gauss, Acta Math.. vol. 9 (1886), pp. 1-34, for the idea of using the 
entire function H(s) in this kind of an investigation. 


Princeton UNIVERSITY. 
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ON THE TYPES OF MONOIDAL INVOLUTIONS. 


By VirGi_ SNYDER. 


4 monoidal space transformation is defined as one in which the planes 
of space are transformed into surfaces (monoids) of order » with a common 
‘, — 1)-fold point. The theory of these transformations has been out- 
lined by Montesano,* who also showed that the earlier classification of 
Martinetti? was not complete. On account of the interest these trans- 
formations have in the determination of possible irrational involutions, and 
by the existence of fundamental elements of a kind not found in other 
typest it seems desirable to obtain the forms of the equations of these 
involutions, and to discuss some cases of particular interest. Montesano 
showedS$ that the bundle of lines through the vertex is transformed into 
a congruence of lines of order one, which must be either 

i) the same bundle, 

‘h) a different bundle, 

() lines meeting a line and a curve of order m having m—1 points 
on the line, or 

(/) the biseeants of a cubic curve. 

Among these are included all the types in which a line joining a pair 
of conjugate points contains an infinite number of such pairs, discussed 
by De Paolis. 

All of these types belonging to a congruence of lines can be transtormed 
into the central monoidal type hence only this form need be considered. 

1. Let O- (0,0,0,1) be the vertex of the monoid. Since the bundle 
ot lines (O) is transformed into itself, and is involutorial, the bundle must 


*D. Montesano, Su le trasformazioni involutorie monoidali, Rend. del R. Ist. Lombardo, 
ser. 2, vol. 21 (1888), pp. 579-594; 684-687. 

+L. Martinetti, Sopra una classe di trasformazioni involutorie dello spazio, Rend. del 
R. Ist. Lombardo, ser. 2, vol. 18 (1885), pp. 132-141. 

tH. Hudson, On Sundamental points of Cremona space transformations, Annali di 
Matematica, ser. 3, vol. 19 (1912), pp. 45-54; A. Tummarello, Su i sistemi omaloidici costituiti 
da monoidi aventi contatto di second’ordine nel vertice, Note e Memorie di Matematica, vol. 1 
(1921), pp. 289-298; M. Beloch, Sulle trasformazioni birazionali nello spazio, Annali di 
Matematica, ser. 3, vol. 16 (1909), pp. 27-68. 

§l.c. 

R. De Paolis, Alcune particolari trasformazioni involutorie dello spazio, Nota I, Rend. 

dei Lincei, ser. 4, vol. 1 (1885), pp. 735-742. 

]F. RK. Sharpe and V. Snyder, Certain types of involutorial space transformations, 
Trans. Amer. Math. Soc., vol. 20 (1919), pp. 185-202. See p. 200¢f. 
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be transformed by one of the five types of the ternary involution* namely, 
the identity, the harmonic homology (H), the Geiser (G), the Bertini (B), 
and the Jonquiéres (J). 

In the first case, the conjugate of a point P is on the line OP, and js 
the harmonic conjugate of as to the two residual points of intersection 
of OP with a fixed surface of order m, having an (x — 2)-fold point at O, 
It the equation of this surface is 


» ») > ae 
u“ t,t 2%. z,tu, = 0, 


uj being ternary in 2, Zz, 73 of degree 7, the equations of the trans- 


formation are 
rx, = xi, 1 = 1, 2,3, rr = ——-= 1 Ma) : 
ln—2 Za Un-1 

The basis element is the curve yg of order n(m—1) common to the two 
monoids Up—1 74+ Uy = O, Un—o ay + Up—-1 = 0. Its image is the cone K 
of order 2(n—1) which projects it from O. The cone touches the given 
surface along g. The image of O is the tangent cone u,-2 = 0. The 
conjugate of any line in space is a plane curve lying in the plane deter- 
mined by the given line and O. Every plane through O is invariant and 
contains a perspective (J) involution from O. 

If #,—» is identically zero, the given surface is itself a monoid, and P’ 
is the harmonic conjugate of P as to O and the residual point of inter- 
section with OP, In this case the image of O is the cone w,—1 = 0, 
which is common to all the monoids of the system. The residual curve 
of intersection of the monoids of the web is now replaced by the x(n—1) 
lines a; common to the two cones u,—1; — 0, Un 0; these basis lines 
are fundamental lines of the second kind. The image of a point on any 
one of them is the whole line passing through it. If the lines are all 
distinct, the genus of the transformation is the maximum, but it is lowered 
by multiple basis lines. If a; is a basis line of multiplicity / then any 
point of a; has for image the whole line a; counted k-fold. The possibility 
of this phenomenon was recently pointed out by Montesano.7 

2. The second species, MH is of the form 
—(Un—1 L4 + Un) 


en . . ¢ Bd —_— . . 
rr, 2; Tr L2 we rz3 = Zz, Tx, = ’ 
Un—2 14 T Un! 


in which each u; is ternary, and is symmetric in 2, 7s. 
E. Bertini, Ricerche sulle trasformazioni univoche involutorie nel piano, Annali di 
Mat., ser. 2, vol. 8 (1877), pp. 244-286. 
+ D. Montesano, Sulla teoria generale delle corrispondenze birazionali dello spazio, Rend. 
dei Lincei, ser. 5, vol. 27 (1918), pp. 396-400, 438-441; ser. 5, vol. 30 (1921), pp. 447-451. 
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Lines joining corresponding points belong to the special linear complex 
ng + pss = 0. The invariant points lie on the curve 


r d 3 — td a — 
My-2%% + 2 Uy | - ~ 0, a | + ty — 0. 


The 11 forms enumerated by Martinetti* can now be found immediately 
from the preceding equations, by particularizing the u; appropriately. 

3. Any type is expressible in the form 

mgutev 


o=g, i=1,2,3, %= : 
WL, — UT 


in which the g; define an involutorial Cremona net of cones with vertices 
at 0, g is a linear function of the g; and a is the same linear function 
of the 7; The expressions u, v, w are algebraic polynomials in functions k; 
that are invariant under the ternary involution. These will be discussed 
in each type separately. 

4. Type MG. Let gi = O be cones of order 8, having 7 triple basis 
lines h;. The functions kj are now cubics, each kj = 0 being a cubic cone 
passing simply through each of the seven basis lines h;. Now if v is of 
order », then we take « and w each of order n—3 in (k). The trans- 
formation is of order 3n and has the symbol 


s,~ 8 _ (0% 1 hi = he), 


BF 


in which C is the curve of intersection of the two monoids 
mgut+v = 0, ryw—ur = 0. 


It is of order 3n(3n—8) — Tn(m—3) = n(2n—3), and is projected 
from O by the cone v2 ga,+cw = 0 of order 3(2n—3); hence O is a 
point of multiplicity (2—3) (2n—3) on C. The image of O is the monoid 
mu—ur = 0, M,, , (8-7-8 C), The curve of invariant points is 
the intersection of the surfaces 


ry mgute R. = 0 


vi (wr — Ux) gy 


where R, = 0 is the invariant sextic cone R,(i2,...,/2) of (G). Since 
every vj = O meets its conjugate g; = 0 in six lines of R; = 0 and in 
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289 V. SNYDER. 
a pair of conjugate rays in (G), it follows that the invariant curve is of 
order 6(3n + 1)—7-2-n—6 = 4n. 

An interesting particular case arises when n = 3. Now uw is a constant. 
Suppose v and w are identically zero. The image of O is the plane x — 0 
passing through it, and the transformation is of order 9. The curve C 
consists of six coplanar lines of R, = 0, a pair of lines through O, eon- 
jugate in (G), and the line m; 7 = 0, 2, = 0. The cone g = 0 is the 
tangent cone to all the monoids of the system at O. Every plane through m 
is transformed into itself, hence every line joining a pair of conjugate points 
meets m. The image of m is the cone g = 0. The image of a line 
meeting m consists of a generator of g = 0, image of the point of inter- 
section, and of a plane curve cy of order 8 in the plane determined by 
the given line and m; this curve is the section of the cone which is the 
image of the plane which joins the given line to O. The line meets its 
conjugate cs in six points on R, = 0, and in a pair of conjugate points: 
that is, every line meeting m contains just one pair of conjugate points. 
The involution is therefore rational, since every line of a special linear 
complex contains a single pair of conjugate points. 

If the plane + = 0 passes through a line h;, the common tangent cone 
g = 0 is composite, consisting of a cubic cone ik; = O passing through all 
the basis lines h, and having h; for double generator, and of an elliptic quintie. 

If « = 0 passes through two basis lines, the composite image cone 
consists of two such cubie cones, and of the quadrie cone through the 
remaining five. Numerous subcases exist when the lines h; of the Geiser 
net have restricted positions, but these can all be interpreted directly, since 
the resulting forms of the Geiser cones have been determined. * 

5. MB. The cones of the Bertini transformation are of order 17, and 
have 8 basis lines i; each to multiplicity 6. The pencil of cubie cones 
through these lines is transformed into itself, leaving two cones of the 
pence invariant, k, and k,. If v is of order n in k, and ks, while wu and w 
are each of order n—6 the resulting space transformation is of order 3n. 
The image of O is the monoid x, wyj_6(k) —un—e(k)x = 0 of order 3n— 17. 

The residual basis curve C is of order 3n(3n— 17) — 8n(n—6) = n(n—3), 
and is projected from O by the cone of order 6(n—3), hence QO is of 
multiplicity (2 — 6)(n—3) on Cy n—2). 

The curve of invariant points is the intersection of the surfaces 

L TyuUu v 
i ~ ae Ux) pi’ Ry (hi, “nani Ms) =m 


*V. Snyder, Conjugate line congruences contained in a bundle of quadric surfaces, 
Trans. Amer. Math. Soc., vol. 11 (1916), pp. 371-387. 
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in which Ry 0 is the cone of invariant lines of the Bertini ternary 
transformation. The curve is of order 3n. 

For values of n 7, we have the web of sextic cones invariant under (B),* 
and for » == 9 the A, may also be employed in u,v, w; the form of the 
result, as a function of m, is not changed. 

If now n == 6, and v, w are each taken identically zero, the result is 
4 transformation of order 18; the image of O is the plane « = 0, and 
eyery line joining a pair of conjugate points meets the fundamental line m: 
r= 0, 2% 0. The conjugate of an arbitrary line is a rational curve 
of order 18, which passes simply through O. If the line meets m, then 
the image of the point of intersection is a component of the conjugate; 
the proper image is a plane curve of order 17 in the plane determined 
by m and the given line. It is a plane (B) transformation. The line 
meets R, 0 in 9 points, which also lie on the conjugate ¢,;; hence it 
meets ¢,; in eight other points, which are four pairs of conjugates, 

THeoneEM: Every line joining a pair of conjugate points in the special 
MB transformation contains three other pairs. 

It probably includes irrational types. 

The cone g = O is common tangent cone to all the monoids of the web. 
It is composite when « = O contains one or more basis lines h;. When 
the lines have restricted positions, this case can be reduced to a type 
included among the preceding ones.t 

IX. Type MJ. The equations of the plane perspective Jonquiéres trans- 
tormation of order » have the form 


’ ’ U ~~ | 
ney r(Un—2.73 + Un—1), 17e Te(Un—27%3 + Un—1), 1.73 = —(Mn—-1.7%3 7 Un), 


in which each »; is a binary form of order 7 in 2, 7s. The associated 
space involution is defined by the preceding equations and 


; re [ir rT +- Co Py) (Uy—2's + Un—1) — (4 (Un—1-"3 + und] U+ V 
— W—U [eo D+ (gre + C32°s] 
in which U, V, W are functions of 2,. 22,2’, invariant under (J). The funda- 
mental lines are k: a, = 0, x2 = 0, and 2(n—1) simple lines p;, and the 
invariant cones have the symbol hp, wherein r > si(n—1). 

Every plane through the line k goes into itself in (J), hence: 


*V. Snyder, The involutorial birational transformation of the plane, of order 17%, 
Amer. Jour. Math., vol. 23 (1911), pp. 827-336. 
+ V. Snyder, 1. c., Amer. Jour., vol. 23 (1911). See p. 334. 
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THEOREM: Every monoidal involution of the form MJ belongs to a special 
linear complex, and the axis of the complex passes through the common verter 
of the monoids.* 

19. In particular, if V, W are identically zero and U a constant, not zero, 
the involution belongs to a linear congruence having the directrices i and m. 
Every line of this congruence is invariant under this particular MJ, and 
each contains an infinite number of pairs of conjugate points. The cone 
R, = 0; au, .+2¢,u,_, +, = 0 is composed of invariant points, and 
contains the line & to multiplicity »—2. The image of any point P is 
its harmonie conjugate, on the line of the congruence through P, as to 
the two residual points of intersection with the cone R, = 0. This case 
can be reduced to a perspective monoidal form. 

20. A still more particular case arises when ¢; = O in the equations of 
the transformation, which now reduce to the form 
= F (Un—2-r'g + Un—-1), re; 


rr = Tq (Un—27's + Un—1), 


’ 
1 2 
’ ' ’ , 

Yrs = — (y-173 + Un), rer 1 (Un—273 > Un—1), 


that is, the image of a plane is monoidal as to (0,0,1,0) as well as to 
(0,0,0,1). A line joining a pair of conjugate points now belongs to the 
bundle (0, 0, 1, 0). 

From these examples we see that if an irrational involution can be 
reduced to the monoidal form it is either MB or MJ. 


* The involution belonging to the cubic variety of four way space belongs in this category. 
In its simplest form it is of order six and a line joining a pair of conjugate points also 
contains a second pair. This involution is very probably irrational. 


CorRNELL UNIVERSITY, 
June, 23. 











AN INEQUALITY 
FOR THE ROOTS OF AN ALGEBRAIC EQUATION. 


By J. L. WALSH. 


This note gives an inequality for the roots of an algebraic equation 
which can be proved from the following theorem: 
If the roots of the equation 


ym - ¢y gm vs Sie +, = 0 


lie on or within a circle C whose radius is r and whose center is the 
point r a, then all the roots of the equation 


(1) cm +oa™—1+..s tem M 
1 

lw on or within the m circles whose centers are the m points «-- M™ and 
whose common radius is r.* 

In the application of this theorem we shall use merely the fact that 
the roots of (1) lie on or within the circle whose center is @ and radius 

1 

r+ yn : 

All roots of the equation 


z* -+ as U 


lie on or within the circle whose center is the origin and radius | q . 
Then all roots of 


z* + a, . ls QO 


lie on or within the cirele whose center is the origin and radius 


(ty | a, . Hence all roots of 
e+ae+tasr = 0 
lie on or within the same circle, so all roots of 


x -t-a,r?+asr+ as 0 


* Walsh, Trans. Amer. Math. Soe., vol. 24 (1922). 
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lie on or within the circle whose center is the origin and radius 
3 


| Qy +) aly +V ag. 
Continuation of this reasoning shows that all roots of the equation 


(3) ™ aya"! + aga"? +--+ an = 0 


lie on or within the circle whose center is the origin and whose radius is 


(4) ay +V lye +I ly +...+) (ln |. 


This upper limit (4) for the moduli of the roots of (3) is actually attained 
when all but one of the coefticients a; vanish, and is thus attained not 
merely for a single type of equation (3) but for m types of such equations. 
The upper limit (4) is particularly useful when all but one of the coefticients a; 
are small when compared with the remaining coefficient. 

If we use the fact that all the roots of equation (2) lie on or within 
the circle whose center is —a,/2 and radius a,/2', we find that all the 
roots of (3) lie on or within the circle whose center is —a,/2 and whose 
radius is 





DIFFERENTIAL EQUATIONS FROM THE GROUP 
STANDPOINT. 


By L. E. Dickson. 


Introduction. 

The various classic devices for the integration of differential equations 
may be explained simply from a single standpoint—that of infinitesimal 
transformations leaving the equations invariant. What is still more im- 
portant than this unification of diverse known methods, infinitesimal trans- 
formations furnish us a new tool, likely to sueceed when the ordinary methods 
fail, since they enable us to take into account vital information ignored 
by the ordinary methods, In fact, the new method does not confine attention 
to the differential equation and ignore the data of the problem of which 
the equation is an analytic formulation, but makes use of the data itself 
in order to obtain one or more infinitesimal transformations leaving the 
equation invariant. Accordingly the new method is most readily applied 
successtully to differential equations arising in geometry or mechanics. Why 
bother with a dead equation whose origin is unknown or has been concealed ? 

Although no previous acquaintance with differential equations is pre- 
supposed, the paper is not proposed as a substitute for the usual intro- 
ductory course, but rather to provide a satisfactory review ab initio and at 
the same time to present the unifying and effective method based on groups. 

The important topie of differential invariants is given considerable attention 
at appropriate places throughout the paper. Application is made in § 54 
to the congruence of plane curves and their intrinsic equations. 

Finally, we obtain in § 55 a complete set of functionally independent 
covariants and invariants of the general binary form and deduce the 
facts that every polynomial invariant of the binary quadratic or cubic 
tm is a polynomial function of its discriminant, while every polynomial 
invariant of a quartie form is a polynomial function of two specified in- 
variants. This method of attack provides an easy introduction to the com- 
plicated algebraic theory of invariants as well as the relation between that 
subject and the topic of functionally independent invariants. 

The writer is greatly indebted to the founder of the theory of continuous 
groups, Sophus Lie, whose lectures he attended in 1896. Numerous valuable 
suggestions on the manuscript were received from Professor Bliss. It has 
been used in classes by Dr. Barnett and the writer. 
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CHAPTER I, 
One-parameter groups of transformations. 


The object of this chapter is to define and illustrate the concepts trans- 
formation and group of transformations whose equations involve a single 
parameter. Each such group is generated by an infinitesimal transformation. 
The latter will prove to be more convenient for the subsequent applications 
than the group. 

|. Translations. In analytic & 
geometry we interpreted the pair 
of equations 


(1) oy r+4, y =yt3 


y 











as relations between the coérdinates 
vy, y of any point P referred to one 
pair of rectangular axes Ow, Oy, 0 ce x, 
and the codrdinates 2,, y, of the 
same point P referred to another 
pair of reetangular axes O,.7,;, O,y;, parallel to the former axes respectively, 
and such that O has the coérdinates (4,3) with respect to the axes O,.2,, O:. 

On a sheet of transparent paper covering Fig. 1, draw traces of the lines 
Or, and O,y, and of the point P having the coérdinates 7, y, referred 
to those axes. Move the transparent sheet without rotation (so that O,.7 
remains parallel to itself during the motion) until the trace of O, covers O 
and hence the traee of O,.7, covers Ow. Under this translation of the 
transparent sheet, the trace of P moves to the point P; having the co- 
irdinates w,;, y, referred to the axes Or, Oy. 

This leads us to the following new interpretation of equations (1). We 
ignore henceforth the axes O,.7; and O,y, and regard ., y as the coérdinates 
of one point P and v,, y, as the coérdinates of a new point P;, each referred 
0) the same axes Or, Oy. In view of equations (1), the line PP, is parallel 
t) O,O and of the same length 5 as 0,0. Under our new interpretation, 
formulas (1) accomplish a translation of all points of the plane through 
i distance 5 in a direetion parallel to O, 0. 

». Rotations. If «, y and .,. y, are the coérdinates of the same 
point P referred to two pairs of rectangular axes Or, Oy and O2,, Oy, 
respectively, such that ¢ is the positive angle measured counter-clockwise 
trom Ov, to Ow, it is proved in analytic geometry that 








Fig. 1. 


(2) ry xcost—ysin t, y, = vsint+yeost. 
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On a sheet of transparent paper covering Fig. 2, draw traces of the 
lines Ov,, Oy, and of the point P having the codrdinates 2, y, referred 
to those axes. Rotate the transparent 
y sheet counter-clockwise about 0 through 
angle ¢, so that the trace of Ov, will 
now cover Or. Then the trace of 
P:(a, y) is rotated to the position P, 
shown in Fig. 2. 
This leads us to the following new 
interpretation. When both points (7, y) 
and (7;, y,) are referred to the same 


#, (x,y) 








rectangular axes O.r, Oy, equations (2) 
detine a rotation of all points of the 
plane about the origin 0  counter- 
Ti, clockwise through angle ¢. 

3. Transformations. (Generalizing 
from the translation (1) and the rotation (2), we shall say that any pair 
of equations of the type 





Fig. 2 


Ly GAZ, Y); UF Nia, y) 


defines a transformation of all points of the plane, provided g and / are 
independent functions of «. y. It is again understood that the arbitrary 
initial point (rv, y) and its transformed point (7,, y,) are both reterred to 
the same pair of rectangular axes. 

4. Product of two translations. If « is a positive constant, the pair 
of equations 


Ta: ry r+ a, % y 


represents a translation through a distance a parallel to the #-axis and 
toward its positive direction. Let 


Ti: Ls rth, W\ y 


represent another such translation; it carries the point (7, y) to the 
point (r+h, y). Since « and y are arbitrary and hence may be assigned 
the values x; and y,, we see that 7) carries the point (7, y,) to the 
point (7, +, y,;), which will be designated also by (7s, ys). We may there- 
jore express 7; in the form 


T): SIs . an -t. h, Y2 - Yi- 
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since Tq carries the point (7, y) to the point (x, y,), which 7) carries 


ty the point (ry, yz), the combined effect of the two translations acting in 
succession is to carry the point (7, y) to the point (72, ye) such that 


ws Bs h reac bh, Ye Yi Y. 


This replacement of the point (7, y) by the point (7, ys) or (r+a-+-h, y) 
is also accomplished by the single translation 


Ta +0: By = ote h), Y= y. 


This latter translation is called the product of Ta and Ty, taken in this 
order, and is designated by 7, 7,. The word “product” is here a technical 
term having the sense of “compound” or “resultant”. Our conclusion, 


Ta Tr Ta+; 


is also evident from mechanical considerations. The effect of two successive 
translations through the distances a and h, each in a direction parallel to 
the positive w-axis, is the same as that produced by the translation through 
the distanee a-+b parallel to the positive .-axis. 

». Inverse of a translation, identity transformation. In the trans- 
lation 7, we now permit / to take the negative value —a. Then the pair 
ot equations 

a ry r— at, VE "3 


represents a translation through a distance a parallel to the .r-axis, but 
toward its negative direction. The effect of 7 a is therefore just the 
reverse of that of 7; it undoes what was done by 7a, or effects the 
“return trip’. For, 7, translates the point (7, y) to (7+ a, y), while 
Tl, translates the latter point to (7-+a—a, y), which is the initial 
point (7, y). For these reasons we shall eall 7a the inverse of Ta and 
designate it by Ty” 

The product 7, Ta? is 7 re if y. Which is called the ¢dentity 
fransformation and designated by J, since the transformed point (7, y) 
under J is always identical with the initial point. Also, Ta Ta = J. Thus 


ry 1 ry’ ryy ryy- 1 —!] ’ —e 
lo 7 ae (iF To To Ta = a 


Similar ideas are involved in the definition of the inverse trigonometric functions. For 
example, if the sine of angle A has the value vr, then A is called the inverse sine of 7, 


and we write A = sin 'r. Thus sin(sin '1r) r 
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6. Groups of transformations. The set of translations 
T 2: FY r+ a, Y =— Y, 


obtained when a ranges over all integral values (i.e., the positive and 
negative whole numbers and zero), is said to constitute a group since it 
has the following two properties. 

(i) The product of any two (distinct or coincident) transformations of 
the set is itself one of the transformations of the set. 

Gi) The inverse of any transformation of the set is itself a transformation 
of the set. 

For, it a@ and / are any two integers (distinct or equal), 


7) On rr ' ry l ry 
Ta T;, - / ’ c a-\ h, i. 7 a 


and « and —a are also integers. This group is ealled discontinuous 
since the parameter « has the discontinuous range of all integral values. 
Discontinuous groups are useful in the theory of numbers, the theory of 
elliptic modular functions. and Galois’ theory of equations. They will be 
excluded in what follows. 

sut the set of translations 7, in which @ ranges over all real numbers 
forms a cont/nuous one-parameter group since the parameter a has a con- 
tinuous range of values and since the formulas for 74, may be converted into 
the formulas for 74, by continuous variation of the parameter from a, to a. 

The second condition of this definition of a continuous group is not 
satisfied for the mired group composed of all the 7, together with the 
transformations 


Ra: ry rt+a, Y -¥, 
Where again a ranges over all real numbers. We have a group since 


, ry rr —|} 
Ra Rh, — y P -hs R, T), 7 Ra Rh, ibe | a R ae 


We shall not employ mixed groups in this paper. 

The set of rotations (2) in which ¢ ranges over all real numbers is 
a continuous one-parameter group. For, the product of rotation (2) by 
the rotation 


Te ry cost’ —y, sin’, Ys x, sint’ + y, cost’ 


is readily verified to be the rotation about the origin counter-clockwise 
through angle ¢+ /’, while the inverse of (2) is the rotation through the 
angle —f. 
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Again, all similarity transformations | 
ry ar, yj ay 


form a continuous one-parameter group. The same is true of 


4 
| ay ar, + az, Ez x = . s -- — 


1—az’ 
pow de te bot bag 

Uh ye Yi y. Mi a a UP rrr, 

The next discussion shows how to find as many continuous one-parameter 
groups as we please, in facet, one group from each pair of functions 
Stroy) giro y), Whieh are continuous in a certain region of the «y-plane. 

7. Groups found by integrating differential equations. We employ 
the system of differential equations 

dary 


(35) s(x, WY), 


dt 


dy, 


Hr), yy). 
dt ’ 19 Vi 


These imply the equation in two variables 


(4) dary ; diy, 


§(2,.y;) WY)” 


Which is known* to possess one and only one integral curve v(2, y) = ¢ 
passing through any given point (7, 7) and defined for all points (7, y;) 


of a certain region containing (7, y). Evidently ¢ vl, y). 
In order to integrate the system (3), we solve? c(7y.y%,) = ¢ for y% in 

lerms of wv, and ¢, substitute in the first equation (3), and integrate. Let fi. 

the result be w(r,,.¢)—t > «', where c’ is an arbitrary constant. Replacing ' “ 

«by its value r(7,, y,), We obtain a result of the form w(a,, 4%)—t = c. ee 

Without loss of generality we may assume that /— 0 when 2, ry Yr, = y. ae 

In view of these initial values, we have [2 
’, 


(3) Wry. Hy) u(x, y) + ft, MU. WA) rr. i). 


Let the solved form of these equations (5) be 





(tH) Ee Mir, yt), yw = Wir, y, t), 
* Picard, Traité d’Analyse, II, 1893, pp. 292, 301, 304; IIT, 1896, p. 88. Bliss, Princeton 
Colloquium Lectures, 1913, p. 86. t 
‘In case vr is independent of y;, we interchange the roles of ., 4%: mM what follows. j 
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in which the functions are detined for values of ¢ which are sufficiently 
small numerically. 

We shall prove that these transformations (6) form a group by verifying 
that they have the two properties listed in § 6. The product of (6) by 
a second transformation 


(7) rg = Or, yn. C), Ye Wir, yt) 
of the same set is the following transformation: 
(8) Ig = O(2, y, t- t’), Ys Wor, yy f+ ’), 


To simplify the proof, we return trom (6) to the equivalent equations (5), 
and likewise from (7) to the equivalent equations 


(9) u(Je, Ye) = uly, y,) +f, U(ae, Ye) = via, yy), 


whose solved form is (7) tor the same reason that (6) is the solved form 
ot (5). Eliminating .,. ¥, between (5) and (9), we evidently get 

(10) U(.rs, We) WAT, of) + f+ e: MOTs. Ys) IL, B), 

whose solved form is (8). Hence the product of two transformations (6) 
whose parameters f and / are sufficiently small numerically is a_trans- 
formation (6) with the parameter f-+ /, 


Since (10) is the identity transformation if ¢+ / 0, the inverse of (6) 
is derived from (6) by replacing ¢ by — ¢. 

If we take Y u(r, y) and ¥ rir, y) as new variables, we obtain 
from (5) the translation 
(7 }) Ay A T a y; r. 


THEOREM. When the parameter t is restricted to values sufficiently small 
numerically, the solutions (6) of the system of differential equations (3) form 
a continuous one-parameter group, which can be reduced to the group of 
translations (11) by the introduction of new variables. 


For example, if § = Yi % Ly, (4) becomes +, dx, + y4,dy, 0, which has the 
integral » / xi +yt =e. The second equation (3) may be written in the form 
di . y 
- 41 _= dt. sin! 41 t+’, y, = csin(t + ¢’). 
Vc? — 3 F | 
Then 
ee y 
zr, = ccos(t+c’), u tan”! = = t+c, 
1 
(5') tan? 7? = tan-1 7 +t V2 ae . ; 
Dy — xr ’ Litryi Ve + y’. 
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Employing polar coordinates 6, p, we get 
4, = 6+. Pp, = Pp, 


which are equations of type (11). This group of rotations may be given the form (2) by 
solving equations (5') for x,, y;. 

x, Infinitesimal transformations. In view of the equations (6) of 
| group, any funetion fi, y;) of 7; and y, is a function of x, y, and ¢. 
We have 

Aflry, yy) Ofla;.y:) da, , Oflay. yy) dy, 
dt Or; dt ° ON; dt 
Making use of (3), we get 
dftry, Wy) Of(7;, #1) , Oflay, yy) 
. seu + ,.. eeu 
dt Ov; ‘ ON ‘ 


When 0, 1; becomes «, and y, becomes y. Hence 


2) d flay, yy) 
dt 


jong OL OV 

We deduced (12) from the pair of equations (3). Conversely, (12) im- 
plies (3), as seen by taking (7. 4,) to be «1, and y, in turn. Hence (12) 
is a convenient synthesis of the pair of equations (3). By the integration 
of (3) we obtained the equations (6) ef a group. Accordingly we shall 
suy that equations (3), or their synthesis (12), generate the equations (6) 
t the group. Dropping the subscripts 1 in (12), we obtain the expression 
denoted by Uf in (13). With Sophus Lie, we shall speak of Uf as the 
symbol of the) infinitesimal transformation which generates the equations (6) 
uf the transformations of the group. nw brief, we shall say that Uf gene- 
rates the group. 

Not only does the symbol Uf give the pair of functions S(. y), yl’. y) 
and henee the differential equations (3) whose integration vields the equa- 
tions (6) of the group, but conversely the equations (6) determine (7f since 











da, | a8 M(e, Ys Ps = $x, 9), 
dt |, 0 ét oo 
(14) 
: 4 “ 
dy; aWi(r, y, | ; 
on p ] (x,y); | 
dt = ot , / 


of which (13) is the synthesis. 
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For & —y, 7 — «, the infinitesimal transformation is 
of of 
Uf -yan— +25. 
J Yor +7 Oy 


By the example in $7, Uf generates the group of all rotations (2) about the origin, 
Starting with that group, we readily find the preceding infinitesimal transformation by 
differentiation. For, by (2) and (14), 


dx, i dy r 
1 so t—y cost — Hs, ls yy % op 
By Maclaurin’s theorem any funetion /; Sia, 41), Which is regular 


at the point (7,, 4), may be expanded into a series in ¢ for ¢ sufficiently 
small numerically: 


, me eye 
- 2+4— 4 
Ii fl | dt | i ] o dt* {0 


Denote the second member of (12) by (f,, which therefore becomes [7/ 
(7. y) In (13) when f¢ 0. Hence df, dt U,f;. Since: Uf, is itself 
a function of 7, 4,. the same formula gives 


FF, AU fy) 
df® dt 


etc. Hence 


ff. 


UMC A), 1p 


UO AD), 


3 ; a ee t cee ‘ts 
(15) f(x, %) fetus 9 UIP) + 5 3 U[U (Uf)p+--- ; 


where / denotes f(r, y). In particular, if we take /(.,, y,) to be w, and y; 
in turn, we get 


’ ’ f y ° y 
(16) Bi ia rt -r ti bt ee [ ([ Yi ee cot \ y a | y 


which give the equations, in the form of series, of the transformations of 
the group generated hy Uf. Here ¢ is restricted to the values for which 
the series converge. We recall also the restriction on / in the equations (6) 
ot the group obtained by integrating differential equations. But these 
restrictions are unimportant for the applications which depend upon the 
transformations defined by the values of the parameter in the neighbor- 
hood of ¢ 0. 

By (13), Ur & Uy= It is a common practice to employ the infinitesimal 


notation dt for a value of ¢ in ie immediate ne eighborhood of ¢ 0, to neglect higher 
powers of df, to write (16) in the form 


2, = «+- Edt, OF y+ 9, 
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and to regard these as the equations of the infinitesimal transformation Uf. This serves 
to explain the historical origin of the latter term. However, we shall avoid the use of 


infinitesimal quantities. 


Kmploying the terminology explained here, we may state the theorem 
of $7 in the form in which it will be quoted iater. 

THEOREM. Every infinitesimal transformation on « and y generates (in 
the sense of integration) a continuous one-parameter group. After suitably 


chosen new variables have been introduced, the group becomes the group of 


translations ay rt, yj y, generated by the infinitesimal transfor- 
mation Of) Ox. 

4, Every one-parameter group is generated by an infinitesimal 
transformation. We shall first treat the typical case of the group of 
similarity transformations 


Sa ° Ds as, yy > ay. 


since Sa Sp, Sap. the parameter of the product is the product of the 
parameters of the component transformations, whereas it was their sum in 
the case of the group of the transformations (6). Hence we cannot put 
the transformations Sg into one-to-one correspondence with the trans- 


formations of any group of type (6) by taking a ?, But this can be 
done by taking a , where e is the base of natural logarithms, and / 


takes only real values if we restrict a to positive values. Then 


re 


id) wy Aur, UP ( y. 
amd, by (14), § i y. The resulting infinitesimal transformation 
af af 
J -_ 
OL y Oy 


eenerates the group (17), whose equations give the solutions of 


dry : dy, F 
dt ™ dt oi 
subject to the initial conditions ., rey y, When f¢ 0. 


Using similar ideas, we next treat any one-parameter group of trans- 
formations 


(18) Ls qr, yy Os, yy = hi y, a). 
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The product of (18) by any other transformation 

(19) Ts gris Yrs O), Ys N(ay. yy, b) 

of the group must be a third transformation 

(20) Fg = Vey, yx = h(r, y, ©) 

of the group. Hence there exists a function ¢ = y(a,)) such that 
(21) (gla ya, Abr ya), d) g(a, y, x(a, h)), 


identically in «, y. a. ), with a similar identity for . We differentiate * 
with respect to /, insert the abbreviations (18), and get 


ay | Ms Wis h) ra Ghre Ys ) oy (a, h) 
ah or Bh 


The group contains the identity transformation / given by the value a 
of the parameter a. For ) = ao. (19) becomes J, and the product of (18) 
by (19) becomes (18), whence « — a. Hence the last identity becomes 


Nam. He 0) aqtr, y, a) ay (a, bh) 
(29) lie / Y i 
— ah —e aa ah a 


The final factor is unity when a = ay, since (18) is J for a = a9, whence 
7(a,b) =. Sinee the final factor is not zero identically, and contains 
the parameter @ continuously, we may denote it by 1/w(a). Denote the 
left member of (22) by €(7,, y,), and the similar expression ink by y(7;,). Then 


dx . dy 
(23) wa) &(27,. 4). wt wa) nr), 4). 
: da S's Ii) da PTF 
Introduce the new parameter 
4 
(24) . = { wia)da 
e/ ao 


We assume that the two functions (19) may be differentiated with respect to b. 
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in place of a. Then 


dx dz, da 
dt = wilajda, 1 = + 
dt da dt 
} day » dy 
(2d) iT = §(%, y;), — q(T, Yi). 
It a =a, then 4, =a, y, = y, t= 0, which are the initial values 


employed in § 7. 

THEOREM. The transformations (18) of any one-parameter group whose 
identity transformation has the parameter dy are put into one-to-one corre- 
spondence, by the introduction of the new parameter (24), with the trans- 
formations of the group generated by the infinitesimal transformation 


a of , of 2 Og r, y, a) Chiu, y. a) 
(=b) $ y i V) ‘ ’ Sy ' ‘ ’ U) aaa : . . 
Ou OY Ca a= ca a= 


These values of §, , follow trom (22) for a= ay) since w(d) = 1. 
10. Equivalence of two one-parameter groups. Two groups 


yy g(r, y. 4), y = hls, y, a), 


Li Gir, y, A), nw = A(z, y, A) 


are called equivalent if and only if there exists a one-to-one correspondence 
1 == @(a) such that 


yar, Y, a) G(r, y, D(a), Nir, y, a) Hv, y, (a). 
identically in wv, y, a. By (23), these imply 


wlay§(ary, yy) Ya G4 (a) M' (a)- W(A) X04, mH), 


wlan (ay. Yr) ha H,@' (a) M'(a)- W(A) Yn, mH), 4 : 
in which W, XY, Y are the functions for the second group defined in the & i. 
same manner that w, §, 9 were defined for the first group. Taking a = do, ae 


Where a) gives the identity transformation of the first group, we get 


E(x, y) k X(r, y), ma, y) k V(r. y). 
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where /k is a constant. Conversely, if the last two identities hold, the 
groups are equivalent under the correspondence At — T’ since from (3) 
we get 


day day 


dT dt 


NX (01. Yt) om ous = ¥(a, yy). 
THEOREM. Two one-parameter groups are equivalent if and only if the 
symbols of their infinitesimal transformations differ only by a constant factor. 
11. Invariant points. A point may be invariant (left unchanged) by 
all the transformations of a group. For example, the origin is invariant 
under all of the transformations 


a, 3 UF ay. 


' a point (7, y) remains unaltered by every defined transformation (6) 
group, so that 2, rv, yy = y, for every permissible value of f, then 


dary dy), 
dt ° dt 


evidently vanish at (7, y). Hence by (3), &(7, y) and n(v, y) both vanish 
at (7, y). This also tollows from (16), which implies the converse. 
THEOREM. A point (ry, y) is invariant under the group generated by the 


mfinitesimal transformation 


| ae ee 
(28) Uy +e 
CX OY 


if and only if § and x both vanish at (a, y). 

12. Path curves. By way of introduction, consider the group ( ot 
similarity transformations (27). Any point (ro, yo), not the origin, is carried 
by the various transformations of G@ into the various points (a7, @y) 
Whose locus is the straight line voy — yo.r. Moreover, any point (a'r, a yo) 
of the latter is carried by G@ into points of the same line. For these 
reasons, any straight line through the origin is called a path curve ot 
the group G. 

Consider any one-parameter group G of transformations 


(29) : Dy gla, Yy 4). Y his, y, 4), 
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whose identity transformation is given by the value a of a. Through any 
point (7. Yo), Which is not invariant under G, there passes one path curve Cy 
whose parametric equations are 


(30) r q (79, Yo at), Y - h (Xo, Yo; a), 


and whose ordinary equation is found by eliminating a. For, if both of these 
functions were independent of a (so that the elimination of a would be 


impossible), they would be identical with their values z 9, yo for a = ap, 
Whereas the point (2, Yo) is not invariant under G. That the curve Cy passes 
through (9, Yo) is shown by taking a = ap. 


li we apply to any point (a, y) on ( any transformation 7), of the group G, 
we obtain a point (2,,y,) on Co. For, we may interpret (30) as a trans- 
formation (29) of G which carries (79. yo) to (2, y). Since the product Ty, 7, 
ix a transformation 7, of G and carries (1, yo) to (71,4), We have 


y= VACay Yo: C), Nn - hi (Zo, Yo; Ch 


Whence the point (7;, 4) is on the curve ( defined by (30). 

If (ry) and Cr’, y') are any two points on (, so that (wo, yo) is carried 
ty them by certain transformations 7, and Ty, of G, then (, y) is carried 
to (vy y') by the transformation 7." Tx ot G. 

If the curve (% has a point (2’, y’) in common with another path curve of G, 


( 1 a es Vater hs h), = hi (71, is h), 


the last result shows that (a, y’) is carried to any chosen point P on C; 
by some transformation 7 of G. But the point (7, yo) is carried to (z’, y’) 
by some transformation 7” of G. Hence 7’ T carries (2, yo) to P, so that P 
lies on (y since 7’7 is a transformation of G. This proves that C; 
coincides with (5. 

THeorem 1. Every one-parameter group G has a family of path curves the 
points on each of which are merely permuted by the transformations of G and 
wh that there is one and only one path curve through each point of the plane 
not an invariant point. 

Since the equation of any path curve is obtained by eliminating a between 
the equations (30), which may be interpreted as the equations (29) of the 
veneral transformation of the group, and since the functions (29) are the 
solutions of the system of differential equations (23), it follows (after dropping 
the subseripts 1) that the path curves are the integral curves of 

dx dy 


(31) ’ 
(a, y) Hla, | 


Se 





— 


| 















a pean RI aR th, Ze 
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and hence are v(x, y) = ¢ in the notation of § 7. By differentiation, 


Ou 


7 dy 0. 
oy 


" 
dar + 
x 


(32) 


a>! 


Since da and dy are proportional to § and q by (31), 


Ov. OV 


(33) ‘9 0. 

OL OY 
Hence Ur 0, where Cf is the infinitesimal transformation (28) which 
generates the group. 

Conversely, if v(a,y) is a solution of Uf 0, (12) shows that 
dv(a,.y) dt 0. Thus v(v;. i) is independent of ¢ and hence is equal 
to its value v(z,y) for ¢ = 0. Hence every transformation of the group 
replaces each point (7, y) of the curve rir, y) ec by a point Cr). y,) on 


the same curve, which is therefore a path curve. 

THEOREM 2. The path curves of the group generated by an infinitesinal 
transformation Uf are obtained by equating to an arbitrary constant u 
solution of Uf = 0. The slope of a path curve at (a, y) is W/§. 


EXxAMPLEs. For the infinitesimal rotation 


— OF = OF 
Uf re: a 
Ox Oy 
a solution of Uf = 0 is x*+y?. The path curves of the group of rotations about the 
origin ($ 8) are therefore circles 27+ y? = c. The slope at (rz, y) is —xry = 7 6. 
Consider the infinitesimal transformation 
: a) of 
Uj=s Of +y os 
Or Oy 


which generates the group of similarity transformations (§ 9). Since a solution of Uf —— 0 
is yr, the path curves are the straight lines through the origin. 

13. Corresponding ordinary and partial differential equations. 
If v(v,y) = ¢ is an integral of the ordinary differential equation (51). 
we saw that r is a solution of the corresponding linear partial differential 
equation 


’ a af af 
(34) ete) nr, y) of (). 
~ OF . OY 


Conversely, if a funetion v(r, y), which is not a constant, is a solution 
of (34), so that (33) holds, then the latter together with the result (32) 
of differentiating « — ¢ show that dr and dy are proportional to € and 4, 
whence v = ¢ is an integral of (31). 
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THEOREM. If o (2, y) cow an integral of the ordinary differential 
equation (31), then v is a solution of the corresponding linear partial differ- 
ential equation (34), and conversely. 


CHAPTER II. 
Ordinary differential equations of the first order. 

The problem of integrating a differential equation will be reduced to the 
problem of finding a one-parameter group which leaves the equation un- 
altered. Such a group presents itself immediately when the equation is 
linear or homogeneous or of certain other standard types, but especially 
for differential equations arising in problems in geometry and mechanics 
($$ 16, 18—20). In the latter cases we do not attempt to integrate the 
equation ignoring the data of the problem in which it arose, but rely on 
the data to suggest a group which leaves the equation unaltered. 

i4. First criterion for the invariance of a differential equation 
under a group. If the integral curves @(r,y) = © of a differential 
equation of the first order are merely permuted among themselves (or are 
individually unaltered) by every transformation of a one-parameter group, 
the differential equation is said to be c¢nxrarcant under the group. The 
phrase “invariant under the group generated by the infinitesimal trans- 
formation (7f" will usually be abbreviated to “invariant under U7”. 

LemMA. Consider a family of curves oar, y) « not identical with the 
Jaumily of path curves of the group generated hy the infinitesimal trans- 
formation Uf. The curves o = ¢ are permuted among themselves by every 
‘ransformation of the group if and only if Uw is a function of @. 

First, if the curves w (7, y) — ¢ are permuted by every transformation 7; ot 
the group, then to each pair of values of ¢ and c must correspond a value 
y(t, ¢) such that 
(1) wr i) = rho 


lor all sets of solutions «, y of @(s, y) e Then by (13) of § 8, 


, Oor(t. «) 
l oOlr, ) | } : | e 
: ot ==@ 


Which is a function of ¢ and hence of @. 
Conversely, let l’a F(@). Since ¢ is not a path curve, U'@ is 
not zero identically by Theorem 2 of $12. By (12) of $8, 


da, 


dt 


F(@,). @, OCT. Wy). 








| 
| 
i 
: 
G 








a 
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Since F(,) is not zero identically, there is a region in which the integral 


[(o,) ons 
I (@, ) 

exists. Evidently /(,) /--}:, where k is a constant. This becomes 
](@) h; tor ft O, Henee Je, ) f-- /(w), whose solved form is ot 
tvpe (1). This proves the lemma. 

The path curves r(r, y/) «are individually unaltered by the group 
and we have Ur QO by Theorems 1 and 2 of $12. This result and 
the lemma together imply the following conelusion: 

THEOREM. An ordinary ditierential equation of the first order having 
the integral Or, y) cow merariant under Che group generated hy) th 
nfinitesimal transformation Uf cf and only of UD is a function of , 

15. Finding an integrating factor. Let the equation 


(?) Bor yids Atr ydy () 


be invariant under the infinitesimal transformation 





(3) if Sin, y) = : WAT. Wy 


and let the path curves of the group generated by ("ff be not identical 





with the integral curves @ « of the differential equation. Then by § 14. 
U@ Wi) == 0. We ean tind as follows a function F(®) such that 
UF & 


r , , . , : d@ 
| RD) Fd). UO FM) - wid), F(@) = : 
(Dp) 
Since FD), as well as @, is an integral of (2), it is a solution of the 
corresponding partial differential equation ($ 13) 


(4) pp = AL + pt —¢@, 
Ou ay 
Hence 
oF i ft af aF 
A a a > ( , . 
Ou t oY ' UF aun +4 ay 
¢ BF ; “ ’ 
(SB 7 «A) 2B ($B nl) oF —A 



























DIFFERENTIAL EQUATIONS FROM THE GROUP STANDPOINT. 305 


The common multiplier is not zero identically since A and B are not both 
zero identically by (2). Hence 


d F : d / t dy s oo A ay 


a OY §&B—y7A 


Since this fraction is an exact differential dF, it is customary to say that 
(?) has the nite grating fa lor 


THEOREM. Lf) the differential equation Bda—Ady O xs invariant 
under the infinitesrmal transformation Uf given by (3) and if the path 
urves of the group generat d hy Uy are not identical with the in tegral 
curves of the difierential equation, then (d) es an integrating factor of the 


‘ quation. 


The condition on the path curves may be replaced by $B — A = 0. 
For, then (°@ $ 0, since otherwise ® would be a common solution of 
( 0, POM QO, and, sinee the determinant §$2—-y,A~ ot the 


coefficients is not zero identically, 


aD a@M 


Ou CY 


and ® would reduce to a constant, contrary to hypothesis. 

COROLLARY. If Bdwe — Ady QO is invariant under Uf, it has the 
ant grating fu for (5) provided the di nominator is not zero identi ally. 

1. Solution of simple problems. 

PROBLEM 1. Find an infinitesimal transformation which leaves invariant 
the general linear differential equation 


(t) y + Rory Qtr) t 


of the first order, and integrate it by use of the theorem of § 15. 
The corresponding “abridged equation 


2+ R(r)2 0) 
has the integral 
fra 
2 (a7) ” ° 








Be a 


| ap cha taebe ARS, E R 
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Then if y(x) is any integral of (6), y-- az is evidently an integral when 


a is any constant. In other words, (6) is invariant under the group of 


transformations 


r r, y; yp az. 


By (26) of $9. the group is generated by the infinitesimal transformation 


sl Of 
us PAD) =. 
Cy 
Henee —1 2 is an integrating factor ol 
(6?) (W— Ry)da—dy 0. 


The product obtained is theretore an exact differential, d@. Hence 


(p l rar Real - 
‘ , (Dp ian . = fk C2. 
OY g . 
(p peal ! as ‘ i Rd 
(- () - Ry 2 y Rk A L fe" (7). Fir) — | on a I’. 
a7 ; 
Solving @ ‘for y, We get 


i/ ; J Ras | | aid _ oe ‘- 


PRopLEM 2. Find every curve such that the radius vector to any point 7’ 
on it makes the same angle 4 with the tangent at P that it makes with 
the .-axis, 

Let . and y be the rectangular coérdinates of 7. 


Then 
Ya 
/ dy 4 
tan 4 J . tan J 8 YA, wee 
/ “aT oy a 
dy Ytand 2ry - e 
tan2¢ —— A | - “Ar é 
dy l tan’ 4 ca y” o~ ee nnessiatininnerioon il 
(7 » lr —(72— 7? Fig. 3 
i) EU US (7 7] jily Up. 


If we magnity our figure uniformly from O, we evidently obtain a new 
curve of the desired family of curves. In other words, each of the trans- 
formations 


() ry an, hy ay 
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merely permutes: the curves of the family and hence leaves invariant the 
differential equation (7) of which they are the integral curves. This may 
be seen also from the faet that (7) is homogeneous. By (26) of § 9, the 
croup of transformations (8) is generated by the infinitesimal transformation 


of af 
——— Se ‘ 
0 0 4 


Uf=s 


Henee an integrating factor of (7) is the reciprocal ot 


e(2ry) — y(v* — y’) (rt? y®) y, 
Thus 
I rda (0*¥— FP) dy 


! ‘ yy ( rte y)y 


is an exaet differential, d/@. Hence 


aq si / 1 rep a } 
> a (:p yo (> + yy?) + F(x), 
Ou iy + yo rer 4 
v, C (*p —{ r-- - *) ] 
- / ‘ 7) C0 / Vv 
=» + FP’ (y) ar J , F’(y) = —-, 
“ie: oe ; CY Fale oe a ; y 
Fy) —log y. 
Thus one integral is log (r*+- y?)—log y const.. so that another is 


++ y* == «cy. The required curves are therefore the circles tangent to 
the .r-axis at the origin. 
The work becomes simpler if we use polar codérdinates. Then 


oda 
tan OPB : tan 4, tan@-de~ edA — 0, 
do 
Since this is invariant under 9, ao, 8, = 4 and hence under 
val 
({)) — s 
. 00 


an integrating factor is the reciprocal of g tan 4. The effect is to separate 
the variables: 


do da 
0 tan 6 


(), log o— log sin 4 C, = + sin 4. 











Men 
mane: 


‘ 
é 
3 
: 
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Propiem 3. Find every curve such that the radius vector to any point 7? 
on it makes a constant angle with the tangent at 7’. 
Denote the tangent of the angle by 1//. Then 


ta , , do—tlk oda (), 
do I; . : 
Sinee the curves are evidently merely permuted by the magnification (8), 
we tind from (1) that 1 0 is an integrating factor. The latter follows also 
by using the infinitesimal rotation @/ 64 in the polar codrdinates @, 4. 
This generates a group which merely permutes the curves. Multiplication 
by 1 @ separates the variables and we get the logarithmic spirals @ ce, 

17. Infinitude of groups leaving invariant a differential equation. 
In the last problem we noticed that a certain differential equation is in- 
variant under two groups. We shall now prove that any differential equation 
Bbdr—Ady QO is invariant under intinitely many groups. There exists 
an integrating factor J/. whence 


Mi Bada A dy) A@D : dir - dy. 


ap ap 
MB=—, MA=— 


Ow” oy 


Choose any pair of functions €(r, 4), _6r, y) such that 


(10) : M, 
Ay 


‘ 


~~ 
we 
Ir 


this choice being possible in intinitely many ways. Then 
1 == MB§—MA, ££ —+¥% VOD, 


where ('f is the infinitesimal transformation (3). Since U'@ 1, the 
theorem of § 14 shows that our differential equation is invariant under (7/. 

THEOREM. «For each of the infinitude of pairs of functions & and 4 
satisfying (10), Bds— Ady O is invariant under the infinitesimal 
transformation Uf Ef, +. nf y- 


14, Geometrical interpretation of Lie’s integrating factor. Let 


(11) Badu Ady () 
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be invariant under the infinitesimal transformation 








ay m= B2t4 


af 
1 . 


Ou oY 


é 


Consider the three points (Cr, y), 
(r+ A, yt B) (r+, y+). The 
second lies on the tangent to the 
integral curve through (7, y) of (11), 
since its slope is B/A. The third Fig. 4. 

point lies on the tangent to the path 

eurve through Cr, y) of the group generated by (7f. since its slope is 
, © by Theorem 2 of § 12. The area of the parallelogram of which these 
three points are consecutive corners is the absolute value of the determinant 








/ if | / f ] 
| ! & y i | 3 D () SB 1 1 
/ 1 y+ B 1 A BO 


Whose reciprocal is the integrating factor (5) of $ 15. 

The area of the parallelogram is also the product of the length | .®— B* 
of one side by the projection on the normal to the initial integral curve 
of the length V’s?-+ ,* of the adjacent side. By the differential equations 


da Slr. yd, dy nlre yd 
of the group, the element of are along the path curve through (7, y) is 
boda? di? 1s rg al. 
Let dy denote the projection of this element of are en the same normal. 
Then the projection of the side of length | S*-- 4° is dn df, so that the 
area of the parallelogram is } 1% B.dn dt. 


THEOREM, It the differential equation (11) ts invariant under the im- 
initesimal transformation (12), it has the integrating factor 


(13) 


dn 
| 
dt 





DPB TO 











“ 
4 
5 
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19. Parallel curves. If on each normal to a given curve Cy a segment 
of constant length ¢ is laid off. their end points form a new curve (%, 
When # varies, we obtain a family of curves called parallel curves, 

An arbitrarily chosen point 7?:(r, y) determines uniquely a curve (), of 
the family. Let .V be the normal to Cy which passes through ?. The 
intersection of \V with (,.¢ is a point 7 whose coérdinates 2, y, are 
functions of w, y and /. These functions define a transformation 7) which 
replaces P by P,. Similarly, the transformation 7 replaces 7, by the 
point /P, of intersection of .V with C;.¢.¢. Since the product 7; 7 replaces 
P by Ps, we have 7; 7; T,.+. Hence all the transformations 7) form 
a group whose path curves are the normals to Cy. The element of are dn 
on any normal is /f. Henee we may suppress dn/df from the integrating 
factor (13). 

THEOREM. A differential equatieom Bdar— Ady QO whose integral curves 
are parallel curves has the integrating factor 1/V A®4- Be. 

By the c¢nrolufes of a curve Care meant the curves which are orthogonal 
to the tangents of C. It is proved in the calculus that the various in- 
volutes of C form a system of parallel curves. Hence, the preceding theorem 
gives an integrating factor of the differential equation of the involutes. 
This equation is readily obtained. 


When C is the circle 27+ 77 = 1, the equation of the tangent having the slope p is 


y= pr+V1i+p 
Solving for —1 p. we get 
1 ory VY x? + y? 1 
aa 1- 
Hence this gives the slope of a tangent to an involute of C. Choosing, for example, the 
upper sign and equating the fraction to dy dr, we get the following differential equation 
of the involutes: 


(ry = Vr - y? lida + (y?- ldy — 0. 


Here A? + B? is seen to be a perfect square and an integrating factor is the reciprocal 
of r+ yVYa?+ y?—1. The usual method of integration yields the equation of the involutes 


Vr2+y- 1+ sin7! va —tan! . =e; 
20, Isothermal curves. Let w(s, 1) « be the integral curves of 
(14) Bdr—Ady 0. 
They are cut orthogonally by the integral curves 2(7, y) cof 
(15) Ads -> Bdy 0. 
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Through an arbitrarily chosen point P: (x,y) passes a unique integral 
curve ow Gry) ; of (14) and a unique one N of (15). The intersection 
of Nowith wry) i fis a point P, whose codérdinates 11, I, are 
finetions of «. y. 4 These funetions define a transformation 7; which 
replaces Po by Pi. Similarly 7) replaces P, by the point P, of intersection 
of Vowith @ Cry) kt t+. Then 7; Ty and 7;, + are identical since 
each replaces 2? by /’. Henee all the 7; form a group whose path curves 
are the integral eurves of (15), 

lnterchanging the roles of » and 4, we get a second group of trans- 

rmations 7} whose path curves are the integral curves of (14). 

it the ratio dw df of the element of are dn of a path curve to df is 
the same finetion of « and yin both eases, we call either family of curves 
a system of ssofhermal® curves. Since also the sum of the squares of the 
‘otticients in either (144) or (15) is A°-+ B®, it follows from the theorem 
m Sis that the two differential equations have a common integrating 
tactor M/. We proceed to show that Woecan be found by quadratures (the 
mtegration of a funetion of a single variable being called a quadrature). 

Since the produet of (15) by M is an exact differential. say dq. 


Milde Bdy) OF de + OF dy, a= | _ 5y" 
Aa yy oo. 0 | 
. 6(.M A) 6(M B) 
ty) - . 
a yY Oo. 





each member being a value of 67q. 6.0 6y. Hence (16) is the condition that 
Vide lt MBdy be an exaet differential. 
Performing the differentiations in (16) and dividing by J/, we get 


Slog MV aloo M aR aA 
— pin La 
a | ow Cu OY 


To derive the corresponding result for (14), we have only to replace 1 by DP 


and B by —-.1: hence 
0 10a, 6 log VW yA a ib 
R a my F " wwe 
Oy ovr CG. 0 4 


‘Thus a family of isothermal curves, together with the curves cutting them orthogonally, 
livide the plane into “infinitesimal squares”. For example, all concentric circles form a 
family of isothermal curves; they are cut orthogonally by the radii. 





sestaihintesruccoanaa cers > 
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Solving the last two conditions as linear equations, we get 


6A ab AA aB 
: Bee fo ee psi 
A log M ay Oy or aur 
or A+ B* 
or 
A log M c B a . , 
(17) 08 - tan —}— — log ( A* 4- B®) 
ar yf * Oz 
6B aA oA aB 
A—— —8 - i =F 
4] log V Or i OY OY 
Oy A? -. B* 
or 
Alog M 0 B , 8 i 
(18) ~ —-tan—! —} jog (.A* -- B®), 
Ay or A “ Oy 


Multiplying (17) by dr and (18) by dy and adding, we get the value 
of dlog.M, so that log VW can be found by quadratures and then J is ob- 
tained. The condition that the value of d log WM be an exaet differential 
is (as shown above) that the partial derivative of (17) with respect to y 
be identical with that of (18) with respect to «7, and hence is 


of att iB 
(14) st (0), f tan ! 


oe lO A 


Conversely, when condition (19) is satisfied. equations (14) and (15) have 
a common integrating factor and (13) shows that du/d?f is the same at 
any point for the two families. Henee the integral curves of (14) are 
isothermal curves. 

THEOREM. The mteqral curves of Bda Ady Q are isothermal if and 
only +f condition (19) is satisfied. 

For the concentric circles with center at the origin, whose differential equation is evi- 
dently cdc+ydy =0, we have B/A= —er y. and (19) is seen to be satisfied. From 
(17) and (18), we readily get M = 1/(27+ 77), which is a common integrating factor of 
the differential equation of the circles and that of the radii, yda—.sdy = 0. 

Again. the family of circles tangent to the x-axis at the origin, «?-+ y?— ey = 0, has 
the differential equation 2.cydxec— (r?—y%)dy- 0. Thus 


B Yu Y WY 
{= ten * { fan * —, 9 Ytan ! 
a = Ye a 


Hence by the preceding example, condition (19) is here satisfied. The differential equation 
of the family of curves orthogonal to the above circles is («?— y)dx + 2xrydy = 0, whose 
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. 


integral curves are the cireles «?+ 7*— vx = 0 tangent to the y-axis at the origin. This 
is evident since the second differential equation can be derived from the first by inter- 
changing « and y: or we may employ the common integrating factor 

1 


M ; 
(x? + y?)?? 


which is easily derived from (17) and (18). 


Readers interested in the differential geometry of surfaces will find 
applications of the above and similar principles to minimal. isothermal. 
or asymptotic lines, and lines of curvature of surfaces, in Lie-Scheffers, 
Differentialgleichungen, pp. 160-187 (or the resumé in Cohen's Lie Theory 
of One-Parameter Groups, pp. 78 &2). 

21, Commutator. Given two linear partial differential expressions 


4) ir ae Or 
- or oy 
Re: . of 

21) i A od - BR 
ou CY 


we define the commutator (alternant or Klammerausdruck) of Uf with Pf to be 
(UP)f U(Pf)—P (US), 


and shall prove that, after cancellations of second derivatives, it reduces 
to a third linear partial differential expression. We have 


0 of. aft A) . : 5 
rr | | E {.1 of + B—)- " + - 
ed BF , OF) * oF , . OF 
ren| | A (so +a ww \)— Bo (8 +9 |. 


lf each time we differentiate the second factor of the products, we get the terms 


” . -®? 2 
os o“f 0” f / 
EA - SB “—-+@A-= ib ° 
ox Ou if oycou 4 
u a ~» S 
Pe i “Ff jt Ge J 
ey ee Oe — By; 
= ser roy Oy Cu CY 


Which cancel in pairs. Next. if we differentiate the first factor ot the 
products, we get 











oe 





ey RR SS Tee ae 
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| | s as\ af 
(é y is B. 
1 . Wf Fa OY ! 
ob ip ? an / 
(s Ee 2 He 
| y O07 oY 7] 
Which may be written in the form 
(22) (UP) (774 Ps) 3 ae by Py) 


Hence, the commutator (/°7?)f is found by the following simple rule. 
The first coefiicient (that of ©/ %.r) of the commutator is found by applying 
the operator (7f to the first coeflicient of ?f and subtracting the result 
of applying the operator Pf to the first coefficient of (°f) and_ similarly 
for the second coefficient. 

2», A second criterion for the invariance of a differential 
equation under an infinitesimal transformation. Our former criterion 
(S$ 14) depended upon a knowledge of an integral of the equation. Since 
an integral is not known in advance, but is just what we are. seeking, 
that criterion was mainly of theoretieal value. We shall now establish 
another eriterion which does not assume the knowledge of an integral and 
can be tested at once on any given equation. 

Let ® be an integral of the differential equation and let the corresponding 
partial differential equation be 


te 
w 


Pf = A 4+ B= 0, 


so that POD (), 
Assume that the equation is invariant under (7f defined by (20). Then 
@ is a funetion wi) of @ by $14. Hence 


(1° P\)@ (Pd)— PiU) (0) — PLD) (), 


so that @ is a solution of the linear partial differential equation obtained 
by equating (22) to zero, as well as of (23). Hence the coefficients of 
the former are proportional to those of the latter and (U7P)/ oPf. 
Where @ is some function of . and y. 

Conversely, (UP) f 6 Pf implies 


() (VP) 1( Pm) Pil MD). 0) P(UD), 











DIFFERENTIAL EQUATIONS FROM THE GROUP STANDPOINT. 315 


whence ('@, being a solution of ?f = 0, is a function of ® Hence 
($14), our initial differential equation is invariant under Uf. 

THEOREM.” An ordinary differential equation is invariant under the in- 
findtesemal transformation Uf if and only if (UP) f «Pf, where Pf — 0 
is the corresponding partial differential equation, 

For example, consider the linear differential equation 
dr dy 
y+ Riryy = Yr), — : ; 


The corresponding partial differential equation is 


of of 
P “~+(Y—Ry) -~ 0. 
J oe GY hy By 
We seek a function z(2) such that Pf = 0 is invariant under the infinitesimal trans- 
formation of the special type 
pi of 
Us z(z) = 
f Y 
employed in $ 16. Since 
(UP) / (—zk—2z’) 
OY 


lacks Of Cw, it will be a multiple of /’f only if it is zero identically, whence z is an 
integral of the abridged equation ($ 16). 


“3. Group of extended transformations. The point transformation 


D4) Fai " (p) | Ly Bs a), Un Wry. at) 
transtorms any direetion y’ dy dx into the new direction 
. diy; . Wy Uy! 
(209) yy = ck 
d I's : , { Dy 


The combination of a point (, y) and a straight line (of slope y’) through 
it is called a /ineal element. The three equations (24) and (25) define a 
transformation 7% of lineal elements which is called the (first) extended 
‘ransformation on the three variables .r. yy’. 

These extended transformations form a group if the transformations (24) 
lorm a group. For, if 7). 7) and 7. are identical transformations (24) and 
henee take any curve (, into the same curve (:, the extended  transtor- 
mations 7. 7% and 7! both take the points and slopes of the curve (; 
into the points and slopes of Cy and hence are identical transformations. 


\nother proof of this theorem is given at the end of § 28. 
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Thus the product of any two extended transformations 7% and 7% is an 
extended transformation 7%. Next, if (24) is the identity transformation 


when « Ay. then vw D (a, UE dy), ¥ Ww ia. Y, lo), whence 
(Pb) (),. $ . (Dy, Q, ur, Q), ur, 2. when a ins 
Thus (25) reduces to ij y' tor « == do, so that 7, is the identity trans- 


formation on «, y. y’. Finally. if Ta takes any curve C into the curve (;, 
the inverse transformation 7, takes (; into C, whenee 74 74, leaves in- 
variant each point and each slope of C and is therefore the identity trans- 
formation. so that 7) has the inverse 7’j.. 

By (26) of § 9, the infinitesimal transformation of the group (24) is 


ry _~ oF a AD (ar. yea) dw 
/ Png - ‘wa: ‘ e ~ : — — : 
ru ; Y da B== as : dua a a 


To tind the infinitesimal transtormation of the extended group, we differ- 
etiate equations (24) and (25) with respeet to «@ and then take « tie: 
This was done above tor (24). Next. denote the fraction (25) by N 7), 
Then, by (26), 


; IN ; dr dD ds 
N iE iD) i. fr Oy? a, E.+ty ’ 
: da ’ iu I d ! du uf da 
When « ay. Write 4! for the value ot the derivative of .W/) when 
“ a). Then 
7 , di , AS te , ‘- rz 
ks Y dx  ? hs qr (gy— Fry’ —-Syy 


The symbol of the infinitesimal transformation of the extended group is 
therefore 


(2s) 


da ‘- of of ye 
Uy = 42-44-4795 Z 
os Oy ay 


24. Invariants. A function f(r, y) is said to be invariant under a trans- 
formation on « and y if it remains unchanged by the transformation. Thus 
J(e, y) is invariant under a group of transformations with the parameter 
if and only if fCr,,y,) = f(r, y) for all values of .r, y,a. Then df(n,y) da 0. 
Conversely, this implies that /(r,, y,) is independent of @ and hence equal 
to its value f(r, y) for a ty, Whence v7, rey y. Hence by § &, 
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hiro y) es enevariant under the group generated by the infinitesimal trans- 
pormation Uf if and only if Uf is identically zero in x and y. 


For example, «? + y* is invariant under every rotation about the origin O since the 
listance Ya?+y? of the point (c, y) from O is unchanged by the rotation, The infinit- 
esimal rotation is 


af, , Of 


J —= (9 ar Oy’ 


and w+ y? is invariant under the group of rotations since 


U(r? + y?) y(2xr)+xr(2Qy) = 0. 


2), Differential invariants. A function Fr, y. y') which actually in- 
volves the derivative y’ is called a differential invariant of the first order 
i oa group of point transformations (24) if, when Fis regarded as a function 
1 three independent variables, it is invariant under the group of the first 
extended transformations defined by (24) and (25). This will be the case 
it and only it (°F is identically zero in «, y. y’, where U'f is the in- 
finitesimal transformation (28) of the extended group. In fact, the discussion 
of invariants given in $ 24 holds true for three or more independent variables 
is well as for two. 

For example, let @°f be the infinitesimal transformation 


ao) i i E of -y of 
f Or “ Oy 


ot the group of magnifications from the origin O (similarity transformations). 
By (27). 9 0, whence Uf (77. Hence any function of y’ is invariant 
under 7°’ and is therefore a differential invariant of Uf. This is obvious 
geometrically since the slope y’ of any straight line through the origin 0 
is unaltered by a magnification from 0. 

”6. Determination of all differential invariants of the first order 
of Us. We desire the solutions, involving y’. of 


of of , , of 
oT ee Secs © 
Ou OY Cy 


(330)) Uy’ ¢ xs 


The corresponding system of ordinary differential equations is 


da dy dy’ 


g Y Y 
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The equation da/ = dy, inv and y only, has an integral u(r, y) 


Solve the latter for y in terms of « and ¢, and substitute the value of y 
in de S==dy’ x’. Employing the expression (27) for 4’, we get 


‘ 


fae praytry”. 


Where p,q. are functions of « and ¢, This Rieatti differential equation 
of the first order has an integral O Or. y'.¢) = hk, where i is an arbitrary 


constant. Replacing « by w(r,y). we obtain a second integral e(r. yy!) — | 


A 


vt the system (31). 


By differentiation of + —— /k we have 
. ie. 
da dy . ; dy (). 
yu i: ‘/ , 


Replacing dv, dy, dy’ by the expressions §. 4. 4° whieh are proportional to 
them by (31). we get 


Which shows that ¢ is a solution of (30). Similarly, wis a solution. Also 
an arbitrary function Wia.r) of w and + is a solution since 


Furthermore, every solution of (30) is of the form win.r). In fact, the 
solutions # and + are independent, since v involves y’ while w is free of y’. 
If there were a solution w independent of wand +, then wv. yy’ could be 
expressed as functions of wer, and henee would be solutions of (50), 
whence §7, 7° would be identically zero, contrary to hypothesis. 

THEOREM.  A// differential imeariants of the first order of the group 
generated hy Uf are functions merolving y' of two mdependert solutions 
wry) and clr yy’) of U'f == 0 which may be found by cetegratig tivo 
ordinary differential equations of the first order in: two variables, 

*To give another proof, introduce u,v, w as new variables. By § 29, the coefficients 


of the new partial differential equation are identically zero. Returning to the initial 
variables, we conclude that the cvefficients of (30) are all identically zero. 
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For example, when Uf is given by (29), we may evidently take u= y/z, v= y’. Hence 
every differential invariant is a function of y/a and y’. 
Again, to find all differential invariants of 


— of of 
(32) Uf ny, +24 Of 
Or OY 
which is the infinitesimal rotation about the origin if nm = —1, we note that 7/=1—n y" 
by (27), so that 
as Of of 2 Of 
(33) I J ) - 2 oS + (1 — ny ), : 
Ow Cy : CY 


[he corresponding system of ordinary differential equations is 


da dy d y 
ny wr l—n y"” : 
An evident integral is u=2?— ny*. To tind a second integral c, denote each of the 
three equal fractions by f. Then 
‘ = rdt ydr > dy! 
dr = nyf, ée = sf, 7 j= y -. 
any ie ny’ 
Write n —c*. Then an integral is tan } cy/c—tan ?cy', whose tangent is the 
product of Cc by 
y—ary' 
v . 
Ji ~myYy 


27. Invariant equations. We shall call »(v, y) = 0 invariant under 


the group G generated by Uf if @ (1, y) 0 for all values of f and all 
values of yy Which satisfy @(7,y) = 0. Then the derivative of @ (2,, %) 
with respect to ¢ must be zero for those values. Hence by (13) of $8, 
l’w(r,y) must be zero for all values of ., 7 satistying @ (7, y) = 0. 
Conversely, let this condition hold. In case § = 9 = 0 for every point 
ir, y) on the curve o 0, each point and hence the curve is invariant 


under G ($11). We shall exelude the singular case in which the derivatives 
w, and w, are both zero at every point on » = 0. Let (7, y) be any point 
on the curve for which those derivatives are not both zero, and also § + 0. 
Since 


. t | 
lw Ors Wy tj 0 


at (r,y), we have wy { 0. Hence for the slope dy/dx of the curve » = 0 
at (r,y), we have 


dy @ >» 
(), — a —=—- 


| 
@ dir -- @ di 
r | Wy Y dar Wy 


Sel ass 


But 7 is the slope of a path curve of the group by Theorem 2 of § 12. 
Since the differential equation dy (dr 7/€ has a unique integral curve 
22 
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passing through (2, y), and @ 0 is one solution, it follows that » — 0 
is a path curve or an aggregate of path curves and curves each of whose 
points is invariant under G. Since each path curve is invariant (§ 12), 
w == 0 is an invariant curve. 

THEOREM. A curve w(a,y) = O is cnvariant under the group generated 
by Uf if and only if Ua is zero for all values of x and y which satisfy o = 0. 
A like result holds for surfaces @ (a, y, 2) <= O under transformations on x, y, z. 

To prove the last part of the theorem, suppose that 


(34) Uo(xy,z) = §o;+7o0,+ fo, = 0 


for all values of a, y.z which satisfy 0. Let (a, y, 2) be any point 
on the surface » = 0 for which §,7, are not all zero, say § + 0. Since 
x, @y,@; are proportional to the direction cosines of the normal to the 
surface wo = 0 at (7, y,2), it follows from (34) that §, 7, ¢ are proportional 
to the direction cosines of a tangent to the surface at (7, y,2). But the 
direction cosines of the tangent to a path curve of the group generated 
by Uf are proportional to dv, dy, ¢z and hence to §, 4, . Thus at each 
non-invariant point of the surface 0 the tangent to the path curve 
is a tangent to the surface. It may be shown as follows that the path 
curve lies on the surface. We may take » — O in the solved form z = 2(v,y). 
From the differential equation 


dy = rr, ag Gee y)) 
dar s (cr, Pea y)) : 
we get y = y(v,c), Where ¢ is an arbitrary constant. From this and 
z= 2(z,y(z,¢)), we get 
dy Y dz : 7 a 
— ? -_+— 7 
dar E dag i & i 


since (34) becomes §2, + 72y—$ = 0 tor » z(r,y)—z. Hence the unique 


(path) curve through (7, y,z) for which dr: dy: dz &:9:¢ is on the 
surface » — 0. Since o 0 is the locus of an infinitude of path curves, 


it is invariant under the group. 

2%, A third criterion for the invariance of a differential equation 
under Uf. Under a point transformation (24) and the induced trans- 
formation (25) on y’, a differential equation F(z, y, y’) — 0 is transformed 
into an equation Fy (a, y1, ¥/1) 0, and the integral curves ®(2, y) c 
of the former go into certain curves ®,(7,, y,) — c. Since any set of 
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solutions wv. y, y’ of F == 0 goes into a set of solutions x, n, yi of F, = 0, 
while any point (7, y) and slope y’ of the curve @ = ¢ go into a point 
(ry.yi) and slope y; of @, — c, it is evident that the transformed curves O,—c 
are integral curves of F, 0. Hence the integral curves of a differential 
equation are transformed by any point transformation into the integral 
curces of the transformed equation. 

In particular, the differential equation / = 0 is invariant under a group 
of point transformations if and only if the ordinary equation F = 0 in 
three independent variables «, y, y’ is invariant under the group of extended 
transformations defined by (24) and (25). The condition for the latter is 
given by the theorem in § 27. 

THEOREM. A differential equation F(x, y, y’) = 0 is invariant under the 
group of point transformations generated by an infinitesimal transformation 
lf if and only if U'f vanishes for all sets of values x, y. y' satisfying 
F 0, where U'f is the first extension (28) of Uf. 

For example, let Uf be the infinitesimal rotation given by (32) for n = —1, so that 
Uf is (33). The lines y 2 = c are merely permuted by a rotation about the origin. 
They are the integral curves of the differential equation «y'—y = 0, which is therefore 
invariant under Uf. This fact also follows from the present theorem since 


U'(cy’ —y) = —yy —2t+ ty )ae = y' (ey! —y). 
Again, the differential equation of the tangents to «7+ y? = 1 is 
F 1 py my _ ry’) = ¢ 
which is invariant under the same Uf since U' F = 2y' F. 
Let us apply the preceding theorem to the case in which F has the 
solved form F'-- Ay’-—B-=— 0, where A and B are functions of x and y 
alone. We have 


a’ OS U'F y UA—UB+ y’ An 


U'f Uf+y a 


We are to employ all sets of values wv, y, y’ B’A for which F = 0. 


For y’ B/A, the expression (27) for 7° becomes 
| , ae - So Do 
4 (A qe Bijy)— gx(ASr + BS,) , Py 4 P&, 


where Pf — Af,+ Bfy; and the quotient of U’F by B becomes 


| 


B (U B— Py), 


(UA—-P5)— 
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which, by the theorem, shall be zero identically in « and y. Then by (22), 
the coefficients of ((’P)f are proportional to those of Pf. This gives a new 
proof of the theorem of § 22 which states that Ady— Bdax = 0 is invariant 
under Uf if and only if (UP)f oPf, where o is a function of » 
and y alone. 

29, Introduction of new variables in a linear partial differentia] 
expression. We shall express 


of of 

Pt A, Egesens Wy An, 2 

Ory Os'n 

in terms of new variables y;,..., y, Which are independent functions ot 
Res aad rm. Since we may express f(;..... 7) as a function of y,,...., Yns 
we have 


of Of CH 1 , Of OYn 
Ou; CY 0.1; . 0 Yn Ours ° 
Multiplying by A; and summing for / 1, «acy @, We get 
at v 5 n y 
pp = 2 va, 4...4 22h S42. 
. on = OT; CYn = OX; 


These sums are equal to Py,..... Py, respectively. 
THEOREM. Jf im any linear partial differential expression Pf inn 
variables we introduce n new independent variables Vis ss Gop WE obtain 
af 


of 
Py : ceo P al : : 
[ | i 3 yy [ 4 ] 3 Yn 


where [Py] denotes the Junction obtained by CLPVessing Py; mn terns 
Of Vis. 6 > Ya 


For example, let Pf and the new variables p, 4 be 


of of : Y 
Pia eo , YVr?+y? 4 an? * 
| ar ' Oy f Vr re: _ J 
Then Pp 0, PA 1, so that the infinitesimal rotation Pf about the origin becomes 


of/08 when expressed in polar codrdinates. 


30. Determination of all differential equations invariant under 
a given infinitesimal transformation U/. By § 28, F(z, y, y') — 0 
is invariant under Uf if and only if U'F vanishes for all sets of values 
v,y,y satisfying F = 0. In particular, F Q is invariant if U'F is 
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identically zero in vw, y, y’; then F is a differential invariant of Uf (§ 25) 
and is a function of two solutions u(r, y) and r(x, y, y') of U'f = 0 (§ 26). 
Conversely, if we equate to zero any function, actually involving v, of x 
and vr, we obtain a differential equation invariant under Uf, since uw, v 
and any function of them are invariant. 

Are there differential equations F 0 invariant under Uf which are 
not expressible in the form y(a, v) O? It seems plausible that U'F 
may vanish for all sets of solutions of F 0 without being identically 
zero. For if 


Vf = ot, f= 
hae 
a ris not identically zero and yet VF vanishes when F = 0, 


In answering our question we may assume without loss of generality 
that wor, y) is not free of y (otherwise, we repeat the following discussion 
with and y interehanged and ¢§ and y interchanged). This assumption 
and the facet that « is a solution of Uf 0 imply that ¥ is not identically 
zero. Then wr, u,v are independent functions of «. y, y’ and may be 
introduced as new variables; by § 29, (7°'f becomes 


. / - f wn OF Cf 
Cl" x | aaaT L ("7 : / ‘ 
OT uf or Ou 
where 4 denotes the function obtained by expressing U’r = in terms 
of the new variables. Let F Q become o(r, uv) Q when expressed 


in terms of the new variables. If .« does not actually occur in ¢, we have 
an equation in « and r mentioned above. Suppose next that » occurs in 
6  , which may therefore be written in the solved form #— @(u, v) = 0. 
Since it is invariant under 4@/ 6.. by hypothesis, 4 is zero for all sets 


of solutions of «— @ 0. Returning to the initial variables, we conclude 
that € is zero for all sets of solutions of F’ 0. But the differential 
equation F 0 involves y’ and serves to determine y’ as a_ function 


Sir, y) of and y. Henee § is zero for all sets of values w7, y, x == fix, 9). 
Since y does not oceur in &, £€ is zero for all values of 7, y, contrary to 
the fact that € is not zero identieally in wr, y. 

THEOREM. A differential equation of the first order is invariant under 
the group generated hy the infinitesimal transformation Uf if and only if 
it can be expressed as an ordinary equation between two independent solutions 
uand v of U'f 0. 

Two examples were discussed at the end of § 26. The first appears as 
the case s = lr 1 of line 2 of the following table, while the 


canal 
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second appears in line 6. The result (§ 16) for a linear differential equation 
appears as the case s = 0 of line 3. The further entries in the table 
were obtained by starting with infinitesimal transformations so chosen that 
we can perform the integrations necessary to compute the invariants » and +. 


TABLE OF DIFFERENTIAL EQUATIONS INVARIANT UNDER THE ACCOMPANYING 
INFINITESIMAL TRANSFORMATIONS. 


aa af af 
Notations: = —, q ae n, r,s constants. 
or Oy 
7 S(vrt+ sy), sp—rq. 


ry’ yf lr" yf), srp—ryq. 


' (s—1) Rd 
es a R | ryy ()( ry’, mA) “ya: 


= = y yn 
ry —ny q | I \f | ah q | r) (rp — nyq). 
ry (ry — ny) | ae , 
i — : rp -T> 7% ° 
sry—ry J | n ey ep r ny” 
y—ary ff ny? r—nyy 
v = ; z- = f(z’ - ny) .. | Z vy = 
r—nyy > ime Loa y” 
gir? —ny*®),  nypr ry: 
(r+ Vany(1i=I di . . 
} + l nr es y 7 my has ny”), 
r—nyy , 
r+Vny i—| ny k(z?9— nv) 
. iar : c(2*"— ny’). 
r—Vny 1+V ny 
U y ” ) ] 5 
yy +a = gla) fir? + y*), g(r) (p> y )" 
pi? fl gf f| |, rp + y'—*q 
r Ss 


Further types may be derived from these by interchanging « with y 
and hence replacing y’ by 1/y’. All further types listed in the books by 
Cohen and Page are special cases of the foregoing. This table serves as 
a key to the integration of differential equations of the first order. 
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CHAPTER III. 


Solution of one or more linear partial differential equations 

of the first order. 

After presenting standard methods of solving a single linear partial 
differential equation in three variables, we shall give the simpler methods 
available when the equation is invariant under one or two known infini- 
tesimal transformations. The latter methods are based on the classic 
theory of complete systems, which is developed in full detail for the 
typical case of two equations in three variables (the only case required 
in this paper except in the discussion of covariants in § 55). In particular, 
this case is sufficient for the important applications in chapter IV to 
ordinary differential equations of the second order. 

31. Existence of solutions. To the equation 


(1) pe — AL 4 pL 4 cL 9 
of OY" CZ 


in which A, B, C are functions of 7, y, 2, we make correspond the system 
of ordinary differential equations 


dar dy dz 
(2) = 3 
A B c* 

If v(r, y, 2) const. is any integral of (2), it was readily verified in 


§$ 26 that v is a solution of (1). Also, if « and r are two independent 
solutions, all functions of « and v are solutions and exhaust the solutions 
of (1). The relation between the equations (1) and (2) in three variables 
is analogous to that established in $13 for equations in two variables. 

For the case in which A and B are functions of x and y only, it was 
proved in § 26 that there exist two independent integrals u = c, v = k 
of (2). For the general case in which A and B, as well as C, are any 
functions of «, y, z, the same conclusion holds.* 


* Picard, Traité d’Analyse, II, 1893, p. 298. To give a plausible argument (not a proof), 
note that, at an arbitrary point P: (ro, Yo. Zo) in space, equations (2) determine a unique 
direction or straight line whose direction cosines are propertional to A (x, Yo, 20), B, C. 
Consider a point P,: (2;, ¥:, 2:) in this line at an infinitesimal distance from P). Equations 
(2) determine a unique direction at P, and hence determine a third point P, at an infi- 
nitesimal distance from P, and in the latter direction from it. In this manner we obtain 
a curve in space. By varying the initial point 2, we obtain in all a doubly infinite 
system of integral curves of (2). The general one of these curves is determined by two 
equations involving x. y, z and two arbitrary constants ¢ and k, whose solved forms are 


:e,eo=e4,e = & 
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Any linear partial differential equation of the first order in » variables has 
n—1 independent solutions. Any function of them is a solution and every 
solution is a function of them. 

32. Three equations in three variables. Consider 


pp= Artis ie ——" 
ov ( Y Cz 
. 0 of Of 

(3) uf —pti+e 4k 0 
i] 1 CZ 
7 af af of 

Vy G—+ A+ 7 — 0, 
a | Y 4 

im which A,..., J are functions of .. y, 2. Suppose they have a common 


solution ® (2, y,2) not a constant. Then 


(D aD (Dp 
(4) ; 

oP an 
are not all zero. When @ is substituted for /. equations (3) become three 
linear homogeneous equations in the three unknowns (4). Since the latter 
are not all zero, the determinant 


(9) 4 DEF 
GH 


of their coefficients is identically zero, 

Then there exist three functions /, m,n of .r, y, 2 not all identically 
zero, such that 
(6) IPf+mUf+nvVf (), 


identically in +, y, z for all functions f. and the three equations (3) are 
said to be linearly dependent. For, if the minors 


'EF BC BC 
:i= - . 4 
HI Hd REF 


of the elements of the first column in (5) are not all identically zero, we 
have (6) for /=—a, m= —d,n q. But if all nine minors of (5) are 





DIFFERENTIAL EQUATIONS FROM THE GROUP STANDPOINT. 327 


identically zero and if J 0, for example, we see from a= 0 and) —0, 
where } is the minor of B, that 


: HF GF ho ee 
iD 1? D 1? Uy ] Vf, 


x) that we have a linear dependence (6). 

THEOREM 1. Jf equations (3) have a common solution which is not a 
constant, they are linearly dependent. 

The problem of solving three linearly independent equations (3) is there- 
tore trivial, since their only common solution is a constant. If the equations 
ure dependent, so that (6) holds, where for example / is not identically 
zero, every common solution of Uf — 0 and Vf=0 is a solution of 
’f —~ 0, which may therefore be discarded. If four or more equations 
in three variables have a common solution which is not a constant, all but 
two of the equations are consequences of those two and may be discarded. 

33. Complete system of two equations. In the commutator 


7) (PU)7 P(Uf)—U (Pf), 


ot I’f with Uf, the second derivatives are seen to cancel as in § 21. 


Whence if we employ the notations (3), we readily obtain 


(8) (PU) — (Pp—UA) 2! + (PE—UB) £4 (PF—UC) 2, 
’ Or OY CZ 


so that the rule for forming the commutator is the same as that in § 21. 

Let Pf 0 and Uf==0 be linearly independent and have a common 
solution @ not a constant. Then, by (7), @ is also a solution of (PU) f= 0. 
Hence, by Theorem 1, Pf - 0, Uf== 0, (PU) f= 0 are linearly dependent. 
In the linear relation between them, the coefficient of (PU) 7 is not zero 
identically (since otherwise Pf and Uf would be linearly dependent) and 
may be divided out of the relation. This proves the following result. 

THEOREM 2. If Pf = 0 and Uf = 0 are linearly independent and have 
a common solution which is not a constant, then 


7 


(\9) (PU) f o(r, y, 2) Pf + or, y, 2) US, 


identically in x,y,z and for every function rs 

Two linearly independent equations Pf = 0 and ('f= 0 whose commutator 
is expressible linearly to terms of them, as in (9), are said to form a 
complete system. Hence Theorem 2 may be stated in the following form. 
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THEOREM 3. Jf two linear partial differential equations of the first order 
are linearly independent and have a common solution which is not a constant, 
they form a complete system. 

In order to prove the converse of this theorem, we first show that if 
we replace a complete system Pf = 0, (f= 0 by an equivalent system 


(10) Rf = e«Pf+euf=o0, Sf yPf+oUf = 0, ve + 0, 


in which @,....6 are functions of .7, y, 2, we obtain a new complete system 
Rf=0, Sf=0. By definition, (RS) f= R(Sf)—S(Rf), whence 


(RS) f = R(iyPf t+ dU f)—SlePf + BUS). 
In computing each of the four terms f(y Pf), ete., we must apply a linear 
differential operator R or S to a product of two functions. Hence we 
operate on each of the two factors in turn as in the differentiation of 
a product. First, if we operate each time on the Greek letters, we get 
(11) (Ry— Sa) Pf+ (Rd— SZ) UF. 
Next, if we operate on the Roman letters, we get 


y R(PS)+ 6 RUS) —aS(Pf)— BSUS). 


Inserting the expressions (10) for Rf and Sf, we get eight terms which, 
after cancellation of four in pairs, may be combined by (7) into 


(12) (ad — By)-(PU)Ff. 


Hence (RS) f is equal to the sum of the expressions (11) and (12). 

We assume that Pf QO and Uf ()} form a complete system, so 
that (9) holds. Then (12), and hence also (RS) /, is a linear function of 
Pf and Uf. The latter are linear functions of Af and Sf, as seen by 
solving -relations (10). Hence 


(13) (RS) f A(r, y, 2) Rf +- wa, y, 2) Sf. 


Hence if Pf 0 and Uf = 0 form a complete system, any two linearly 
independent linear combinations (10) of them also form a complete system. 
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Our next step is to prove that we can choose Rf and Sf in (10) so 
that (RS)f — 0. Since Pf == 0 and Uf = 0, given by (3), are linearly 
independent, not all the three 2-rowed determinants of their coefficients are 
identically zero (since otherwise A, B, C would be proportional to D, E, F). 
Let, for example, d= AE— BD+0. Choose 


- (EPf—BUf) = "£4 72L, + = -(Ec—BR), 
( eee : 
sp —ACprptaum = 45, »=1ar—po, 
d by “- 4 
Then 
(RS) f (Rs — Sr) <a. 


Comparing this with (13), we see that 4 0, u 0. Hence any complete 
system is equivalent to a JACOBIAN SYSTEM whose commutator is identi- 
cally Z2e'YO. 

A Jacobian system has a common solution. For, let «w(x. y,z) and v(x, y,2) 
be two independent solutions of Rf = 0. Then any function F(u,v) of 
them is a solution. This F’ will be a solution also of Sf = 0, if (§ 29) 

oF - Sr 


(14) SFr) —— Su + — 
Au B2 


0. 


But (RS)f — RISf)— SRS) 0. Replacing f by « and + in turn, 
and recalling that Ra 0, Rr 0, we get R(Su) 0, R(Sv) = 0. 
Thus Sw and Sv are solutions of Rf =O and hence are functions (u,v) 
and A(w,r) of w and +. Our equation (14) becomes 


oF aF 
g(u,v) —— + h(a, v) = 0), 
- Ou or 


which is known ($7) to have a solution F'(z, v). 

This common solution F of Rf — 0 and Sf — 0 is a common solution 
of Pf Q and lf 0 in view of (10). This completes the proof of 
the following converse of Theorem 3. 

Turorem 4. If Pf 0 and Uf = 0 form a complete system, they have 
a common solution which is not a constant. 

34. Complete system of r equations in n variables. The preceding 
results may be extended readily by the same methods* to linear partial 

*For a simple exposition of this classic theory, see L. Bianchi, Gruppi continui finiti di 
trasformazioni, 1918, 18-28; Goursat’s Mathematical Analysis, vol. 2, part 2, p. 267 (English 


transl. by Hedrick and Dunkel). 
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differential equations P;f = 0 of the first order in » variables. If 2 such 
equations have a common solution which is not a constant, they are 
linearly dependent. Hence consider s(s < ) linearly independent equations 
Pi f = 0, ..., Psf = 0. It they have a common solution which is not 
a constant, each of the 1/2s(s—1) equations 


(Pj Pi) f 0 (j, ke hi wang tis eh 


has this same solution. We therefore enlarge the given system of equations 
by annexing seriatim such of the new equations as are linearly independent 
ot the former and those previously annexed. We form the commutators 
of the enlarged system and again annex seriatim those which are independent 
ot the former and those previously annexed. This process must terminate 
since we saw that not more than n—1 independent equations have a 
common solution which is not a constant. Let the final system be 


(15) P, f PPrrren i ® f 0 (r< 7), 


so that they are linearly independent, while the commutator of any pair 
of them is a linear function of 2, f...., Pf. Such a system is called a 
complete system. Hence all common solutions of any system are common 
solutions of a certain complete system. 

Our complete system (15) is equivalent to a Jacobian system* Q; f — 0, . 


..+. Gf = 0, all of whose commutators are identically zero. The latter 
system, and hence also (15), has exactly n—r independent solutions. For, 
by § 31,90,/ 0 has n—1 independent solutions 7, ..., % 1. In view ot 
(Q; Qs) f O. Gomis a function O; of a, 2... M1. Then Fy... .. Mn-1) 
will be a solution also of Qs f 0 if ($3 29) 
(Js F MD, nk r +++ +Q@,_,- 0. 
Oy OUy—] 


By $31, this equation in »—1 variables has »—2 independent solutions 
My eeey Une In view of (Q, Qs) f — 0 and (Qs Qs) f 0, we see that Qs vi 


is a solution of both Q, f 0 and Q f Q and hence is a function 4; 
Of 7, 6.4, tree Thus O(r,, 2... v,—2) will be a solution of Qf — 0 il 


aD | a 
oe i ale a 

Be rn—-2 

Ov"! OUn-2 


()s (—D Wy 


“Obtained by solving (15) for of the partial derivatives in terms of the remaining n—r. 
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This equation in »—2 variables has n—3 independent solutions which, 
being functions of 7, ..., Un—2, are solutions also of Q, f = 0 and Qf = 0. 
We have now taken three of the r similar steps in the proof (by induction) of 

THEOREM 5, All common solutions of a complete system of r equations in 
n variables are functions of n—r independent common solutions. 

35. Standard methods of solving a complete system of two 
equations in three variables. One method employs two independent 
solutions wv and v of one of the equations, say Uf = 0. By Theorem 4 
of § 33, there exists a function F'(u, v) which is a solution also of the other 
equation Pf = O, whence 

PP = oF Pu+ oF Pv 0. 


Ou Ov 


li « itself is not the desired common solution, then Pu = 0 and 


| oF Pr 
(16) 7. 5 


oF 
QO, = ‘ 
oa ou 4 Pu 


Since the partial derivatives of F'(w, v) are functions of w and v, the remaining 
quantity g in (16) must be a function of « and v. Hence (16) is an equation 
in «w and v only, and is equivalent (§ 13) to an ordinary differential equation 
of the first order in two variables. 


For example, the two equations 


. of or ae 3 
: ry? = —2z’y 5 +, (y*—2z)z =~ = 9, 
| Ps ° Oe y ° Oz 
(17) f af af 
Oo C } 
rf al vo} z= =0 
| U's 355 by" De 
form a complete system since (UP) f 2P/. Evident solutions of Uf = 0 are 
u=y/arv z/x. Then 
ure S “! chock a ms 
> 2 4. 92 : 7 ‘ 
Pu “ (4 y*), Pr 93 (a° + yy”), 4 “= s 
Thus (16) becomes 
ar a a » ° 
A OJ ates 0. du — dia ie “ — 
Ou °* Ow u , v 
Hence a common solution of (17) is u/v? or ry/z? 
° » owres | 
Another method reduces the solution of a complete system Pf = 0, 
lf = 0, given by (3), to the finding of an integral f == const. of the 


total differential equation 
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du dy dz 
(18) As € 0, 
DE F 


which follows trom the given equations and 


tr cf of 
dt —~@5->—-aeT J dz 0. 
: £ y 02 
To find an integral 7 ¢ of (18), note that for any chosen value of « 
the plane z = «+ «y intersects the desired integral surfaces / e ina 


family of curves whose differential equation is found by eliminating 2 and 
dz from (18) by means of 


(19) ZS Tay, de d ra ady, 
and hence is of the form 


gry. Odawrhlryaydy 0. 


For a arbitrary, let w (7, y, a) ec be an integral of the latter. Elimi- 
nating a by means of z = r++ay, we obtain the desired integral 
he: 
Ww | Cy Bs c 


Y 
of (18). The method requires modification (as in the example) when « does 


not actually oceur in w (x, y, 4). 


ExamMpLe. When the given equations are (17), we find that (18) is the product of 
— F(a? + y*) by 


(20) yzdr+aezdy—2rydz V0. 
Inserting the values (19). we get 
(ay r)(y dr—ad y= 0. 


Since a drops out on removing the algebraic factor, the method fails and will fail when 
any homogeneous equation is used for the planes. But we shall succeed if we employ 








the equation eta, dy da, instead of (19). Now (20) becomes 
(Qx+a)dce  2dz 1] , a(r+a) 
oe anaer aE = - 3 ad logxr'r-+ a) dlog z?, pc . 
Elimination of a gives ry/z? = e. 


BEBE 
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36. Equation Pf (, determined by two solutions. Two in- 
dependent solutions @, (7, y, 2) and @, (x, y, z) of 


a 3 ae ee 


e 


Or rs) y Oz 


(21) ry A 


determine uniquely the ratios of A, B, C and hence determine the equation 
apart from a factor which is a function of x, y, z. For, 


aM a@ aD aD, 
A + J 4 CS 0. Ps Se 0 
Ox oy 02 Ox 
together with (21) require 
of of of 
Or OY Oz 
(22) sec ce ie 0, 
Ou Oy OZ 
aM, aD, 6D, 
Or OY 02 


Whose expansion according to the elements of the first row is a linear 
partial differential equation* which has the solutions ®, and @, and is 
uniquely determined by them. 

37. Pf Q} invariant under a transformation. By the simple 
method of § 29 we may express (21) in terms of new independent variables 


(23) Ty Ar, y. 2). Uh = fs Y; Zz), 21 v (2, Yy, Zz): 


denote the resulting differential expression by P,/. 
We shall say that Pf — 0 is invariant under the transformation (23) it 


. we ; « UF , of 
(24) Pf els), Wis 21) A, “8 T B, H ( ; 


OL, Oy 02,/ 


Where A,, B,, C, are the same functions of ., “%:,. 2% that A, B. C were 
of vy, 2 Since O(2, y, 2) is a solution of (21), @i(r. yi. 21) is then 


* Not identically zero. For, if the determinant (22) be identically zero, a well known 
theorem states that f, @,, @, are dependent functions. Since / is arbitrary, @, and Q, 
would be dependent contrary to hypothesis. 








ee es 


TED a aS SR 
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a solution of P,f = 0. Since Pf Pf in view of relations (23), the 
latter solution becomes a solution of Pf QO when expressed in terms 
ot wv. y, 2. and hence is a function of two independent solutions: 


(25) Oj (7,. Yi. 21) Wi[®, (7, y, 2), Ds(a, y, 2)] ( 1, 


2). 

Conversely, relations (25) imply that P, f= 0 has the solutions ®; (4), y,,2,), 
so that (24) holds by § 36. 

Hence Pf = 0 ts invariant under the transformation (23) if and only 
if its independent solutions ®; satisfy relations (25). 

Let an infinitesimal transformation Uf generate a group of. trans- 
formations (23) in which the coefficients are functions of a parameter ¢. 
Then Pf = O is invariant under the group if and only if (25) are con- 
sequences of (23), the coefficients of yw; being functions of ¢. By (15) of 
Chapter I, 





: a 
(26) Dj (0; Ys 21) MD; + tl @; io! (U@)+... (j 1.2). 


for every ¢ sufficiently small, where @; denotes @;(x, y, 2). 
It (25) hold, the coefticient of ¢ in the expansion of its second member 
must be equal to U'@; by (26), whence* 


(27) UO, = F,(Q@,, @s), UW, F.(@,. Dy). 


Conversely, (27) imply that 


en teas oFe = on a F; : 0 F, 0 F; 
( , 2 (Dp, + r ch. i, 
UU) UF @,, Os) 5, UO, 4 5 O. Um, 5, F, + 5. F, 


and similarly that U[U(0@,)] is a function of @,,@.. Then from (26) 
we obtain relations of the type (25). 

THEOREM 6. An equation Pf = 0 having the independent solutions 
and My is invariant under (the group generated by) Uf if and only if UD, 
and U@, are Junctions of @, and WM, as in (27). 

This criterion for the invariance of Pf— 0 under Uf involves the 
solutions @; which we desire to find. Hence we seek a criterion not in- 
volving the @;. First, let (27) hold. We employ the commutator 


(UP), Ui PO)— PU, U0) — P[Fi(M,, O,)] 0. 


“These follow also from (13) of Chapter I. 
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Hence (UP) 7 ~ O has the same solutions @; as Pf -—- 0, whence (§ 36) 
(D8) (UP) f el, y. 2) PP. 


Conversely, the latter implies that the solution ®; of ?/'= 0 is a solution 
of (UP) f = 0, whence P?(1'@;) 0, so that (27) follow. 

THEOREM 7. Pf = 0 és neariant under Uf if and only if the commutator 
(UP) f is the product of Pf by a function of 2, ¥, 4. 

In the example 17), (UP) ff 2 Pf. Hence Pf = 0 is invariant under Uf. 

3%, Solution of equation /’/ — (0 invariant under Uy. First let 
Py and Uf be linearly independent. Then, by (28), Pf = 0 and Uf = 0 
lorm a complete system. Suppose we have found by one of the methods 
in $35 a common solution @ Mr, y.2) Which is not a constant. Then 
a second solution ean be found by quadratures as follows. By permuting 
.y.2 if necessary, We may assume that 7 actually occurs in @. Then 
we may introduce the new variables w,y,@ in place of «,y,2. By § 29, 
Pf and Uf become, when expressed in terms of vy, @. 





; Of , of — ae: ie of 
2) P, J A . t PB, ma . US 2) = i 41 4 ’ 

Ou ‘y Oa Oy 
since the coefficients of of 0@ are P@ — 0, and U@ ~~ 0, Here Aj, Bi, 
S.m, are the functions A, 2B, &, 7 expressed in terms of v.y.@. By (28), 


(U.P) f = UP)f = ePf = aPJ, 
so that P,f > O is invariant under U7 and 


(30) Bb, dr— Ardy 
A,”, —B,§, 

is an exat differential ($15), in whose integration by quadratures @ plays 
the role of a constant. Note that the denominator is not zero identically 
since otherwise Pf and Uf would be linearly dependent, contrary to the 
linear independence of Pf and Uf. 

Exampne. Let Pf and Uf be given by (17). We found above the common solution 
P — vy/z. Then , . 





‘ ar _ oF a, if ‘ Of 
> > : : : re re a ot ar 
Pf — zy 5o — ay 2”, S29 t¥ oy 
. 9 ” 
(30) wyda—wxy*dy - timate 
; , wy (art y*) ibis — 


Hence Pf — 0 has the independent solutions wy/z* and a? + y’. 
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Second, let (‘7 vy Pf. We have 


oF, Vs yP(Vf)— Vir Pf) yr PiVf)— Ve. Pf—rv VPP), 


(31) GP. V)f = (PV) f—Vee Pf 


The case V P gives GP. P)f —Pyv- Pf. Henee, by Theorem 7, 
Pf O is invariant under (°/ vy Pf tor every function » of vw, y, 2. 
Since no new information is gained concerning a particular equation Pf — 0 
from the fact that it is invariant under Uf vy Pf, that intinitesimal 
transformation should not be expeeted to aid in the solution of Pf 0. 
We now have Uf vy P,f. so that the denominator in (30) is identically 
zero, and the fact that /,f = O is invariant under Uf is of no aid in 
its integration (ef. $ 15). 

39, Jacobi’ identity. If /'/. Vf. Pf are three linear partial differential 
expressions of the first order in any number of variables, then 


(32) (UVP) PFHE(V PO) + OPIN V)S 0, 
Since 
(UV) UivVsy)— VCs), 


(UV) Ps = UVPs—VUPS—PUVs4+- PVUys, 


where UV Pf means U[V(Ps)]. Permuting the letters 0°, V, P eyelically, 
we get 
(VPjU)S ePus—P VO f—UvVPy+ Url fs, 
(PE)V)s PUT S— UPTV f— VPUsS+ VU Pf. 


By adding the three relations we get (32). 

4). Equation invariant under two infinitesimal transformations 
We shall first prove the existence of two infinitesimal transformations (7/ 
and Vf each leaving invariant a given partial differential equation Pf — 0 
in three variables (and such that (7/, Vf. Pf are linearly independent). 
For, by § 31, Pf O has two independent solutions w(s7, y, 2) and v(v, y, 2). 
Which are therefore independent with respect to two of the variables, 


say . and y. In terms of the new variables 7, “yy vy 2 7, the 
equation Pf OQ becomes (§ 24) 
af of | of Of 
Px, ->— Py: + P2,° J 0 or J 0) 


ory By ay: 02 
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By inspection, the latter is invariant under 





of af 
, . . e 
OS; ON 
These become the desired ("f/ and Vf when we return to the initial variables. 
We next prove the following fundamental result. 
THEOREM 8. Lf the linear partial differential equation Pf = 0 is invariant 
under tivo infinitesimal transformations Uf and Vf. it is invariant also 
under their commutator (UV). 
By Theorem 7, 
(33) (UP) eo Pf, (VP)f a Pf, 
where g and 6 are funetions of .«. y, 2. Also, 
(Ply -(UP)f. 
Henee (32) gives 
(UVP) (9 P, V) f—(eP, Us. 
By (31), 
e@ PVs e(PVif—Ve-Ph (6@P Uf a(PU)f—Uc. Pf. 
Applying also (33), we get 
(34) (UVP) FY, 1 UVe— Ve. 
By Theorem 7, Pf is invariant under ((°V)/. 
41. Solution of P/ — 0 invariant under U;/ and Vf when P, U, 
are linearly independent. We employ the notations (3) and (5). 
Then 4 is not identically zero since P, UV are linearly independent ($ 32). 
Henee we can solve relations (3) for the three partial derivatives as linear 
functions of P, (. Ve Substituting the resulting values in the expression 
for the commutator (U7 V)/ as a linear function of those partial derivatives, 
we obtain a relation of the form 
(35) (Vie AUf+uVf+vPyf, 
in which 4, «, » are known functions of .. y. 2. Since Ps 0 is in- ; 
variant under ('/ and Vf. we have (34). Insert the expression (35) for i 
((°V) and apply (31) and (33). We get ' 
z \ 
— , . 7, . § 
AU ft eVftryPh Pf MUP S—PLUS WO P\f—Py-Vf—Pr- Pf ; 


(ag-teo — Pr) Pf —PLUS— Pu VF. 


72% 
o 
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This must be identical with «Pf by (34). But P, U, V are linearly in- 


dependent. Hence Pd O, Pu 0, so that 2 and yw are solutions of 
Pf —= 0, which is invariant under Uf, Vf. Thus, by (27), 
(36) 4, w, Ud, Up, Va, Ve 


are all solutions of Pf = 0. If any two of these six functions are in- 
dependent, we have found the complete solution of Pf — 0 by algebraic 
processes and differentiations. 

There remain two eases. Either 4 and mw are both constants, a case 
treated under (ii); or else 4 (for example) is not a constant and the remaining 
five functions (36) are all functions of 4. The latter case will be treated first. 

(i) Let 4 be a solution, not a constant, of Pf — O, such that (4 = g(A), 
VA h(a). Then the infinitesimal transformation * 





Wwe h(ay- Uf —qta)- Ve 
leaves Pf 0 invariant. For, by (31), 
hl. P)f h(UP)f—Ph. Uf. (gV, Pf g(VP)f—Pq- VS 
and Ph Pq U0, since PA 0. Henee, by (33), 
(WP) h(UP)f—q-s(VP\f (he—gea)Pf. 
Furthermore, Wi = hg—gh 0. Henee we may apply § 38 (with W 


in place of U’) and tind by quadratures a common solution, in addition to 4, 
of the complete system Pf 0. We 0. 


For example, the equation 


: af of 0 
Pf (49—y—z+2)7-—-4+ 2(y—«r+2) zi (r—Yy-—-2)> f = 0 
Ou OY Oz 
is invariant under the two infinitesimal transformations 
of of of of Of 
Uf —— of Vi = &+224+)Ii— 2 ---— -—-], 
A x ae I y+ ) (== + ay Oe 


since (UP) f OV PS 0. Also, Pf, Uf, and V/ are linearly independent since 
the determinant of their coefficients is 


4(y+22+1)(y—x+2—1). 
“If Wf = 0, then hd) = 0, gd) 0, since Uf and Vf are linearly independent 


by hypothesis. Then 4 is a common solution of Pf 0, Uf 0, Vf — 0, contrary 
to Theorem 1. 
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We find that (UV) f k Vf, k = 2(y+2z+1). Hence k, and also 4 = y+2z, is 
a solution of Pf = 0. Also, UA 2, VA 0. Hence the problem falls under the 
present case (i) with WS —2Vf. We remove a factor and employ 

we = “L4—92f_ OF 


Ox Oy Gz 


(Wf =64 


To proceed as in § 38 (with W in place of U’), we introduce the new variables x, y, @ = y+-2z, 
and find that ?f and Wf become 


af af : a - 
PS = (e—j9— 5 O+2 — +¢—22+@ =. wif = Lyf, 
“ Ox Oy On OY 


By (30), 
(y—2r+QDydr—(r—'y -1@ +2) dy 
= = — 
Qy—42+27H—4 
is an exact differential. In the integration we regard @ as a constant, write ¢ for 


r—'y—@, and eliminate x. We get 


tdt 


+? r +. odes - , 
2(t+ 1) i aay 0, t — log (t Ib+y . 


Returning to the initial variables, we obtain the second solution 


r—z—log(r—y—7z+1). 


(ii) Let 4 and mw in (35) be constants. Without loss of generality we 


may take » = 0. For, if « + 0, Pf 0 is invariant under 
Uf = UftvVf Vd — Uf, 
ft 
for which, by (35), 
(UV) f = —(VU)S = (UV) S = n{--Uft+ Vf)+terPef 


eUf +P 
and this is of the form (35) with 0. Henee we may write 


a constant). 


(37) (UV) f = cUf+va,y2) Pf (c 
Since Pf 0 is invariant under 7’f and Vf. we have 
(38) (UP) f= ePf, CEP is = <eFy. 


The first relation shows that Pf —- 0 and Uf’ = 0 form a complete system; 
let ® be their unknown common solution. The second relation and (37) 
may be written in the forms 


V(P/)—P(V Sf) — 6Pf. UVA—VU/ = cUf +» Pf. 
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Take f = @® and apply P® 0, UM 0. We see that P(V@) — 0, 
U( Vo) 0, so that '@ is a solution of our complete system Pf — 0, 
("f -= 0, and hence is a function of ® alone, Vi wid). It w(@) were 
identically zero, Vif 0. Py 0, and Uf Q would have a common 
solution @, not a constant, and henee by Theorem 1 would be linearly 
dependent, contrary to hypothesis. Hence uw(@) 0. As in $15, we ean 
therefore determine a function z7(@) such that Vz 1. Hence there exists 
a function x for which 


(39) Py (), l"y Q), Vx i 


Employing the expressions (3) for Pf. Uf, Vf. and reealling that the 
determinant {4 is not identically zero, we see that (39) can be solved as 
linear equations for 


(40) eK, 


and their values substituted in 


ier = "Fly - A 


O7 y 02 


dy bes 


3ut the desired expression for dz may be found more simply by a device. 
Since 
- 4 dy - 7F dz} 0) 


Py=0, Uxy=0, Vy-dy—(2* de 
or oy OZ 


are homogeneous in (40), the determinant of their coefficients must be 
identically zero: 
A B (' 
dD BE F 0, 
Gidly—dar Hdy—dy ldy dz 


Employing the determinant 4 in (5), we get at once 
A ££ € 


Ady D EK F 0, 
dr dy dz 
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Hence 
dr dy dz 
A 8 C€ 
. | D E F 
Z P 4 
If « QO in (37), we see trom it and (38) that Pf 0 and Vf 0 


form a complete system having a common solution w for which P(U w) 0, 


Vid) 0, whenee Ue is a funetion of uv alone. Without loss of 


generality ($15), we may take Uy 


—1. As before 


dx dy dz 
A B C 
G H TI 
us 
e 4 
since Uy — O, U’ is independent of z. 
If ¢ 4 O, it remains to find a solution of ?f — 0 independent of the 
solution zy. Sinee z is a common solution of Pf 0 and Uf — 0, we 


may proceed as in § 38 and tind by quadrature the desired new solution. 


THEOREM. Jf Pf O ix invariant under two given infinitesimal trans- 
formations Uf and Vf. such that the latter and Pf are linearly independent, 


the integration if Pr 0 re quires only quadrature i. 


As an example under case (ii), the equation 


ar If of 
(41) Pf 97 -——- + 2 (r+ 22) - 0 
: a y : 
is invariant under 
™ of ‘ad Of Of ey 
Uf (r+ 42), Vy I Te = Te 
. Oz Ou y 2 
since (UP) f 0. (VP) 7 0. Here (UV) S 0 and 
y | r(x + 42z)(2y—.), 


so that our problem falls under case (ii). Since 


dur dy dz 
Qu F eZ 
0 0 vr+4 
a common solution of Pf — 0 and Uf = 0 is 


*dr Ydy te 
y= fiectte = 


v(a +42) (de —2dy), 


log (r—2y). 











te atlay 
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While we might compute the integral ¢', it is simpler to proceed as suggested under 
the case ¢ + O and employ the new variables x, w-- r—2y, 2. Then Pf =~ 0 becomes 


which is invariant under Uf. From the resulting integrating factor, we conclude that 


(xn+22)dr+2rdz 
2xr(4+ 42) sat 
is an exact differential: in fact, of + log (27+ 4.rz). Hence r—2y and 2°?+ 4.rz are 
two independent solutions of Pf = 0. 

Further examples of greater intrinsic interest are solved by the method of this case (ii) 
in $49. Two instructive, but longer problems of geometrical origin are treated by this 
method by Lie-Scheffers, Differentialgleichungen, pp. 493-456. 

42. Solution of Pf — (0 invariant under U/ and V/ when P, 
U, V are linearly dependent. It is understood (end of § 38) that U7 
is not the product of Pf by a function of wy. 2. But PA US, VP are 
by hypothesis connected by a linear relation. The coefficient of Vf is 
not identically zero and may be divided out, giving 


(42) Ve — OUS+ vPf. 
Since Pf Q is invariant under /"f and Vf, 


(Pf o Pf, (VPP oPf. 
Hence by (31), 


oPf (ODU'-+-rvP Pf DO UP\{— Po. Uf- Py. Pf 
(De— Pv) Pf— PO.Uf. 


Thus PO 0, since otherwise ('f would be a multiple of Pf. Hence 
we know in advance the solution ® of Pf 0. We may exclude the 
ease in Which © is a constant, since Vf in (42) is then not regarded as 
essentially distinct from Uf with respect to Pf- 0. In faet, when 
Pf — 0 is invariant under (’f, it is necessarily invariant under ®U' f+ vPyf, 
for every constant ® and function », since (as just shown) 


(DU +P Pf (Doe— Pv) Pf, 


aud no new knowledge is added by the assumption that Pf 0 is in- 
variant also under (42), 
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We seek a solution of ?f— 0 which shall be independent of the known 
solution @. Since (UP)f e Pf, it is furnished by U® if U® is in- 
dependent of ®. Henceforth, let U@ be a function of @. 

For definiteness, let the variable z actually oceur in @, and introduce 


r, y, ® as new variables. Since P@ 0, Pf and Uf become 
af aft a _ af _ of aft 
Pf = PrtA+py®l, ug ur 8f sey fave 
or Oy Or “ oy OM 


rim 0, U\f gives us an integrating factor of the ordinary differential 
equation corresponding to Pf —- 0. But if U@ £0, Uf alters ®, which 
occurs only as a parameter in /,f-  O and is evidently* of no assistance 
in the integration of /,f — 0. We must therefore solve the corresponding 
ordinary differential equation in . and y without any effective assistance 
from the known infinitesimal transformations. 

THEOREM. Jf Pf O ix invariant under tio essentially distinct infinit- 
esimal transformations Ufiand Vf such that the latter and Pf are linearly 
dependent, one solution @ is known in advance from (42) and the determi- 
nation of a second solution requires, when UM is a function of ®, the 
integration of an ordinary differential equation of the first order in two 
variables, 

To give a brief, but highly artificial, illustration, note that the equation (41) is invariant 
also under 


e 2+4s of 
Wy ; hs sie 
sy¥+re—y’ dz 
since US (pW, where @ ryt+axrz—7?, @ is a solution of Pf = 0. Then 
Ud = r°+4r2z ¢ is a new solution. From them we obtain ¢—4@ = (r--2y)?, 
and hence have our former solutions. 


CHAPTER IV. 
Ordinary differential equations of the second order. 

The primary object of this chapter is to show how to utilize the know- 
ledge that a differential equation of the second order is invariant under 
one or two known infinitesimal transformations in order to simplify the 
work of its integration. In the first case it is necessary to solve auxiliary 
differential equations of the first order, but in the second case we succeed 
by quadratures alone. The methods may be readily extended to differ- 
ential equations of higher orders. 

*For example, A(x, y) 0f/Ar+ Bir, ye f/Oy 0 is invariant under 6/62 what- 
ever be A and B. Since the invariance implies no information concerning A and B, it 


cannot aid in solving the equation. 
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The important secondary objects of the chapter are the development of 
a simple theory of differential invariants, an introduction to the theory of 
closed system of infinitesimal transformations, including the four canonical 
types of the systems determined by two intinitesimal transformations, and 
the determination of the number of linearly independent infinitesimal trans- 
formations which leave a differential equation invariant. 

43. Second extension of an infinitesimal transformation Uy. 
We may best utilize the method employed in §$ 23 to find the first exten- 
sion Uf if we do not employ the explicit fractional expression for yj, but 
use the general notation 





(1) rT} Mir. y, a), } xr, Ys, y', a). 
Then »/” dy’ dv is transformed into 
me dy dy Art tuy tayy” 
Kn d ry dtp (D),- Dy! . 


Denote the final fraction by \V ). We desire the value of its derivative 
with respect to @ for a a. Fora a, (1) reduces to the identity 


, 


transformation re Uf y. Hence 
@,—1, O, = 0, xr--0, xy— 9. ZY A=», D—1, she ee 


Since dy/da reduces to 7° and d@da to & by § 23, we have 


d N ’ ’ Pe ‘ i dy, | d D i c , ds 
Nr hy UY at hy’? - ¢ t- Sy? e 
da aé=as = iy Y iy dir da ad iad su dx 
Hence 
” d N d 7" ” dg 
n —) ’ 
; da \ Die=e dar I dr 


The second extension of /’f is therefore 


ee » oF of of, of 
(2) U" j .. - +9 8 2S te Sa 
On bs OV" OY OY 
where | 
dy AEs 2 
(3) 7 ’ y' nx t+-(ny— Ex) y’ —Eyy" 
f i. © de jx \Yy—sx)¥Y —SyY + 
, ‘ 
7 dy » a¢ ? — ; , as 
— ae 
(4) i da Y dar. Wr Ny (Wy 32 syy )y - 
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By an argument analogous to that in § 28, we obtain the 

THEOREM. The differential equation F(x, y, y', y") 0 of the second 
order is meariant under the infinitesimal transformation Uf if and only 
it the ordinary equation F O m four independent variables x,y. y', y" 
ws cnvariant under the second catension U"f af Uf, and hence if U"F 
vanishes for all sets of values of the four variables satisfying F 0. 
For example, the first extension of 

of of 


Uf ny +2, 
Or Cy 


was found at the end of § 26. Its second extension is 


‘ieee a ny ae wr os +(l—n y"’) OF —3nyy" ed . 
Or OY OY OY 
Since U" y" 3ny y" is zero when y” 0, the differential equation 7” = 0 is 
invariant under [°f. This is geometrically evident when n = -—1, since Uf is then 
the infinitesimal rotation about the origin, while the system of all straight lines in the 
plane (the integral curves of y” Q) is invariant under all rotations. 


44. Differential invariants of the second order of U/. By § 26, 
there exists an ordinary invariant w(r, y) of Uf, i. e., a solution of Uf = 0, 
and: a differential invariant c(i. y, y') of the first order, i. e., a solution 
invelving y’ of U'f 0, where (''f is the first extension of Uf. But it 
is Not necessary to proceed by a similar process of integration in order to 
obtain a differential invariant w of the second order of (7/, i. e., a solution 
involving y” of Us 0, where Uf is the second extension of Uf. In 
fact, Lie wave the following device to find « by differentiation. 

If a and / are any constants, 


(5) UD, Ys, y') =Car; 9) — h, () 


ix a differential equation invariant under U7f since its left member is a 
differential invariant. Keeping @ fixed, but making } vary, we obtain an 
infinitude of differential equations, each invariant under (7f. Thus each 
has a family of integral curves which are permuted by Uf. The totality 
of the curves of the infinitude of families is therefore invariant under U/. 
This totality of curves is the set of integral curves of a differential equation 
of the second order which is invariant under Uf and is obtained by diffe- 
rentiating (5), since we obtain a result lacking } and hence true for all 
the curves in question. We get 


dv—adu 




















renchete PEL, A By. 
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or w—a = 0, if we employ the abbreviation 


di ar ov 


a y+ Ov 
Q dv dar ox oy ey ee y! / 
(6) w= - ; : 
du du on , OM , 
zs 5 eae ; 
dv Ox OY Y 


Since w—a — 0 is invariant under U’f, we conclude from § 43 that 
U" (w—a) U"u 


vanishes for all sets of solutions of w—a= 0. But Uw does not involve 
the arbitrary constant @ which appears inw—a~ 0. Hence the preceding 
condition requires that ("ww be identically zero. * 

Hence w is invariant under (’"f. Moreover, the coefficient of y” in (6) 
is not identically zero since y’ occurs in + by hypothesis. Hence w is 
a differential invariant of the second order of Uf 

THEOREM. Given an ordinary invariant u(r, y) and a differential invariant 
vir.y.y') of the first order of an infinitesimal transformation Uf, we obtain 
by differentiation a differential invariant w= dvi duof the second order of Uf. 

Similarly, differential invariants of higher orders are furnished by further 
differentiations: 

d*7 (>) 


du’ du?’ 


45. Integration of all differential equations of the second order 
invariant under Uf. By an argument like that in § 30, we see from 
the last theorem that the most general differential equation of the second 
order invariant under U"f is obtained by equating to zero a function of 
u,v,w and henee its solved form is 

dv 


(7) F'(u, 1). 
du 


* While this is rather evident, a formal proof is readily supplied. The expression (6) 


for w shows that it is a linear function ky"+/ of y". In the symbol (2) for U"f, 4" is 
given by (4) and is linear in y”, so that ("w is a linear function cy" +d of y". By means 
of w—a =, we eliminate y” from U"w — 0 and obtain 
a—Tl 
| +d = 0. 
k 


This must hold for every a (as well as every x,y, 7’). Hence ¢ —0 and then d=0. In 
other words, U"w is identically zero. 
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Suppose we have integrated this differential equation of the first order 
in the variables uw,¢ and found an integral ®(u,7)—-c. The latter is 
a differential equation of the first order in «, y which is invariant under Uf a 
(since « and ¢ are invariant), whence an integrating factor is given by § 15. 


ExampLe 1. Let Uf be yof/dy, so that ¢ 0, 7 y. Then 7' = y’, 


so of of 
U'f y ~—+Yy'3 I : 
Vy OY 
Evident solutions of U’f = O are u = wv, v y'/y. Then 
( ‘ : —"" - ” 
lv i is y —y" 
w= : (4 = YY = 4 —, Ww = ¥ — py? 
du dic \ y x y 


Hence every differential equation of the second order invariant under yd f/Oy is of the 
form 


An interesting case is that in which ¢ is a linear function Y(s)+ Via)y'/y of y'/y. 
Then we obtain the homogeneous linear differential equation 


(x) y"+Niy'+Q(ny v0. 


The first step in our method of integration consists in reducing (8) to the type (7) by 


the substitution 2 = u. y’/y = vr. which imply 
y" dv 
in ait 
y du 


by the above relations. Thus (8) becomes a Riccati equation 


le Se een 
“" 44 V(r +Qw = 0. 
du 
Let vo(w) be a particular solution und write r = 1/z+ ro, where z=2(u) is the new 
dependent variable. Then f 
® 
1 d 4 d Uo d v @ 2 ° 1 1 - ‘ 
_ r?— 12+ (vr —U) NV = +2ry +N}, i 
z?7edu du du z\z - ‘ 
dz 


(VN +20 )2+1. 


du 


which is a linear differential equation solved in § 16. 
ExampLe 2. Any linear differential equation of the second order 


(9) y +Nwyt+¢Myt+ RO) = 0 


can be integrated by quadratures when there is known a particular integral z(x) of the 
corresponding abridged equation (8). For, if y is any integral of (9), y+ ¢z 1s evidently 
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an integral when ¢ is any constant. 
-y+ez, which is generated by the infinitesimal transformation 


transformations x, = x, y - 


In order to apply our general theory, we 
x of Uf also a differential invariant vr of the first order, i. e., 


Hence v is an 


dy 
Zit} 


» may therefore take v 


dv 


du 


is a differential invariant of 


that our equation (9) can be 


zdy +y2da 
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In other words, (9) is invariant under the group of 


( 
(a) 


us 


need in addition to the evident invariant 
a solution of 


integral of the corresponding ordinary differential equation 


d ; 
md 0. 


zdy'—2'dy 


e123 y 
Then 


(rdy+ yrds) 
da 


”" ” 
2° — ¥z 


Uf of the second order. By the general theory we know 


given the form (7). viz., 


zy" — y2" F(«r,zy' — z'y). 


To obtain the latter we recall that z is an integral of (%): 


z"+ N(x) 2'+ (J (0) 2 Q. 
Hence we multiply the latter by —y, and (9) by z, and add. We get 
zy yo" + (zy —z yN + zk 0, 
or 
d hd - 
+rN+2z2R 0. 
du 


By $16, an integral of this 


Ct = zy 


Denote 


the right member hy 


a D(x) dc 


linear differential equation of the first order is 


ce ie J Ndz |: Rod Nd eed: ‘| 


(DP (2). 


Then 


4 Zz 


— 


; -+- const.) 
, / 


See 
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By the method used in these examples we obtain the 


TABLE OF DIFFERENTIAL EQUATIONS OF THE SECOND ORDER INVARIANT 
UNDER THE ACCOMPANYING INFINITESIMAL TRANSFORMATION. 





y" Fiar+by.y'). h - “a J ; 
? ae ox oy 
( r ‘ / / / ( ( 
y I | - : 1 . ~ Y ‘ r 
2 ? [> r Ou oy 
4 | (0 y”, u at . — © oJ J oJ 
9 i / YY : I Oy 
(] y’)? 
- / Of 
yo gets (] nya" ly | {= ry ny), ma - TRIS, 
, , a 
7 Fr,zy—z y) (7) "ee 
1 ¢ »! ’ 
y B(, 7] \, My) 
(D) (p= (Dp; 7] 

”" ’ , ( of 
Hh! ae. dba Fi- yer}, y" (nr E “s; : 
y y 6 Ug y Oy! 

” ” : ] 5 of 
= x I {“/. — Z r| Q 2(y) cae 
yo , y ‘ si 


; : of 
y" (p* -- y @ (D Fiy.y ®), D(a) 


ony 


the last three being obtained from the preceding three by interchanging 
’? 13 


r and y and hence replacing y’ by ly’, y by —y uy 
45. Second method of integration. Let the equation be 


(10) y —Olr, Y, y') 0. 
in solved form. Since 

dar dy dy 

l y wr, If y )* 


the corresponding partial differential equation 1s 


0 f ’ Of ' ’ Of 
vi J tw + ol, 9 ¥ )-;| 
(11) Py 7 a OY oe 















RE oS pL OI 
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The first and second extensions of Uf are 


’ s Of 0 i , } ad . , , ( } 
l / “3 i i y, ; }, ye l S l } yj ’ me 
! ey y ay 
By the theorem of § 43, F y —o 0 is invariant under U’/ if and 
only if U" F 7 —U'o@ vanishes identically in wv, y, y’ after y” has 


been replaced by w. Inserting the value (4) of 7”, we see that the econ- 
dition becomes 


Oy On, 1 ds " 
(12) <~ te = _— o—low 0), 
ab CY $ UI] d ie 


The sum of the first three terms is Py’. Hence (10) is invariant under U'/ 
it and only if 


; ds 
(13) Py 


= (@ —I"'w 0), 
: l Ir 


identically in wv, y, y’. The commutator of Uf with P/ is 


S$ ' ag C / , 7 ’ Cy, ‘i ' vr ’ a) t 
ead Fr ey - } - (7, — ‘*—y + ({ wo—Py )—~., 
bs by) bw or" Oy! by oy 
Replacing »’ by its value (3), we get 
” dé af (at af = <a dg ' 
(T P) 7 — me i of +-(] o— Py 7 — ri, 
dir or “ dae by “oy dz * 


if and only if (13) holds. Hence by Theorem 7 of § 37 we deduce the 

THEOREM. The differential equation y" Or, Y, y') is ¢neariant under 
the infinitesimal transformation Uf if and only if the corresponding partial 
differential equation (11) és invariant under the first extension is 3 of US. 
A convenient Jorm of this condition is (12), 


EXAMPLE. The system of conics ax2?+ by? = 1 is evidently invariant under the trans- 
formations 2, = rz, y, = sy. Take s as a function of r and differentiate the two 
equations with respect to r. Write n for the value of ds/dr when r = 1. We obtain 
the infinitesimal transformation 


Z 0 . 0 . n y 0 . yy P 
(14) Uf 2 2S $ny ce. py —. + Pe + (n—I1)y’ os 
DY ) 


Ou On “Oy Oy" 
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To obtain the differential equation of the conies, differentiate a :*+by? = 1 twice and 
eliminate a and lb. We get 
i y 1 
f yy’ 0 0 
I / YY {) 
or 
‘ 2 
(15) y" = 4 7 : 
i 4 


.. of j\ of 
Pf -y¥ , | (), 
’ Iz OW 1 / Y 
To check that it is invariant under Uf, note that 
(UPS Pf. 
Thus Pf 0 and U'f Q form a complete system and this fact simplifies the solution 
of PF — O. The simplest U’f is that with xn = 1: 
: Of / 
‘Fi Us rot-+y } 
i Y 
Evident solutions of Uf Q are u gir, et y. Some function F'(u, rv) of these 
must be a solution also of Pf = 0. Thus 


? rr = Pu + MPpp OF Z ie ¥] " i | es J . 


Cu v a 


Removing the common factor y y ©, and multiplying by y, we get 
OF I 
u ’ 0), 
u“ vl 
Which has the evident solution «wr = YY wr, 
To find another solution of P’f 0, we employ the variables x, y.z2 = yy /«. Then 
ry 0 and Uf become 
j rz of } f 
f J = J, I ry 
I Y Cy Cu OY 
Since the former is invariant under the latter, rzdc—ydy = 0 has the integrating 
factor 1/(2z—y?) by § 15, whence «?z— y? is a solution. From the resulting two first 
integrals 
YM e, ryy —-y dl 
i 
of (15), we eliminate y’ and obtain the general integral cx? — y? d of (15), and hence 


the initial conics with altered parameters. 
















pe AOR 
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47. Linearly independent or dependent infinitesimal trans- 
formations. We shall call 77. .... 2.7 linearly dependent if there exist 
constants fy. .... Ay not all zero such that 4,0) f+---+A0,f 0, but 
linearly independent if no such constants /; exist. In the first case one 
ot the Uf can be expressed linearly in terms of the remaining ('s; if 
the latter are linearly dependent we repeat the process. Hence we may 
assume that Uf. .... 0)/f. for example. are linearly independent, while 
Uy. .... Uf are expressible linearly in terms of the former. 

Lemma. Jf y” wo (roy. y’) is invariant under Uy fio... Uns it és 


mnvariant under every transformation 





(16) Uf “ CF tf 2 6 (h. Cet (ey re Ch; constants), 


which is linearly dependent on them. 


For. by § 46, their first extensions (Uf. .... U%f leave (11) invariant. 
so that 
(17) (Ui Pf 0; rh, ee (MEPS Ok Pf. 


We see at once from (3) that the first extension of (16) is 


y= aii rt: + ee 


By (17), 


("Pf aU Pf... +e UE Pf (myo, + +++ + exon) Ph 


_ 


Hence by Theorem 7 of $37. U''f leaves Pf ) invariant. By § 46, 
(7f therefore leaves y” — wi invariant. 

Hence (16) may be discarded since it furnishes no information about 
y” — wwhieh is not already implied by its invariance under Uf. .... Uf: 

4x. Maximum number of linearly independent infinitesimal 
transformations Us leaving ,’ wm invariant. We shall assume that 
the given function o(r. y. y') may be expanded into a series involving only 
positive powers of y’. If we insert the expression (3) for 9’ into (12), we get 


- < c / x fe < 3 te 
(18) Yrs + (29 ry — Srr) Y + (Nyy -2Sry) y —SyyYo SO — Ny 
Oc oc , ‘c , c 92 - 
“| (@e>~ 2 $2 Syl) [yx T (My Sr) WY sy Jo, 0), 


in which subscripts denote partial differentiation. Replace » by its ex- 
pansion in a series. Then the total coefficient of each power of y’ in our 
identity must be zero. By the terms free of y’ and the coefficients of 


r2 
/ 


y'.y yy, we evidently get 


( 5 ‘ ved ‘ Qt . 
(19) qe Sv 2 hry Sr Ji: hyy 2 Sry Ss 
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where each f; is a linear homogeneous function of 


(P0)) eS «#. 


tei 
% 
Lins 
J 
—_™ 


Ny 


whose coefficients are known functions of « and y. By the coefficients 


of yey. ese, We Obtain linear relations involving the functions (20) which 
together with (19) are necessary and sufficient conditions on § and y in 
order that 


if +4 


shall leave y” — o invariant. 

The eight relations obtained by ditferentiating each of the four equations (19) 
partially with respeet to. and y in turn are seen at once to give the 
values of the eight partial derivatives gro. gery. ..+. Syyy Of the third order 
expressed as linear homogeneous functions of (20) and the six second partial 
derivatives of © and x. 

If we assign the values at v Oy 0 of the tunctions (20) and §&,,. 
aud S,,, We may compute by (14) and their successive derivatives the values 
of all second and higher derivatives of € and x, and hence determine § and , 
by means of 


pry) FOO + fe > y fy de her bry fry $3 Say + 


Where /; denotes the value of 7, at 4 0, y = 0, ete. 

"THEOREM, A differe ntral equation of the second order is ineariant under 
at most S linearly sndependent afinitesrmal transformations. 

In the above discussion we attended only to the conditions (19) and 
ignored the further linear relations between the functions (20). The number 
of arbitrary constants in the general solution §, 9 of all these relations 
may be fewer than 8. Moreover. these relations may not be consistent. 
In fact, let 


’ 


Ory. YW) GvS..9) + ey, 


Then the coefticient of 7” in (18) is 


2 =. 3 Ey’) [, 1 : (Hy —§, yy’ 7: Syl “| 0. 
whence 


Sy 0, Vy Su — 9a 


For a geometrical proof, see Lie-Scheffers, Continuierliche Gruppen, pp. 294-8. It is 
proved also that an ordinary differential equation of order r (r>>2) is invariant under 
at most r-+4 linearly independent infinitesimal transformations. This maximum is reached 
for yy” (), 

24° 







Qa Os ZT Pi ORR. 80 
= 
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Thus Snr OF ar thy wiy—ar)--e, Where a,b, ¢, are constants. 
Thus (18) becomes —S4.— yyy Fr9 0. Take 9 ry. ‘Then 
“ h ( Q. whereas S$ and x are not both zero identically. Hence 
yo as | Vas aurariant under io rnifinitescmal frasfor muttion. 

But tor QO, (18) holds if and only if conditions (19) hold with each 
Sf. O. All eight partial derivatives of the third order of § and 4 are 








now identically zero, Hence £ and y are polynomials of the second degree 
ine and y. Then (19) with each 7, QO are satistied if and only if 


(21) § -C,+D rt By— Agr? — Bary. 4 Cy-+ As -- Dey — Agry— Bay’, 


” 


t " . r = } , “ e } ° . . . 
Hence if ys sperdridiet 4 nder ern thip S linearly thi lepend nt ni finales 





hransformations. 

40, Differential equation of the second order invariant under 
two infinitesima! transformations. We shall begin with illustrative 
examples whose diseussion discloses the advantages to be eained from 
a knowledge of two infinitesimal transformations each Jeaving invariant 
the differential equation, 

EXAMPLE 1. We shall treat equation (15) from a new standpoint. From = the. start. 
we knew that it is invariant under the intinitude of infinitesimal transformations (14). 01 
What is equivalent. under the two linearly independent transformations 


/ f 
“/ 
i / 
In other words. P7 O is invariant under their first extensions 
/ f / 
( T +] } / / I 
! 7 7) uy 
* This follows also from the fact that the integral curves of y” O are all the 


straight lines in the plane. These lines are merely permuted by the socalled ] 


- 


transformations 


>“ h, 4 Qa J + /, ier 
; . ’ 
ities, inw+hyte 
We obtain a one-parameter group by taking a). .... ¢; to be funetions of f such that 
a b, ( 1, |, C; = Ae Cy a; hi, 0 when ¢ 0 (whence ws, ry 
Then 
{ da; } 
} A,x+B {+,—w«wtA.ard Bs y $. (',), 
dt f 0 - 
jdy, ] 
| fied a = to yy ( r- Pop tC 
dt | 3 fod / , / A R / Ps 
if A,, Bi, ... denote the values of the derivatives of a,. b). ... when ¢ = 0. Writing 


DP), for A (,, and 2), for B, —C,, we obtain (1). 
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Hence we may apply the method of case (ii) in § 41 with (UV) f 0. We shall omit 
the details of the integrations since full details will be given in the next two examples, 
which are more interesting than this one. We find that 





/ “j . / 
7 log ¢ log F 
1 1 (1 —wZy ) 
viose difference is log (y*—ayy') We therefore obtain the same results as in our earlier 
treatment of this example. 
Exauenrn 2. To integrate yo = Niny + GYanyt+ Rr), 
Let s(ry) and wry be two linearly independent particular solutions of the abridged 
ition vy" Ny + @y (see Ex. 3). Then 
f el, - 
Py T /  { \ “ + Oy + R) - () 
J “4 “ Oy 


invariant under the following two linearly independent infinitesimal transformations 
s 45, Bx. 2): 


ry : ey ‘se ‘Wa - 2. 
The problem falls under case Gi) in $ 41) since 


] i" . y' ‘ A Yt R 
She oJ () 2" iu lu | (), 


For, if J O then diaries dz/z, ww ez. Where ¢ is a constant, contrary te thie 


assumed Jinear independence of 2 and aw. Next, 


J J t J zd 


luserting these values in the formula for the common solution 


da / d / 
: F : 
| Ny ) ' : 
a i 
») y 5 . 


{ Py Qand (°7 = ) we get 


pe nu) J — (2 7’ Vata “Ady tddy a ge 
r E 3? J : 


Since the first integrand is an exact differential, we get 











LWT, 
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By interchanging > with w (and 2’ with w’), we deduce the second solution 


we yy! we 7, [ uw R dw 
¢' . 
J P J 
Eliminating y’ between the first integrals 7 a and ¢! b, we get the following veneral 
integral of the proposed differential equation: 


/ [ zRdsr £ Rds 
Y= AW Of +r “ . 
tia tie! pee a 


EXaMpLe 3. Given a particular solution z(), to integrate 


y = Nix) y - () (0) 4. 
As in Ex. 2, the corresponding partial differential equation If Q is invariant under 


Uf. By Ex.1 of § 45, it is invariant under also 


—z y is not identically zero in the independent variables «, y. ¥’. since 
Uf. Hence the problem falls under case (ii) of § 41. We have 


"“_. Nz'. we find that the integrand in 


Here J zy’ 
2:0. Also (UV)S 
(22) with R 0. Replacing GY: by its value z 


(22) is the total derivative of 7: 


L— log J | Nas. v ef = 


Introduce the variables .«. y, v. Then Pf 0) becomes 
f 1 | “s f 
aa), ’ “ } Q 
dat y 


When + is regarded as a constant, Pf ) is invariant under 


| 
Vi ; 
since the commutator is identically zero. Hence 1/2 is an integrating factor of the corre- 


sponding ordinary differential equation 


1 | Cas 
ic va ee } da dy (), 


y a Ses 
: e Z =¢* du Cc. 


This, with » taken as a constant. is the general integral. 


whose integral is therefore 


In each of these three examples, the differential equation of the second 
order is invariant under two infinitesimal transformations Uf and Vf such that 


23) (UV) f = aU f+ovyes, 


( 


Where a and / are constants, one or both of which may be zero. 
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Our next aim is to prove that, when the two given infinitesimal trans- 
formations leaving invariant a differential equation of the second order do 
not have the property (23), we can readily determine from them two 
new infinitesimal transformations which have that property and leave the 
equation invariant. We shall then be in a position to specify the four 
subeases necessary in an exhaustive treatment of differential equations of 
the second order invariant under two given infinitesimal transformations. 

50, First extension of the commutator (UJV’)/, We have 


of of , OF : dy , ag 


~ 
™ 
See 
— 
— 
—™ 


vues oy yl dx" dr’ 





dy oY , og 
hy aye, a Bees 
du Or OY 


By 
Hence 7 — By--y' BS. We have 
v/ . _— , t- 0 ’ a t 
(Bu) ¢ = BE°L + ype 24,2, 
Ey oy by 
where the expression for g will not be needed. Hence 
(BU) f Be- Bf + ets, ('} at 
J 


Evidently (C0) / o('7, where the expression for @ will not be needed. 
Similarly, (BV) f and (CVs are linear combinations of bf and Cy. 
By Jacobi's identity in $ 39, 


(UVB SFEUV BU) f+ (BUYV) Sf OU. 
The third term of this is equal to 
(e@B+-e( VS a( BV) f—We- Br e(CtV \f—V'e- Cf 


by (31) of $38. and hence is a linear combination of Bf and Cf. The 
same is true of the second term of Jacobi's identity, which therefore gives 


» > vy’ x Wi : er ; of L 3)’ af , of 
(24) (2 )) / ADS Cys ee Ly jy ay! 


(UV) 





¥ + ote 
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In view of the foregoing expression for 7’, we have 


4 


ar af ee HOE 
1 ; tT Wy ; - (En, 4 Bé,) 


(25) Vy — 
: Ou cy ay 


se 


Since the two terms of the commutator (0° V)/ are (§ 21) the first two of 
the three terms of the commutator of Uf with I’, we have 

ae a Sd OF « uae 

(26) (UV 7 §— +”,—-+¢-— 

j Ou CY CY 


in whieh ¢ may be found indirectly as follows. We find that 
(BUTV fF Bs, , (Tin, Ct) +¢ ny 


in which the expression for 7 will not be needed. Comparing this with (24), 
we see that 


A= BS. dy Bu-h  $ Buy BS, 


so that (25) and (26) are identical. 

THEOREM. The commutator (C" Vy Ss of the first ertensions of two imfini- 
tesimal transformations U find Vif is identical with the first ertension (UV) 
of their commutator (UV) f. 

Corollary. Tf om (reyey) is dnvariant under both Uf and Vf it 
is oneariant also under their commutator (0 ref. 

For, the corresponding partial differential equation ?/— 0, given by (11), 
is then invariant under their first extensions (’f and Vf and hence ($ 40) 
under (7 Vy) f.) Since Pf — 0 is therefore invariant under (UV)' fy" @ 
is Invariant under ((7V)f by § 46. 

51. Closed system of infinitesimal transformations leaving 7" = w 
invariant. Given several infinitesimal transformations leaving vy” = 
invariant, We may discard ($ 47) those which are linearly dependent on the 
remaining. Henee it suffices to consider linearly independent infinitesimal 
transformations ( f. .... 0% / leaving y” m invariant. 

By the preceding corollary, it is invariant under (7, (2) /. which we 
discard if it is linearly dependent on U7 /..... 0% f. But in the contrary 
case we annex it to them and obtain a larger set Uf, .... Unger f of 
linearly independent infinitesimal transformations leaving y” m invariant. 
If the commutator of any two of the latter set is linearly independent of 
these /---1 transformations, we annex it and obtain a_ still larger’ set. 
Proceeding in this manner, we ultimately reach a finite number (§ 48) of 
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linearly independent infinitesimal transformations Uf. .... U;f leaving 
y= » invariant and such that the commutator of any two of them is 
a linear combination of them with constant coefficients. Then all their linear 
combinations ¢,( f+ ...-+ «¢ 0, f with constant coefficients ¢,..... ¢ are 
said to form a closed system” of infinitesimal transformations. 

THeonemM. Tf tteo or more infinitesimal transformations leave invariant 
a differential equation of the second order, they are contained in a closed 
system leaving itincariant. In partiodar, the totality of infinitesimal trans- 
formations leaving if invariant forms a closed system, 


For example, y” = 0 is invariant under 
of : / 
Uf I s Vs y 
CY 
since 
as oF . oF / ye OF f ] 
Uf r- Ye ae i y y *= Pt +y 
CY OY r O"Y I / 
CPF (), (FP —y' Pf. 
By the corollary in § 50, 7" (is invariant also under Wf) where 
cas — if cf re f f 
Ws (UV “ae —y : WwW 7 ee y 27 I 
R 0.1 “ y Ou . W OY 
This follows also from (W’'P) ff Pf. Here Uf. Vit, WY are evidently linearly 
independent; their linear combinations with constant coefficients form a closed system since 
wrir> Wy. Uwys 2UY, vVwor- eave. 
Note also the five closed systems formed by the linear combinations of 
Cy ar: CS, Ris OP W'S TH OT, FP FSP. 
All infinitesimal transformations which leave y” () invariant are determined by (21). 


Hence they form a closed system. It is not very laborious to verify this fact hy showing 
that the commutator of any two of them is one of them. 

52. Closed systems determined by two infinitesimal trans- 
formations. We are now in a position to prove the following statement 
made at the end of § 4%: 

THEOREM 1, If we Inow two mitinitesimal transformations i ff and Wy 
which leave invariant a given differential equation y” == om we can find 
another infinitesimal transformation Vf leaving it Cnrariant such that th 
linear combinations of Uf and Vf with constant coefficients form « closed 
system, VIZ. 


(27) (UV “a Fy -h Sg (a, b constants). 


* Often called an r-parameter group of infinitesimal transformations. But it is neither 
a group (in the technical sense), nor does it have 7 essential parameters, since the r— 1 
TALIOS Cy: (gi+++i¢e give the only essential parameters. But the closed system generates 
an r-parameter group composed of 7 transformations only ~'~! of which are intinitesimal 


and constitute our closed system. 
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By the proof of the Theorem in § 51, we can tind + linearly independent 
infinitesimal transformations (| f Uh, Uf... Uf leaving y” w 
invariant such that 


? 
’ 


(UT; ‘Af \f bs ck Uf iz, P Rs Seca OME 
i= 
where the ej are constants. We seek constants a. >, e¢:, 2... e such 
that (27) shall hold for {, and 


= bts «tls 


We have 
(Ve fie CORE EAE a Ss" rine Of. 


aww Sl 1 Le Oe ee 
‘ oft - 
3 kK 1 


We desire that this shall be identieal with the right member of (27). viz.. 


In view ot the linear independence of Ul /..... 0>/. the conditions are 


r ? 
’ ’ 
(PS) s C5 C31 , S OC; Cri hey (hk 2. B: 
a= aj * — “s** ‘ 
js js 


The first condition will serve to determine a after the ¢; ar@ found. The 
remaining *—1 conditions (28) may be written in the form 


(¢ 122 hye. - rae ls a — (yo Up (), 
C123 2 (ry hye Cia 0, 
C12r Co Clar 3 — cee + (yp) hye, (), 


Such a system of r—1 linear homogeneous equations in >—1 unknowns 
la, yy. r have solutions, not all zero, if and only if the determinant of 
their coefficients is zero* 


(i993 beige ose Cire 
(123 433 Pinks (irs 0 
lor C13r oie: Digg h 


“Cf. Dickson, First Course in the Theory of Equations, 1922, p. 119. 
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Sw ty 
. gs > é 


The expanded form of this relation is an algebraic equation of degree 
, —1 in} in which the coefficient of b7~! is (—1)"-, Henee whatever 
be the values of the given ej, we have an equation actually involving } 
and theretore having at least one root b. This proves Theorem 1. 

The proof leads also to a more abstract result: 

THEOREM 2.0 Any infinitesomal transformation Uf of any closed system lies 
nod closed system formed by the linear combinations af Uf and another 
‘ronsformation of the Jirst systen. 

For examples illustrating this theorem see the end of § 51. 

We shall now obtain canonical forms for closed systems determined by 
two infinitesimal transformations Rf. Sf on ur. y. By hypothesis, we have 





(RS) f ARf+uSf, where 4 and « are constants. If 4— 4 = 0, take 
‘7 RV S, whenee (UV) f &% 8 AétG@ ew 0, take U = R, 
|" 2 'S, whence (UV) / (yf. It uw dO. take 

om Oo eee ; oe 

ly Rf--Sf. Vf —-—Rf, 

hl ft 

Whence (UV fF (“7. Henee in every case 
(24) (OVS kUf. I OQor 1. 


By $22, this implies that the partial differential equation Uf = 0 is 
invariant under the infinitesimal transformation V/. Hence a solution w(s, y) 
of (f= 0 can be found by quadratures (§ 15). After interchanging .r and y 
if necessary, we may assume that . actually oceurs in w(r.y). In terms 
of the new variables w and y, Uf becomes 


U',f lu ae ly: _ (D 


where ® is the function obtained by expressing Uy in terms of uw and y,. 
Finally, we introduce the new variables # and 


= ; dy : ‘ 
/ J } 


in the integration of whieh w plays the role of a constant. Since U;)'—— 1, 
1’, f becomes 67/8. Henee we can determine new variables by quadratures 
such that (°/ becomes * 


(30) ys ie’ 
(en) 








This choice (30) instead of 0f/0.c simplities the work in § 53. 
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Then, by (29), 
go OF t s p 
Vy e— Oieors (), : 
F Cul yf U) y 
whence 
. / / 
V7 Or) I /, if ov | } seer 
if = 
First. let or) 0). i; O. then er) in not identically Zero, sinee 
fis not identically zero, Replacing g(r) by a new variable +. we have 
; a i , 
(1) Uy : Vy r— (CoV yy (), 
; 7] ; V 
But it / 1. we replace gir) Us new variable y and vet 
. f . i . . . 
(I1) ly Vy // , tee 9 ts. 
‘/ , ‘ Y 


Second. let ol.r) be 


ix not a 


where vr j 


in Which theoretically 


solving 


if k 


obtained by 


necessary here. 


uy ( / 


and, after dropping t 


not identically zero. Introduce the variables 


mila), Pir), 


4 


constant. Then (f/f and Ve beeome 


; / 
/ : aa 
r) thy kD (.r) -+- 9 GID Cry} . 
ry z ™ / 
~ or should be replaced by its value in terms of 


"Cr), but practically this replacement is not 


0, we take 


J's 


' | dia D ee | oO! i 2 " 
oJ Or) oh eta) 
he subseripts Ll. obtain 
of , Of ‘ 
ae V"/ Cs i"] (0), 
Y / 
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ut it / 1, we can choose @ and w so that 
af a 

| / "; . “Hy F 4 
my Yi 


the conditions for which are 


Giryw' tr) wr), Mr) + o(.r) — G(r) O' (7) 0. 


The latter is a linear differential equation for ®; by $16, we get 


ce dr o dar > edu 
Cr 
~ Or) 
Dropping the subscripts 1. we have 
/ of Of oe a 
IV) iy . Vy r— y ——, (UV yf OE 
“ I i ; 7] ; : 


THEOREM 3. Given tivo aifinitesimal transformations Uf and Ver On 
md y for whih (UV klfi ke = Oor 1, we can find by quadratures 
Hone jee cariables such that the infinitescal transformations take one of 
he four canonical forms (Wy) UN), which are distinguished from one an- 
ther by the value of 7 and the Jaet that Ver is the product of Uf by a 
“iuehtion of a4 and Yoh CASES (|) and (11). hut not mn CASES (111) and (dV). 

Instead of first reducing Uf to the canonical form (30) and then reducing Vf to one 
f its four canonical forms in (I) (LV) without altering (50), we may perform the reductions 
simultaneously and in facet often more simply. For example, let 
(UV) tf 0. rs pus. 


ur prot shows that there exist new variables Hy, for which 


(I) uf Chea Uf, 


Hence x wv is known, Since O (U, el )f Uo-Uf, we have Ue 0. In 


terms of the new variables wy vy and y, Uf therefore becomes 
. of 
U*u-n 
Ch 
In Lie-Scheffers, Differentialgleichungen, pp. 424-425, it is stated incorrectly that the 
reduction to (IV) is not accomplished by quadratures alone, but that we must solve a 
differential equation (equivalent to U7 0). This oversight was caused by the ignoring 
of one of the hypotheses, viz.. (UV) Uf. 
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Hence we desire a solution , of 


Uy; § = ss = ie 


which is equivalent to the simultaneous system" 


dz 4H _ ay 


= 7, 
f 


But the first of these equations is equivalent to U'/ 0, which has the known solution », 
Eliminating x. for example. by means of » =c, taken in the solved form «© = ((y, c). we get 


dy 


. 
- d Wy. / = | dy } 
4D.) J 7D.) 


53. Integration of a differential equation of the second order 
invariant under two infinitesimal transformations. In view ot 
Theorem 1 of § 52, we may assume that the two transformations detine 
a closed system, and then, by (2%), select transformations ("fand Vif trom 
the system such that (7 Vif UA A 0 or 1. By Theorem 3 of § 52, 
new variables may be found by quadratures such that (°f and Vf take 
one of the four eanonieal forms (1)— (IV). Let the differential equation 
become vy” = or, y. y') When written in our new variables. We apply the 


condition (12) that it be invariant under our U'/ efi ey, for which 
s x! QO, and get Gm 4y 0. Henceforth we shall suppress this 
derivative without further notice. 
For Vf in (I), we have § O. 7 ro 1. Then (12) becomes 
Vw — 0. or 6a@/ay’ = 0. Thus 
” i | } 
{]) UI] mar), 7] wlrydare ds as -*- 0. 
For Vfin (I), ¥ O. 7 yo y. and (12) becomes Vw Q, or 
, 00) »logw ] A logy’ w 
<7 —— Q, = , 7 ; {\), 
oy yf Y OV" y 


* ” , : 3 ‘f¢ ir dx 
(11) Y y Vale log y’ | fi ryda lowa, 7] a | / : dr -+ hh. 


’ ; ay, 
* Since dy, = é dat 24 dy IT y, ; ds 


a oy a 








| i 
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For Vf in (ID), § l. 7 0, 7° — O, and (12) becomes V’'o = 0 


‘ 


or 0o@jcor (), 


” , 
yf oly ), 


j dy’ Fas 
= J wly') 
(iil) 


y (pir -- a), y | Dlr a\dar—h, 


For Vin dV), 8 a, y4 yy O, and (12) becomes — » — V' ow = 0. or 





Ow 0 (ws) 
ea = ; . ’ 
’ ap (), “a (), J Sly ), 
l , * dy’ 
vi sly). ; J loga—a, 
. ; Se ae Ty) 
(1V) 
y DM (log.s + (a), U) | M (log r+-a)dar hb, 


THEOREM, If a differential equation of the second order is invariant under 


hire Mn finitesemal transformations, at Cub hy ante grated hy quadratures.* 
For example. consider the linear differential equation 
y" Viryy’ + Q@iny+ R(x. 


By Ex. 2 of § 49, it is invariant under 
of of pee 
Te : J Vy "-——, (cy \f 0. 


where z and w are two linearly independent particular solutions of the abridged equation 
y" Ny +@y. The canonical transformations are therefore (1) written in new vari- 
ables ,. y,. Evidently ., wit. For y, = y/z. Uf and Vf take their canonical forms (1). 
It remains to express the differential equation in the new variables. We find that 


dij, zy’ — y2' fas DN, dx, _@ 
4 dz. a : d cerca dx §=—s«s ‘ r 
dy; JSizy”—y2")—(ry yr) tS 2 oe zd Fc es 2%) 
div J? A°* A+ A? 


Ba? as WP nan dy R, 
gear a" 2 


‘On account of the oversight mentioned in the foot-note to Theorem 3 of § 52, Schetfers 
stated that in case (IV) the integration by the present method requires the solution of 
a differential equation of the first order. Later in his book (pp. 457-472) he took the 
(unnecessary) trouble to develop another method which requires only quadratures. 
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atter substituting the values of V and @ obtained in § 49 by solving 
Nz +@Qz, wo" = Ne + Qe 


for V and (). Hence 
d Yi; d / | ae zZ R / a e ‘R 


Since the tinal fraction is a function of « only, it can be expressed as a function F'(2x,) 


of 2, only by means of the solved form of 2c; wz. Then 


fu. fru dr, +az, +b. 


Returning to the initial variables. we get 


® 4 fa ‘4 > “ = 2 d | fe r ae + be. 


u 


Consider the above abridged equation. It is invariant under 


f Be f baie a 
Uf 2, Vf her Sen Ce Py Uf, 
y y 
y Ex. 5 of § 49. These are reduced to their canonical forms (II, written in new 
variables 7). 4. if we take ra yz. Then 
/ / 24 Z 41 4 z 41 T iP Y; ~ Wy 
Vy —@QYy zyy 4- (2: zN)y,+(2"— Nz Oz)s,., 
and the coetticlent of y, is identically zero, since z is a particular solution. Hence 


7] P(x) ay. Ft) x oe /z. y', ae 


i . 


CHAPTER V, 
Applications to geometry and algebraic invariants. 


We presuppose no acquaintance with the subjeets to which we shall 
apply the theory of infinitesimal transformations and groups generated by 
them: on the contrary, our discussion furnishes luminous introductions to 
those subjects, 

First, we shall prove that two plane curves are congruent, i. e@., can 
be brought into coincidence by a rigid motion of the plane, only when 
then have the same (intrinsic) equation between their differential invariants 
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of the second and third orders. Next, we shall obtain very simply a complete 
set of functionally independent coyariants and invariants of any binary 
form, and at the same time provide an easy introduction to the complicated 
algebraic theory of invariants. 

54. Differential invariants and the congruence of plane curves. 
We shall first determine all differential invariants of the group G@ of all 
rigid motions in the plane. Each such motion is the product of a translation 
ry r--a, yf yooh, Dy a rotation about the origin. Henee the 
croup G is generated by the three infinitesimal transformations 


Differential invariants of the first or second order were defined in § 25 and 
S44 to be funetions of oy, y’ dyidx or of wy, y', y" which are 
invariant under the first or seeond extensions of our infinitesimal trans- 
formations. Evidently ¢°/ and V/ are identical with their extensions. 
Hence a differential invariant does not involve .. or y. The second extension 
of Wy was seen, at the end of § 43, to be 


Henee every differential invariant of G@ of the first or second order is a 
solution, not involving « or y, of W's (), and hence is an integral of 


dy’ dy 
j+-y" ayy” 


To separate the variables multiply by y'.  Henee every such differential 
Invariant is a tunetion ot 


(?) i 


Which is known to be the square of the curvature / of a plane curve ( 
defined by y Fir). Let + be the angle made with the positive v= axis 
hy the tangent to the eurve (at the point (vy) on it. Under any trans- 
Litton re rele y >, the curve C becomes a curve whose tangent 
at (sr, *) makes the same angle c with the .-axis. Under a rotation 
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; through angle 4 about the origin, ( becomes a curve whose tangent at 
the rotated point makes the angle 7+ 4 with the .-axis. Hence dz is 
unaltered by all transformations of the group G. We shall exelude the 
ease in which C reduces to a straight line since « is then constant along 
the eurve. Henee®* // de is a differential invariant if / Is one, so that 
also @/ is unaltered by G. Since ¢ = are tan y’. 


“ lt y dl ai. @ l - y’ dl 
# (9) 5 a ° —— . 7 ” F . 
d ! l + y = di dao da 4 d 1 





In particular, taking 7 to be /* in (2). we get the differential invariant? 


(de?) 24" 6y'y"” 
4) Y —_ Pe... 
a1 (] yy (1 - or 
In view of the equation y Fur) of the curve CY we may express the 


ditferential invariants (2) and (4) as functions of «. Assume that Cis not 
a cirele. so that the curvature is not a constant. Henee we can solve (2) 
for. in terms of /. Inserting the value in (4). we obtain a relation of 
the form 

ati) 


(>) Di fe*), 
di 


Consider a second curve (, whieh is congruent to (. i.e, is derivable 
trom ( by a rigid motion in the plane. Then sinee /* and (4) are differential 
invariants they have the same values at corresponding points of C and C;. 
Henee (5) holds also for (;. The converse is readily proved.= Hence 
hwo plane CHES, westhey of which mel straight line ore circle, “are congruent 


We may replace dt by the element of areds along ©. if the latter is not a minimal curve. 

+ Taking it as J. we yet by (3) a differential invariant of order 4. After #—2 such 

applications of (5). we get differential invariants of orders 2, 3,.... “. If we equate to 

zero the nth extension of Wf and suppress the two terms involving Of, 6.1, of Oy for 

the reason given above, we obtain a linear partial differential equation in y'.y"...-.4" 

having therefore exactly n—1 independent solutions. Hence every differential invariant 
of order =n of a plane curve is a function of 


d tk?) Ak?) d"-* (k?) 
dz ° ae- ” i a 





. Scheffers, Theorie der Kurven, ed. 2, 1910, 1921, pp. 85 86. 


> 
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if and only if the same equation (5) holds between the differential invariants 


of the second and third orders of both curves. 

Kquation (5) is called the /ntremsic equation of the curve since it implies 
all those properties of the curve which are independent of the position of 
the axes of coordinates. 

The analogous theory for space curves is almost as simple.* But the 
criteria for the congruence of two surfaces are more complicated.+ Lie 
developed? a theory of equivalence of n-dimensional manifolds under a con- 
tinuous group. 

5d. Algebraic invariants and covariants. We shall first treat in 
detail the case of a quadratic form 


(p quae oe 2rary — sy’. 


In order to give the customary definition of invariants and covariants of 
@, we apply to ® the substitution 


(6) w ary by, y er, + dy, D ad—be + 0, 
and obtain the form 
D, hy 2 + YY 


in which we have employed the abbreviations 


ah qa L Orage —-- o¢*, "y qa b+ rlad + he) + sed. 


S| q b® Prbd--sd*, 
By a direct computation, or by the later shorter proot, 


—qs, — D8v?—4s). 
For this reason the discriminant +*—gs of @ is called an ‘nvariant of 
inder 2 of @. 

We shall say that a function C Cir. y.q.r.s) has the covariant 
property with respect to a particular substitution (6) if 


(8) Cry, Yis Gis Vie 81) DAC (ar, ys Ge Ve 8), 


* Ibid., pp. 269-287. 
+ Scheffers, Theorie der Fliachen, 1902, pp. 351-3. 
+ Lie-Scheffers, Continuierliche Gruppen, 1893, pp. 747 764. 
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identically in 2. yy. q, 7.8, after qi. 71.8: have been replaced by their 
values (7), and wv. y by their values (6). We shall call C a covariant of 
index 4 ot @ it it has this covariant property for every substitution (6), 
In case ( lacks « and y, it is called an ¢nvariant of @ For example, 
@ itself is a covariant of @ since (8) becomes ®, @, 

The substitution (6) is the product of the following two: 


t h € d 
9) py Sa A Ye ee So 
(10) Jw Rx, y kiyy. 


where k =) YD. Hence C is a covariant if and only if it has the covariant 
property with respect to every substitution (9) of determinant unity and 
also with respect to every substitution (10). The latter replaces @ by 
qh? ay 2rle ayy, + sh? y;. Hence, by (8), C has the covariant property 
with respect to every substitution (10) if and only if 


C(x; Ys Gk *, rk*, sk?) 2 Cer, iy. Qu 1.8). 


identically in wy. 4.4. 7,s.4. This is true if and only if all terms of 
Cr, y.q. r,s) are of the same total order » in w and y. and of the same 
total degree 0 in y. 7, s. and then 4 ‘(20 —w). 

THEOREM 1. A covariant of @ is a function which is homogeneous in sr 
and y and homogeneous in the coefficients of @ and which has the covariant 
property with respect to all substitutions of determinant unity. 

We shall therefore first seek the functions having the covariant property 
With respect to every substitution (6) of determinant unity. The solved 
form of (6) is then 


(11) ry ds— hy. Yi (2 -T AY, ad —he A, 


These equations define a transformation ($3). The set of all transformations 
(11) is readily verified to form a three-parameter group G@,. whose identity 
transtormation is given by 


(1?) “ d 2 h c 0. 


We obtain a one-parameter sub-group G, by taking a, b, c, d to be 
functions of a parameter ¢ such that ad—be 1 and such that (12) hold 
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ode 


when / 0. Write «, 8, 7. 6d for the values when ¢ 0 of the derivatives 


of a, b, ce, d with respect to ¢. Differentiate ad—/ 1, take f¢ 0, 
and apply (12); we get d+«e 0. Hence by (11). 
dr; dy, 
1 Do mics Ji =" — 
\—, ) Pade By. ey ae yr—dy, 


so that the infinitesimal transformation which generates G, is 


Of ) F a ae 
(dr— By) ——- +(—yr—dy) ” —yU,f—BV,f—-do We. 
, a VY . 7 ie 
where 
p ~~ if Sv om | . af if 
(13) A, Cc, Vif y——, Wit r——- — y — 
Yy : ee . / . / 


The one-parameter groups generated by these infinitesimal transformations 
are composed of the respective transformations 


Py: ry rs Y; }; the we 
( ° . + hy. ‘ : 
14) vk: Ty 1 } y UF y 
: l 
Ri: A} i: r. Ny : 3 Ys 
According as a + O or a 0, (11) is equal to the product 
r c ( : R, . SQa R . 
- fa : b 
a a 4 
where S V1 P, G@-1 denotes wy —y. Wi r, Hence a funetion 


which has the covariant property with respect to each of the infinitesimal 
transformations (13) will have that property with respect to group C. 


By means of the solved form (6) of equations (11) we obtain from @ : 
the coefficients (7) of ®,. The transformation (11) is said to induce the 
transformation (7) on the coefficients g. r,s of ®. The combined trans- / 
formation (11) and (7) on the five variables ., y. q. 7. s Will be called ; 










a total transformation. Thus by (6) with 1, a function C has the 
covariant property with respect to a substitution (6) of determinant unity 
if and only if C is invariant under the corresponding total transformation (11) 
and (7). Here the term invariant has the sense defined in $ P+ and used 
in the preceding chapters. Hence we seek the functions @ which are 
invariant under each of the following three total infinitesimal trapstormations 
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tb 7; 6. OF of 
Uf r——-—2r— eae 
. CY Og on) 
, ae Cf af af 
(15) Ve yo q—=-~—2r 
s Cr or nx 
up Af if Of af 
Wy 7p -* 7 24 : - Dg 
or CY CY as 
To compute ("f. for example, we reeall that (yf was obtained from (11) 
by assuming that, when f 0, the derivatives of a, b, d are zero, the 
derivative of ¢ is —1. and that a d 1d c 0. Hence, by (7), 
d dy ds 
(—"} —2r, (54) _" bend 0, 
dt f 0 di / 0 df / 0 


Thus the functions having the covariant property with respect to the group @ 
are the solutions of 


if 0), Ve 0), Wy (), 

The latter form a complete system since 
(16) (UVF > WE wy of, (VW) f = 2vVP 
Our complete system of three equations in five variables has exactly 5-3 
or 2 independent solutions ($ 34). One solution, © itself, was known in 
advance. The discriminant +*—-qs ot @ is easily verified to be a solution. 
These solutions have the homogeneity properties in Theorem 1, and hence 
are covariants of @. 

THEOREM 2. All corariants of a binary quadratic form @ are functions 


of D and its discriminant. 
This theory is readily extended to any binary form 


‘ n n . 
(17) D yr" + i} all ee | }a pe’ dys 4 +++ + any”, 


' ; ; ; _ n . 7 
in Which binomial coefficients| ‘ have been prefixed to the literal coefficients 4). 


We may avoid the labor of applying the substitution (6) to ® in order 


cneaiaddhdeiie aaa en ial 











to obtain the coefficients A; of the new form ®,. For example, let the 


infinitesimal transformation be (’\ f in (13), whence 


dr, dy, 
dt ; dt 
Then d@,/ dt is 


dA, nm) dA, 
a+(") 


1] d Ay : n-1 1} dA; 
dt I dt 


ee a oes Ft (| 7 29 


1 n 
} BHF. an. 4 m—2. ») a oe _ . - 
(I) Agta + (5) dye 22a tt Anat 


o ad 


which is identically zero since @, is equal to ®, which is independent of ¢. 
Since the sums by colums are zero, 


d Ap dA, ad Ay—1 dAn : 
dt n Ay, dt (0) 1) ls, ee dt — — Ap, dt = \), 


Taking ¢ 0, we obtain the first of the following three formulas: 


a of : of of , 3 
U7 xz, af na,-——+ (n—1) a2 ——- + + a, ——— 
oY 0 ly Oy 0OAn-1 
— af : : of af of 
(1X) Vf —-—ef, oF — + 3a, -— + +--+ 8-3 
Or Cay 0 flg CAn 
- af af , of , «. oF 
Wy r= y~-—uf, wf = nage +--+ (n—2))qj 5 oe 
Or Oo" Oy "a aj 


We again have (16). The complete system Uf= 0, Vf=— 0, Wfh=0 
in 2-+-3 variables wr. y, do... .. Mm has n independent solutions (§ 34). Hence 
all functions having the covariant property with respect to the group (6) 
are functions of x independent ones. Of the latter, » == 2 may be chosen 
free of 7, y (i. e., having the invariant property), when x > 2, since uf = 0, 
rf=0, wf 0 form a complete system in the variables do, ..+, Gn and 
hence have n+ 1—3 independent solutions. In fact, these three equations 
are independent if 2 >2 (but dependent* if »—2, which accounts for the 
invariant of a quadratic form ®), Consider a solution of these three equations 
which is either a polynomial or an infinite series, and write it in the form 


*The determinant of the coefficients in the last three columns of (18) is zero identically. 
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S=P,+P,.+.---, where P,, Ps,... are e homogeneous polynomials of distinct 
total degrees in do, ..., dn. Since wS = 0 anduP;, wu Ps, ... have the same 
distinct degrees as P,, Ps...., respectively, we have uP, — 0, uP: ——0,... 
Hence each P; is a solution of the system «= 0, r= 0, w = 0, Hence e 
all solutions are functions of »—2 solutions each of which is a homogeneous 
polynomial in a, ..., @, and hence is an invariant by Theorem 1. 

We saw that all functions having the covariant property with respect 
to the group (6) are functions of » independent ones, and have now found 
that »—2 of these may be chosen as invariants when » > 2. Hence we 
need two covariants actually involving « and y. As one of these two we 
may take @ itself, and as the other we may select the Hessian H of ®, viz., 


atp a*@D 

a7" Or oy 

(19) H 52D 2—p 
yor oy” 


which is readily verified* to be a covariant of index 2 of ®. To show 
that ® and H are independent functions when n>2, take the case 
@ r™—) y; then 
a?@ \? ay 
H =a | —(n—1)?7?"-$, 


\oroy 


THEOREM 3. All covariants and invariants of a binary form of degree 
n(n > 2) are functions of the form itself, its Hessian, and n—2 homogeneous 
polynomial invariants. 

For small values of » it is easy to solve our complete system wu 0, 
v 0, w 0 and hence obtain the invariants. We first solve vf 0, 
Ww hich is the condition that f shall have the invariant property with respect 
to all the transformations Q, in (14). Such an f is called a seminvariant 
of ®, The equations of Q-+ may be written 


(20) J + tify, Y N- 


This replaces @ by aan +- na; rt—ly, +--+, where 





, 
| Ao ao, ay tito -- ay. MO Pag +2ta,+ ae, 
(21) 4 a3; = Paot+3fa,+ 3tact+ az, 


as ad sp: thie dee resin 






* Dickson, Algebraic Invariants, 1914, pp. 11-12. 
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the law of formation of these equations being evident. Eliminating ¢ between 
the second and third equations, we get 


’ 02 , 9 
a,— a, /a, a,— a/a,, 


so that the second member is a seminvariant; it is evidently the value of 
uw when ¢ is chosen so that a} 0, viz., ¢ —«a,/do. Similarly, when 
this value of ¢ is inserted in the expressions (21) for a and aj, we obtain 
seminvariants.* To avoid the denominators a,, write A, = a‘-‘a). We get 


P — - 2 aun » 3 
i) A, My 4,— A A, a4 3M, a, a, +? ay, 
22) 
A, = aka, —4@ aya, + 6a,a2a,—3al, 
Since the transformation (20) with a a) is of determinant unity 
and transforms @ into ®’ having «| = O. any seminvariant S of ® has 


the property 


A, Ag A, 
(23) oC a. ee ae. Qo 5 5 ives — 2 
i) 7) v0 2 v0 a a a” 1 
0 


and hence is a function of a). Ao,.... A,. This follows also from the fact 


that they are independent solutions of vf 0. 
A function f of do, Ao. .... « 4, is a solution of wf = 0 if 
ya ar af 
(24) Of id J wAg = ooo x J wAn 0. 
Cy OA OAy 


We find that 





Wy Ny. w Ae 2(n — 2) Ag, 
(25) 
wAs 3(n—— 2) As, weAy 4(n — 2) Ay. 
For n = 2, (24) becomes 3f)@a = 0, whence / is a function of Ay. 


Since Ay is a solution also of «wf — 0, it is invariant, and every invariant 


is a function of As. : 
For n 3, (24) becomes 
af iw . os. 
3 ilo = J ' 2 Ag ¢ : 1 3 Ay y " U, 
0 Ap 0 Ag 0 As 


“For a proof of this principle, see Dickson's Algebraic Invariants, p. 47. 
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whose solutions are evidently the functions of r A/a? and s A,/a,. 


We readily verify that 


1» p q j _ f A2\/ 
WA, (A, 2a, A,) (ys uA, (3a, A, 6 AS) = 
: 2 42 3 __ 8 42/a2 
mw) 3A3 A, al, Us 6 AS a. 


Hence if a function f(. s) is a solution of uf 0, 


0. ddr --2sds 0, 47+ 5° const. 


26 ni, lle = l tLides E80 
(26) a a> A — Gy dy My yg > 44, a + 40h a, — 345 ae D, 
U 


which is the discriminant of ®, being that of the reduced cubic 


ais? +3A, a ‘Z Y; r Ag ay? fy: 


For x — 4, the solutions of (24) are evidently the functions of 
; A, A: A 
(27) a, —- s —_ t a 
a, a’ ae 


We readily verify that 


2A, 2A, — 12A,A, 
ur = —» us = th Oi) ut —_ 
a. ai, : a 
Hence a solution f(r. s, f) of uf — OV must satisfy 


of of af 
J + (t{—Y9r?*) od —6r oJ 


: : 0. 
or Os ot 
The corresponding system of ordinary differential equations is 


ds 


t—Y9r? 






dt 


dr —, 
—br 
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An obvious solution is 37° -~ ¢ /. Elimination of ¢ gives 
(1—12r*)dr ds, Ir—4r?>—s = const. * 
Inserting the expression for /, we get ‘ 


A,.A,— A8— A? 342+ A 
- i t= 
MW) M 





(28) ty —)" ane 


Hence every invariant of the quartic is a function of 





Ky = Pag a 21.9 — 
(24) / Ug 40, Go Oo, J dy A, ,— @, as 2d, 4,8, — a 


a @ 4 4 


By (235), every invariant which is a polynomial in mp. .... a, is the quotient 
of a polynomial /? in dp, -ty, ly. 4; by a power a% of ay. The invariant 
was shown to be a function /(, x. /) of the expressions (27). Without 
altering m@,. ds. a. let us change the signs of a, and a,. Then 4, and A, 
are not altered, while .1, is changed in sign. Since r, s. ¢ are not altered. 
the expression 7? a® being equal to /(/. x. f) must remain unaltered, whence /’ 
involves only even powers of -1;. Thus 7?/aé is a sum of terms ¢ af PP, 
where 8. y. 0 are integers () and @ is a positive or negative integer. 

Since this sum is equal to a function of 7, s, ¢ only, each @ — 0. Hence 
every polynomial invariant is equal to a polynomial in +, s. f, whieh is 
evidently expressible as a polynomial in 7, /-+ 37° f,s+r—tr -—d. 
Being a function of 7 and J only. the invariant is a polynomial in / 
and ./, 
THkonem 4.0 Krery (polynomial) mmeariant of a binary quadratic or cubic 


a eat 7 


form is a (polynomial) function of its discriminant. Every (polynomial) in- 
variant of a binary quartic form is a (polynomial) function of the tivo 
meariants (29). 

While all covariants of the binary cubic / were proved above to be ; 
functions of /. its Hessian H. and its discriminant J, it does not follow 
that every polynomial covariant is a polynomial in /. H, D. In fact, 
Df?—-4H® is the square of a polynomial covariant @ (the Jacobian or 
functional determinant of / and H), while @ itself is not a polynomial in 
t. H, D. The algebraic complete system of covariants of / contains one 
(and only one) additional covariant G@ not needed in the functionally com- 
plete system /, H. D. A like result holds for the quartic 7, where now 
1f?*H— J f¢*—-4H® is the square of the Jacobian @ of / and H. 
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For the binary quintic / the algebraic complete system contains 23 
covariants. four of which are invariants, the square of the one of degree 18 
being a polynomial in those ot degrees 4, 8, 12. Those three, together 
with f and its Hessian, form the functionally complete system in aceord 


with Theorem 3. 

It is customary to speak of the operators U'/ and V/ as annshilators 
of eovariants. In the algebraic theory, no use is made of Wf) whieh is 
the commutator of Uf and Vis. But we found above that its employment 
materially simplifies the computations. 

There is an interesting application of continuous groups to hypercomplex 
numbers. An elementary account of this application has been given” by 
the writer. 


* On the relations between linear algebras and continuous groups. Bull. Amer. Math. 


Soc.. vol. 22 (1915). pp. D3. 61. 
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